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Abstract 
The Standing Wave (SW) TESLA niobium-based super-

conducting radio frequency structure is limited to an accel-
erating gradient of about 50 MV/m by the critical RF mag-
netic field. To break through this barrier, we explore the 
option of niobium-based traveling wave (TW) structures. 
Optimization of TW structures was done considering ex-
perimentally known limiting electric and magnetic fields. 
It is shown that a TW structure can have an accelerating 
gradient above 70 MeV/m that is about 1.5 times higher 
than contemporary standing wave structures with the same 
critical magnetic field. The other benefit of TW structures 
shown is R/Q about 2 times higher than TESLA structure 
that reduces the dynamic heat load by a factor of 2. A 
method is proposed how to make TW structures multi-
pactor-free. Some design proposals are offered to facilitate 
fabrication. Further increase of the real-estate gradient 
(equivalent to 80 MV/m active gradient) is also possible by 
increasing the length of the accelerating structure because 
of higher group velocity and cell-to-cell coupling. Realiza-
tion of this work opens paths to ILC energy upgrades be-
yond 1 TeV to 3 TeV in competition with CLIC. The paper 
will discuss corresponding opportunities and challenges.  

INTRODUCTION 
A strong physics attraction for the ILC - besides the 

Higgs and Top Factories [1-2] - is the inherent energy up-
gradability. As described in the ILC TDR [3], ILC offers 
paths to energy upgrades of 0.5 TeV and 1 TeV for which 
higher gradients are critical for affordability, as cavities 
and cryomodules are dominant cost drivers. There has been 
steady progress in single and multicell cavity gradients [4] 
over the last 3+ decades along with SRF science and tech-
nology advances. Proof-of-principle is already in hand for 
cavity preparations that deliver single cell TESLA-shape 
cavities with gradients up to 49 MV/m [5-6], and for 9-cell 
cavities with gradients up to 45 MV/m [7]. These gradient 
advances come from high purity, high RRR Nb, elec-
tropolishing at low temperatures, and optimized 120°C 
baking in two steps, 800°C furnace treatment for hydrogen 
removal, and 100 atm high pressure water rinsing for re-
moval of field emission particulates. The fundamental crit-
ical magnetic field of approximately 210 mT presents the 
ultimate hard limit to niobium cavity gradients. For the 
standing wave TESLA shape structure, with peak surface 
magnetic field to accelerating field ratio Bpk/Eacc = 
4.26 mT/(MV/m), this limit translates to a maximum gra-
dient of 50 MV/m. The peak electric field also presents a 
limit due to field emission, but this is a practical – not fun-
damental - limit which in principle can be overcome with 

technology advances in surface preparation (such as more 
effective final high-pressure rinsing). Further gradient ad-
vances from 50 – 59 MV/m have been demonstrated [8-10] 
with single cell cavities of advanced cavity geometries 
with 10 – 15% lower Bpk/Eacc, such as Re-entrant, Low 
Loss, Ichiro, and Low Surface Fields shapes. 

Even higher gradients are needed for ILC energy up-
grades beyond 1 TeV! This paper discusses optimized trav-
eling wave (TW) superconducting niobium-based struc-
tures [12] with effective gradients up to 73 MV/m to open 
upgrade paths to 3 TeV, in competition with CLIC at 
3 TeV. Another paper at this conference [11] shows the 
overall cost for 3 TeV ILC with 70 MV/m gradient is com-
parable to CLIC 3 TeV, and the AC power is 190 MW 
lower. TW structures offer two main advantages compared 
to standing wave (SW) structures: substantially lower peak 
magnetic and peak electric field ratios, and substantially 
higher R/Q (for lower cryogenic losses, and lower RF 
power demand). In addition, TW structure operates far off 
the passband boundaries, and therefore, has high stability 
of the field distribution along the structure with respect to 
geometrical perturbations [12]. This allows a much longer 
structure length and hence no gap between short (1 meter) 
cavities, thereby increasing the real-estate gradient, but this 
advantage substantially increases the engineering chal-
lenges. Besides, the TW structure requires a feedback 
waveguide for redirecting power from the end of the struc-
ture back to the front to avoid high peak surface fields in 
the accelerating cells. This requires careful tuning to com-
pensate reflections along the TW ring to obtain a pure trav-
eling wave regime at the desired frequency. Because the 
beam bunch charge for the 3 TeV upgrade is 3 times lower 
than the bunch charge for 0.5 TeV [11], (for lower IP back-
grounds) it is further possible to lower the aperture (from 
70 mm to 50 mm) to obtain an overall 50 % reduction in 
Bpk/Eacc and factor of 2 gain in R/Q over the TESLA stand-
ing wave structure.  The lower bunch charge reduces the 
wakefields.  

Previously, substantial progress was made at Fermilab 
and in Euclid Techlab on the way to realization of the TW 
structure in the regime of a resonant ring [12 - 15]. The 
present work makes use of that progress to advance the 
topic further.  

The optimizations described below are enabled by ac-
curate calculations of cavity parameters. 2D computer code 
SuperLANS [16] has the accuracy necessary for these op-
timizations.  

GEOMETRY OF 
AN ELLIPTICAL CAVITY 

Templates Contemporary superconducting RF cavities 
for high energy particle accelerators consist of a row of 
cells coupled together as shown in Fig. 1a. The contour of 
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a half-cell consists of two elliptic arcs and a straight seg-
ment tangential to both. The contour can be described by 
several geometrical parameters shown in Fig. 1b. Three of 
these parameters, length of the half-cell L, aperture Ra, and 
equatorial radius Req are defined by physical requirements: 
in the case of a traveling wave L = θλ/(2π), where θ is the 
phase advance per cell, and λ is the wavelength; the aper-
ture is defined by requirements for coupling between cells 
and by the level of wake fields that can be allowed for a 
given accelerator; and the equatorial radius Req is used for 
tuning the cavity to a given frequency. Remaining four 

parameters (A, B, a, b) can fully describe the geometry. 
Here A, B and a, b are the half-axes of the equatorial and 
iris constitutive ellipses, respectively. The best combina-
tion of four parameters is the goal for the cavity shape op-
timization. The angle of the wall inclination between the 
axis of rotation and the straight segment of the wall is des-
ignated as α. The cavity with α < 90° is known as the reen-
trant cavityare provided for recommended software and au-
thors are advised to use them. Please consult the individual 
conference help pages if questions arise.  

 

 
Figure 1: a) Single cell and multicell elliptical cavities; b) geometry of the half-cell 

 
CELLS WITH DIFFERENT L − A 

Theoretically, the value of A (see Fig. 1b) is limited by 
the value of L though there is a technological limit for the 
gap between outer surfaces of cells, 2(L−A−t), defined by 
the thickness t of material and needed for welding two half-
cells together. 

To investigate the whole set of parameters, we will opti-
mize the cavity with Epk/Eacc = 2 for different values of 
L−A. Here, the phase advance angle θ = 105° and the aper-
ture radius Ra = 30 mm. The results for L − A = 0, 1, and 5 
are presented in Table 1.  

One can see from the table that benefits of the reentrant 
shape, lower Bpk/Eacc and higher Rsh/Q, cannot be realized 
for the realistic cavity with θ = 105°  because of shorter cell 
length than in the 180° standing wave cavity, and the ne-
cessity to have a non-zero thickness of material and the gap 
for welding are more crucial than for the 180° cavity. 

A discussion with an expert [17] revealed that even the 
value of L−A = 5 mm, is hardly possible, but we found a 
solution implemented by AES, Fig. 2, with a diaphragm 
thickness of 11 mm (2 × (1.348 − 1.131) × 25.4 = 11.024), 
so, at least L − A = 5.5 mm can be done. 

A possible solution of this problem can be changing of 
the cavity design, see Fig. 3. Here, instead of two half-cells 
welded together, the half-cells are welded to an iris disc. 
The place of the weld from the inner side of the cells can 
be taken at the circle where the electric and magnetic fields 
are in a balance ε0E2 = µ0H2. In this case, both fields are 
much lower than at their maxima, and a small perturbation 
by the welding bead will not change the frequency and 
other important figures of merit. This design makes possi-
ble to get rid of the stiffening rings because the iris disc is 

Table 1: Parameters of Optimized Cells for Different 
Values of L – A. Epk/Eacc = 2, Phase Advance per Cell θ = 
105°, Aperture 2Ra = 60 mm 

L-A, mm 0 1 5 
A, mm 33.631 32.631 28.631 

B, mm 34.294 37.304 38.919 

a, mm 5.284 5.233 4.903 

b, mm 7.777 7.680 6.790 

Bpk/Eacc, mT/(MV/ 2.848 2.833 3.027 

Rsh/Q, Ohm/m 1995 1967 1820 

α, degrees 71.81 73.26 90.23 

Req, m 95.526 96.919 100.255 

stiff. Somewhat increased distance from the iris tip to the 
cooling agent is not important because heat production in 
this area is negligible. The iris tip can be made of any shape 
in accordance with optimization. The radius of curvature at 
the iris tip becomes comparable to the thickness of the ni-
obium sheet when the shape is optimized, that makes diffi-
cult to make it by deep drawing. In the case of a solid disc, 
this problem is removed. To decrease the cost of the iris 
disc, it can be made from a lower RRR niobium. 

A possible solution of this problem can be changing of 
the cavity design, see Fig. 3. Here, instead of two half-cells 
welded together, the half-cells are welded to an iris disc. 
The place of the weld from the inner side of the cells can 
be taken at the circle where the electric and magnetic fields 
are in a balance ε0E2 = µ0H2. In this case, both fields are 
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much lower than at their maxima, and a small perturbation 
by the welding bead will not change the frequency and 
other important figures of merit. This design makes possi-
ble to get rid of the stiffening rings because the iris disc is 
stiff. Somewhat increased distance from the iris tip to the 
cooling agent is not important because heat production in 
this area is negligible. The iris tip can be made of any shape 
in accordance with optimization. The radius of curvature at 
the iris tip becomes comparable to the thickness of the ni-
obium sheet when the shape is optimized, that makes diffi-
cult to make it by deep drawing. In the case of a solid disc, 
this problem is removed. To decrease the cost of the iris 
disc, it can be made from a lower RRR niobium. 

 
Figure 2: An example of cavity with L - A  = 5.5 mm. 

 
Figure 3: New possible design of the cells' connection. 

For production of the iris disc, the experience of pro-
duction TW X-band normal conducting accelerating struc-
tures can be used [18]. This structure reached the acceler-
ating gradient up to 100 MeV/m that was due not only to 
higher frequency but also to diamond turning which gives 
very high smoothness of surface and precise dimensions as 
compared to deep drawing. Cavities machined out of bulk 
niobium are expensive [19], but the iris disc for a TW cav-
ity will be much thinner and smaller in diameter than we 
would use to make a whole SW cavity. Combination of di-
amond turning, and chemical treatment and rinsing used 
for SW cavities can further improve the surface quality 
needed for suppression of field emission. In optimization, 
the higher is Epk/Eacc, the lower Bpk/Eacc can be reached as 
it was shown in [20]. 

CELLS WITH DIFFERENT  
APERTURES 2RA 

Smaller aperture dramatically increases the accelerating 
rate because of smaller Bpk/Eacc for the same value of 
Epk/Eacc and, hence lower probability of magnetic 

quench. This decrease of Bpk/Eacc together with increase of 
Rsh/Q vs. decrease of Ra  is illustrated in Table 2. 

Table 2: Parameters of Optimized Cells for Different 
Values of Aperture Radius Ra. Epk/Eacc = 2, Phase Advance 
per Cell θ = 105°, Aperture 2Ra = 60 mm. 

Ra, mm 35 30 25 
A, mm 28.631 28.631 28.631 

B, mm 39 38.919 36.986 

a, mm 6.2 4.903 3.872 

b, mm 8.7 6.790 5.159 

Bpk/Eacc, mT/(MV/ 3.219 3.027 2.858 

Rsh/Q, Ohm/m 1607 1820 2.048 

α, degrees 85.77 90.23 91.98 

Req, mm 101.333 100.255 99.035 

NEW APPROACH FOR OPTIMIZATION 
Optimization of an elliptical cavity is usually done as a 

search for minimum Bpk/Eacc when the value of Epk/Eacc is 
given. It is also possible to minimize Epk/Eacc for a given 
Bpk/Eacc but the truth is that we need to reach as high as 
possible accelerating gradient Eacc before field emission or 
magnetic quench limit further increase of the accelerating 
gradient. So, the ideal situation would be to reach both lim-
its simultaneously using all the possibilities to increase 
Eacc. If we know the maximal achievable surface peak 
fields 𝐸௣௞∗  and 𝐵௣௞∗ , then the cavity having equal values of 𝐸௣௞/𝐸௣௞∗  and 𝐵௣௞/𝐵௣௞∗  will be at equal distances from ei-
ther limit. Then the criterion of the shape optimization can 
be written as minmax (𝐸௣௞/𝐸௣௞∗ , 𝐵௣௞/𝐵௣௞∗  ). We can name 
this approach the equidistant optimization. 

In the optimization, absolute values of Epk and Bpk do 
not matter, important is only their ratio. Absolute values 
depend on normalization used in the program for the cavity 
calculation, e.g., the total electromagnetic energy stored in 
the cavity or the accelerating rate. Their ratio depends on 
the geometry only. Values under the sign of minmax (see 
above) become equal in the result because Epk and Bpk 
change reversely: when one of them increases, the other 
decreases, and vice versa. 

The same statement about ratio is true for 𝐸௣௞∗  and 𝐵௣௞∗ : 
optimization for 𝐸௣௞∗ = 120 MV/m and 𝐵௣௞∗ = 240 mT will 
be the same as optimization for 𝐸௣௞∗ = 100 MV/m and 𝐵௣௞∗ = 
200 mT. We can consider the first pair of parameters as the 
aggressive version for the future cavities, and the second 
pair as a basic version. In this case, we need to do only one 
optimization for both cases. Let us call this optimization 
“optimization 100/200”. 

A possible future progress in the increase of achievable 
fields can change this proportion, and we have this propor-
tion changed [10]: a gradient of 59 MV/m was achieved in 
a single-cell cavity that corresponds to a peak surface elec-
tric field of 125 MV/m and a peak magnetic field of 
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206.5 mT. The gradient was limited by a hard quench. We 
will make another optimization with these parameters 
125/206.5 ≈ 120/200 and call it “optimization 120/200”. 
The comprehension that quench governed by Bpk, is a hard 
limit, whereas field emission, governed by Epk, could be 
decreased with better cleaning made possible to achieve 
this record gradient. 

Optimization for minimum Bpk/Eacc when the value of 
Epk/Eacc is given, can be revised in the light of the method 
proposed here. For example, well optimized for a given ap-
erture, the TESLA cavity has Epk/Eacc = 2 and Bpk/Eacc = 
4.2 mT/(MV/m). If we assume that both limits, 𝐸௣௞∗  and  

𝐵௣௞∗ , are achieved simultaneously in this optimization, then 
Epk/Bpk = 𝐸௣௞∗ /𝐵௣௞∗  = 2/4.2 (MV/m)/mT = 100/210 
(MV/m)/mT. This means that this cavity can be treated as 
a cavity optimized for 𝐸௣௞∗    = 100 MV/m and 𝐵௣௞∗ = 210 
mT, or, proportionally, for example, for 𝐸௣௞∗ = 80 MV/m 
and 𝐵௣௞∗  = 168 mT. 

The difference between these two methods is in the fact 
that we do not know a priori what value of Bpk/Eacc we will 
have for a given value of Epk/Eacc in the old method, but in 
the new method, we can choose the ratio between the ex-
tremal fields based on experiment, and then perform the 
optimization. 

Table 3: Parameters of optimized cells with limiting surface fields: (1) 𝐸௣௞∗  = 100 MV/m and 𝐵௣௞∗  = 200 mT, and (2) 𝐸௣௞∗  

= 120 MV/m and 𝐵௣௞∗  = 200 mT; L – A = 5 mm, aperture radius Ra = 25 mm.  𝐸௔௖௖∗  is the accelerating rate when the 
limiting surface fields are achieved 

Optimization 100/200 120/200 120/200 120/200 120/200 120/200 
Phase advance θ, deg 105 90 95 100 105 110 

A, mm 28.631 23.826 25.428 27.029 28.631 30.232 

B, mm 97.44 36.4 38.1 39.9 40.91 42.1 

a, mm 6.084 4.512 4.840 5.171 5.494 5.817 

b, mm 11.098 7.52 8.136 8.772 9.379 9.986 

Epk/Eacc 1.655 1.727 1.730 1.734 1.739 1.745 

Bpk/Eacc, mT/(MV/m) 3.309 2.878 2.883 2.890 2.898 2.909 

Rsh/Q, Ohm/m 1789 2127 2096 2063 2029 1992 

α, degrees 94.73 90.91 90.33 89.61 88.77 87.71 

Req, mm 106.156 98.950 98.991 99.068 99.016 99.011 

vgr/c 0.01365 0.01831 0.01776 0.01710 0.01635 0.01551 𝐸௔௖௖∗ , MV/m 60.4 69.5 69.4 69.2 69.0 68.8 𝐸௔௖௖∗ ×2L, MV 4.06 4.00 4.22 4.43 4.64 4.85 

 

 
Figure. 4: Cells with parameters presented in Table 3. 

All most important parameters – Epk/Eacc, Bpk/Eacc, 
Rsh/Q, 𝐸௔௖௖∗   – are improving when the phase advance per 
cell θ decreases. However, acceleration per cell, 𝐸௔௖௖∗ ×2L, 
reduces, and the shorter the cell the less acceleration it pro-
vides (2L is the cell length). Because of high cost of super-
conducting cell fabrication, the number of cells should be 
minimized. It can also be shown that requirements to the 
accuracy of dimensions are more stringent when the 

dimensions defining the cell’s shape decrease. So, the 
trade-off for the phase advance per cell should be defined. 
A possible solution is a cell with the wall slope angle α = 
90° that correspond to θ between 95° and 100°. Cells with 
α = 90° seem simpler for manufacturing and chemical treat-
ment compared to reentrant cells. 
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OPTIMIZATIONS 120/200 FOR A TRAVE-
LING WAVE. APERTURE 2RA = 40 mm 
To investigate benefits of a smaller aperture, data for a 

cavity with Ra = 20 mm are presented in Table 4. Phase 
advance of 90° is chosen; as can be seen from Table 3, de-
pendence of 𝐸௔௖௖∗  on this value is not strong. 

Table 4: Parameters of an Optimized Cell with the Limiting 
Surface Fields 𝐸௣௞∗  = 120 MV/m and 𝐵௣௞∗  = 200 mT; L – A 
= 5 mm, Aaperture Radius Ra = 20 mm. 𝐸௔௖௖∗  is the 
accelerating rate when the limiting surface fields are 
achieved. 

Optimization 120/200 
Phase advance θ, deg 90 
A, mm 23.826 

B, mm 35 

a, mm 3.874 

b, mm 6.777 

Epk/Eacc 1.639 

Bpk/Eacc, mT/(MV/m) 2.732 

Req/Q, Ohm/m 2367 

α, degrees 91.74 

Req, mm 97.990 

vgr/c 0.009315 𝐸௔௖௖∗ , MV/m 73.2 𝐸௔௖௖∗  ×2L, MV 4.22 

COMPARISON OF OPTIMIZATIONS 
120/200, 150/200, AND 200/200.  

APERTURE 2RA = 50 mm, WALL SLOPE 
ANGLE α = 90°, PHASE ADVANCE  

θ = 100°, A = 5 mm. 
To understand benefits of further improvement of the 

surface for decreasing the dark currents, optimization was 
done for a simplified geometry with A + a = L, where a = 
5 mm, i.e. for the wall slope angle α = 90°. The phase ad-
vance was taken θ = 100° because in previous optimization 
this phase advance led to α close to 90°. Results are pre-
sented in Table 5. 

One can see that an increase in the limiting field 𝐸௣௞∗  

from 120 to 150 MV/m, i.e., by 25 %, leads to increase in 
the acceleration rate 𝐸௔௖௖∗   by 1.8 % only, and an increase 
from 150 to 200 MV/m, i.e., by 33 %, leads to increase in 
the 𝐸௔௖௖∗   by 0.4 %. So, it does not make any sense to hope 
for increase in accelerating rate if the limiting electric field 
will be above 120 MV/m. The main limitation is the sur-
face magnetic field. 

Table 5: Parameters of Optimized Cells with Limiting 
Surface Fields (1) 𝐸௣௞∗  = 120 MV/m and 𝐵௣௞∗  = 200 mT, (2) 𝐸௣௞∗  = 150 MV/m and 𝐵௣௞∗  = 200 mT, and (3) 𝐸௣௞∗  = 
200 MV/m and 𝐵 = 200 mT; a = L – A = 5 mm, Aperture 
Radius Ra = 25 mm. 𝐸௔௖௖∗  is the accelerating rate when the 
limiting surface fields are achieved. 

Optimization 120/200 150/200 200/200 
Phase advance θ, deg 100 100 100 

B, mm 51.5 39 39 

b, mm 8.258 4.200 2.086 

Epk/Eacc 1.752 2.152 2.857 

Bpk/Eacc, 
mT/(MV/m) 

2.919 2.870 2.857 

Rsh/Q, Ohm/m 2029 2095 2117 

Req, mm 101.192 98.730 98.569 

vgr/c 0.01695 0.01595 0.01499 𝐸௔௖௖∗ , MV/m 68.5 69.7 70.0 𝐸௔௖௖∗ ×2L, MV 4.39 4.46 4.48 

MULTIPACTOR CONSIDERATION 

According to [21], existence of multipactor in a cavity 
is defined by the geometrical parameter p: experimental 
data presented in this book show that at p = 0.3 and higher 
there is strong multipactor. The TESLA shape cavity has p 
= 0.286 and has weak multipactor activity. The Cornell 
ERL cavity has p = 0.276, and multipactor in it was not 
observed. With some degree of caution, one can say that p 
= 0.28 is a safe limit for multipactor. The case in point is 
the elliptical niobium superconducting cavity with a stand-
ard treatment of the surface, other materials can give dif-
ferent limits of p. We define p for a two-point multipactor 
to which the elliptical cavities are susceptible foremost. 
One-point multipactor occurs if there is a long flat region 
in the cavity equator area that is not our case. 

In TW regime, in distinction to SW, the maximum of E 
or H field is reached at different time for different points. 
For this reason, the fields can be presented in the form, e.g., 
H(r,z,t) = U(r,z,t) + iV (r,z,t), where functions U and V 
reach their maxima with a shift in phase of 90°. Fortu-
nately, the function V is small compared to U in the equator 
area, L = 0 in Fig. 5, and all the theory appears quite appli-
cable to TW regime as it is for the SW regime 

If we calculate p for cavities presented above, we will 
see that this parameter is higher than 0.28 and multipactor 
in some cases is inevitable. A solution of this problem can 
be a change of the cell shape that does not compromise the 
optimized parameters too much (say, not more than 1 % for 
Epk/Eacc and Bpk/Eacc) but decreases p to a safe value.  
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A possible way to decrease p is in increase of the cur-
vature radius at the cavity equator (formula (8.16) in [21]). 
A change in the iris half-axes a and b has a small influence 
on the value of p and leads to a fast change in the value of 
Epk, the value of half-axis A is chosen as big as possible and 

cannot be increased (technological limitations) to decrease 
Bpk. So, we will decrease the length of the half-axis B that 
is perpendicular to the cavity axis, and so increase the cur-
vature radius at the equator Rc = A2/B. 

 
Figure 5: U (left picture) and V (right) components of the electric (red) and magnetic (blue) surface fields along the profile 
line for the geometry from the second column of Table 5.  

Table 6: Parameters of Some TW Cells from Table 3 before and after Transformation Removing Multipactor Conditions. 
Right column – parameters of the TESLA cavity, for comparison. 

Optimization 120/200 120/200 120/200 TESLA SW (100/210) 
Phase advance θ, deg 90 95 100 180 

 before/after before/after before/after  

A, mm 23.826 25.428 27.029 42 

B, mm 36.4/24 38.1/28 39.9/30 42 

a, mm 4.512 4.840 5.171 12 

b, mm 7.52 8.136 8.772 19 

Epk/Eacc 1.727/1.728 1.730/1.730 1.734/1.734 1.99 

[Epk/Eacc], % 0.081 0.010 0.013  

Bpk/Eacc, mT/(MV/m) 2.878/2.897 2.883/2.904 2.890/2.913 4.16 

[Bpk/Eacc], % 0.651 0.734 0.809  

Rsh/Q, Ohm/m 2127/2151 2096/2115 2063/2081 993 

Req, mm 98.950/96.458 98.991/97.002 98.569/97.144 103.35 

Aperture radius Ra, mm 25 25 25 35 

p 0.302/0.270 0.301/0.278 0.303/0.279 0.286  

As an example, let us consider the cavity with θ = 100°, 
Ra = 25 mm, optimized for “120/200”, see Table 3. Its orig-
inal p = 0.303. When B is decreased from 39.9 mm to 30 
mm, Epk/Eacc = 1.734 will remain practically the same with 
a slight increase of 0.013 %, Bpk/Eacc = 2.890 will increase 
to 2.913 mT/(MV/m), i.e., by 0.81 %. To keep the fre-
quency, f = 1300 MHz, the equatorial radius will change 
from 99.068 to 97.144 mm. The new value of p will be 
0.279. 

The relative change of Epk/Eacc and Bpk/Eacc is designated 
in the Table 4 as δ[Epk/Eacc] and δ[Bpk/Eacc], in percent. The 
accelerating rate when one of the limiting surface fields is 

achieved, 𝐸௔௖௖∗ , will also decrease relative to the original 
value, but, again, not more than 1 %. 

Such a transformation was done for several cell shapes 
from Table 3. Results are presented in Table 4. 

So, here the method of anti-multipactoral transfor-
mation is presented, and hopefully any shape of a cell cho-
sen in the future can be transformed into a multipactor-free 
shape without big losses in the acceleration rate. 
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GROUP VELOCITY AND 

CAVITY LENGTH LIMITATIONS 
Coupling coefficient k is related to the group velocity 

as follows: 
k = 2β/(θsinθ), 

 

where θ is the phase advance per cell, β = vgr/c is the group 
velocity normalized to speed of light. All the examples of 
cavities in Table III have β > 0.01. For a group velocity 
0.01 and θ = 105° we have k = 1.13·10−2. We know that a 
SW π-mode structure can be tuned, it has 𝑘ௌௐ  = 1.8∙10−2. 
To have the same error in the field, we must have a number 
of cells in a TW structure equal to 
 𝑁்ௐ = 2ሺ𝑘்ௐ 𝑘ௌௐ⁄ ሻ ∙ 𝑁ௌௐଶ . 
 

The length of this structure will be Ls = NTW ·Lc, where Lc is 
length of a cell,𝐿௖ = 𝜆𝜃 ሺ2𝜋ሻ⁄  Uniting all the above ex-
pressions, one can write 

 𝐿௦ = ଶேೄೈమగ௞ೄೈ ∙ ఉఒୱ୧୬ ఏ. 

Even for sin 𝜃 = 1 the length of the structure will be 
6.6 meters; it is much longer than can be permitted by tech-
nological limitations. Even a small aperture structure (Ta-
ble IV) can be long enough having β = 0.009, close to 0.01. 
If the structure length is 2.4 m, we can remove the nonac-
celerating intervals (Fig. 6) between the cavities (≈ 40 cm) 
and have a real-estate gradient 2.4 m/2 m ≈ 1.2 times 
higher, e.g. 84 MeV/m instead of 70 MeV/m. 

 

 

Figure 6: Removing nonaccelerating intervals between cavities: comparison with the TESLA cryomodule comprising 8 
cavities. 

 

INFLUENCE OF  
FABRICATION ERRORS 

Dimensions of the cells’ elements in the Tables above 
are often given with an accuracy of micrometers. These are 
theoretical values which barely can be reached. We need to 
define deviations of these dimensions that do not compro-
mise important figures of merit. The value of B, the half-
axis of the big ellipse, was already discussed: we changed 
it within several millimeters and had Epk/Eacc and Bpk/Eacc 
changed within 1 %. Only slightly more sensitive are these 
parameters to deviation of A, another half-axis of the big 
ellipse. Half-axes of the small ellipse, a and b, are much 
shorter than in the case of a π-mode SW structure (TESLA, 
e.g., has a = 12 mm and b = 19 mm).  

The sensitivity of the peak fields to the values of a and 
b is shown in Fig. 7. Contrary to the analytic functions, the 
derivative of the Epk/Eacc relative to a or b at its minimum 
is not zero but changes its value and sign at the point of 
optimum.   
  For the case presented in Fig. 7, the growth of Epk/Eacc is 
1 % when a increases by 0.580 mm, and this growth is also 
1 % when a decreases by 0.058 mm, so the sensitivity dif-
fers 10 times. The value of Bpk/Eacc depends linearly on a 
and changes by ±1 % when a changes by ±0.590 mm.  
   The growth of Epk/Eacc is 1 % for an increase of b by 0.190 
mm or a decrease by 0.305 mm. Sensitivity of Bpk/Eacc to 
the change of b is about 0.06 % per 1 mm. 

Sensitivities of other geometries presented in the Table 6 
to fabrication errors are close to the values displayed here.

 
Figure 7: Dependencies of Epk/Eacc and Bpk/Eacc on variations of lengths a and b for a cavity cell with θ = 90° and B = 24 
mm from Table 6. 

 

LOSSES IN THE 
FEEDBACK WAVEGUIDE 

It is supposed that a traveling wave structure is used in 
a resonant ring configuration [12–15]. Hence, a portion of 
the circulating power will be absorbed in the feedback 

waveguide and decrease the efficiency of the structure. In 
this section we estimate this effect. 
The Q-factor of a structure is 
 𝑄 = ఠబௐ௉೗೚ೞೞ , 
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where ω0 is the operating frequency, W is the stored energy, 
and Ploss is power loss in the structure, so  
 𝑊 = ௉೗೚ೞೞொఠబ . 

An energy per unit length is W/Ls, where Ls is the struc-
ture length, and a flow of power through any cross-section 
of the structure is 

 𝑃 = ௐ௅ೞ ∙ 𝑣௚௥ = ௉೗೚ೞೞொ௅ೞఠబ ∙ 𝑣௚௥, 
 

where vgr is the group velocity. Here we assumed that the 
power density is the same in any cross-section, or power 
loss is much less than power circulating in the ring: Ploss 
<< P. 

Power loss can be expressed as  
 𝑃௟௢௦௦ = ௏మோ , 

 

V is the cavity voltage, R is the cavity shunt impedance. So, 
the power circulating in the ring is  
 𝑃 = ௏మோ ∙ ொ௅ೞఠబ ∙ 𝑣௚௥ = ௏మோೞ೓/ொ ∙ ௩೒ೝ௅ೞమఠబ. 

 

Here 𝑅௦௛/Q is in Ohm/m, whereas R is measured in Ohms. 
This is why Ls appears squared. 

Using 𝐿௦ = 1 m, V = 70 MV, 𝑅௦௛/Q = 2000 Ohm/m, 
f = ω0/2π = 1.3·109 Hz, and vgr = 0.01c, we calculate the 
power circulating in the ring P = 900 MW. Power loss in 
the whole structure is  
 𝑃௟௢௦௦ = ௏మሺோೞ೓ ொ⁄ ሻொ௅ೞ =240 W. 
 

Q is taken as 1010. 
The attenuation coefficient of a rectangular waveguide 

for the H10 wave is 
 𝜂 = ଶ௞ೝோೞ௕௓బ ቂ ଵ√௄ ቀଵଶ + ௛ௗ ௙೎ೝమ௙మ ቁቃ, 

 

where kr is surface roughness coefficient (here, for simplic-
ity kr = 1), Rs is the surface resistance, Z0 is the impedance 
of free space, K = 1 − fcr

2 /f2, fcr = c/(2d) is the critical fre-
quency of the waveguide, d and h are the transverse dimen-
sions (width and height) of the waveguide. 

Taking dimensions of a standard WR-650 waveguide 
d × h = 165.1 mm × 85.55 mm and surface resistance of 
the superconducting niobium Rs = 27 nOhm (this value cor-
responds to Q = 1010 for the TESLA cavity) we have η = 
1.8·10−9 1/m. Attenuation of power follows the law: 
P = P0·exp(−2ηL). For the given values (waveguide length 
L = 1 m, P0 = 900 MW) ∆P = P0−P = P0[1−exp(−2ηL)] = 
3.6·10−9P0 = 3.2 W, so losses in the waveguide are about 
1.3 % of the losses in the structure. 

CONCLUSION 
We presented results of modelling traveling wave struc-

tures aimed to keep both Bpk and Epk values below limiting 
levels. A method of optimization is proposed that considers 
experimentally known limiting electric and magnetic sur-
face fields. It is shown that a TW structure can have the 

accelerating gradient above 70 MV/m with the same criti-
cal magnetic field that the contemporary standing wave 
structures. The other demonstrated benefit of TW struc-
tures is that their 𝑅௦௛/Q is about 2 times higher than for 
TESLA structure, that is equivalent to a factor of 2 higher 
Q for reducing dynamic heat load, and the RF power de-
mand. A multipactor suppression method is proposed: by 
sacrificing less than 1 % of the accelerating rate one can 
make the TW cavity multipactor-free. A group velocity for 
all simulated structures was calculated. The results show 
that cell-to-cell coupling is high enough to permit a very 
long cavity, so that the length will be limited only by fab-
rication considerations. An estimation of tolerances for 
fabrication the cavity cells is done. A design solution with 
the iris disc is proposed that can ease welding of the cells 
together and improve quality of the iris surface. 

Many significant challenges remain on the path toward 
development of practical TW niobium structures. But the 
time scale for accomplishing this is several decades before 
the ILC 3 TeV upgrade is ready to launch. Below we list 
some of the challenges. There is an increased complexity 
due to doubling the number of cells (e.g., more welds). The 
cavity fabrication and surface processing fixtures and pro-
cedures must be modified and qualified. High circulating 
power in the feedback waveguide must be demonstrated. 
HOM damping must be studied. Preliminary results show 
that the first 10 monopole modes up to 7 GHz show no 
trapping. At 3 times lower bunch charge for the ILC 3 TeV, 
HOM generation is much reduced over the ILC 0.5 and 
1 TeV cases. The smaller aperture proposed in this work 
means higher transverse wakes, but again the three times 
lower bunch charge helps. All the challenges are magnified 
if structures longer than 1 m are to be developed to further 
increase the gradients. 

More details of this paper can be found in [22].  
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