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Abstract
The thermal conductivity k of superconducting tantalum

(Ta) behaves similarly to that of superconducting niobium
(Nb), albeit at colder temperatures. This shift is due to the
superconducting transition temperature of Ta being 4.48
K, versus 9.25 K for Nb. For example, the temperature
of the phonon peak of properly treated Ta is about 1 K as
opposed to a phonon peak at about 2 K for Nb. The typical
value of k of Ta is smaller than Nb with the value at the
phonon peak for Ta being O(10) W m-1 K-1. Like Nb, k is
dominated by phonons at these temperatures. This lattice k
can be modeled by the Boltzmann transport equation, solved
here by a Monte Carlo method using the relaxation time
approximation. The phonon dispersion relation is included
and some of the individual scattering mechanisms due to
boundaries, dislocations, and residual normal electrons are
examined. Differences in the thermal response of deformed
Ta, as compared with Nb, may be attributed to differences
in dislocation densities of the two metals following similar
levels of deformation. Boundary scattering dominates at the
coldest temperatures. The phonon peak decreases and shifts
to warmer temperatures with increasing deformation.

INTRODUCTION
Manufacturing superconducting radio frequency (SRF)

cavities from large grain Nb sheets may reduce cost and
improve their quality factor [1]. However, manufacturing
SRF cavities from Nb sheets requires large deformations
that increases dislocation density [2], which has been shown
to reduce the thermal conductivity of superconducting large
grain Nb [3–5]. Good thermal conductivity k is critical for
mitigating heat generation during superconducting condi-
tions. Thus, developing models for designing cavity fabrica-
tion paths that can maximize k is important to prevent cavity
quench, thus improving cavity performance [6].

Ta is a part of the refractory metals group and also a
superconducting metal, similar to Nb. Because Nb and
Ta are found together, there is always Ta present in SRF
cavities, this provides some intrinsic interest and motivation
for understanding the thermal conductivity of Ta. Ta and
Nb behave like twins in nature and they have very similar
physical and chemical properties. For example, both of them
are body-center cubic materials and have similar thermal
conductivity at room temperature. However, the transition
temperature (Tc) from normal conductor to superconductor
of Ta is 4.48 K, which is about one half of that of Nb (Tc =

9.25 K) [7].
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Figure 1: Phonon and electron contributions to the thermal
conductivity of undeformed superconducting Nb.
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Figure 2: Phonon and electron contributions to the thermal
conductivity of undeformed superconducting Ta.

The thermal conductivity of superconducting metals is
described as the sum of an electronic component ke and
a lattice vibration component kg [8]. Typical examples of
thermal conductivity contributions for undeformed Nb and
Ta are shown in Figs. 1 and 2, respectively. For T/Tc < 0.2,
phonon contributions to the thermal conductivity dominate
over the electronic contributions. The purity of the metal
(i.e., RRR) largely determines the electronic component ke.
A number of factors, including sample size, specularity, free
electrons, impurity concentration, and dislocation density
Nd, determine kg. Plastic deformation, which occurs in
many manufacturing processes, increases Nd, while heat
treatments may reduce Nd [5].
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MODELS OF THERMAL CONDUCTIVITY
Parameterization The thermal conductivity of supercon-
ducting Nb and Ta can be modeled as the sum of electron
transport of energy and phonon transport of energy. In nor-
mally conducting metals, the phonon part is usually negli-
gible due to scattering by normal electrons. However, in
the superconducting regime, the formation of electrons into
Cooper pairs leads to a reduction in the electron contribution
to energy transport as well as a reduction in scattering of
phonons by electrons [9, 10]. Therefore, the phonon contri-
bution dominates the thermal conductivity for temperatures
below T/Tc = 0.2, where the electronic contributions are
almost 0, as shown in Fig. 1 and Fig. 2.

Xu et al. [11] proposed a model based on the Koechlin
and Bonin [12] parameterization (K& B model) of the ther-
mal conductivity of superconducting materials by explicitly
including a term for phonon-dislocation scattering, where
the K& B model is based on the BRT [10] expression ac-
cording to the BCS theory [9]. The expression of the model
proposed by Xu et al. is

k = R(y)
[ ρ

LT
+ aT2

]−1
+

[
1

D exp(y)T2 +
1

BΛT3 +
KNd

T2

]−1

(1)
where KNd/T2 is the term added to account for the effect of
phonon-dislocation scattering. R(y) quantifies the condensa-
tion of normal conducting electrons into Cooper pairs [10],
ρ is the residual resistivity. L is the Lorentz number, a is the
coefficient of momentum exchange of electrons with the lat-
tice, D refers to phonon-electron scattering, B corresponds
to phonon-boundary scattering, Λ is the phonon mean free
path. The term y in R(y) is defined as

y =
∆(T)
kBT

=
∆(T)
kBTc

Tc

T
(2)

where ∆(T) is the superconducting energy gap, and kB the
Boltzmann constant. For T/Tc < 0.6, y can be approxi-
mated as y = αTc/T , α ≈ 1.76 in BCS theory but may take
different values according to experiments on different metals
[12], and ρ, a, B, α, D, and Nd are the parameters that need
to be determined. The resistivity ρ and dislocation density
may be determined by measurements. The two terms in ke
are due to electron-defect scattering and electron-phonon
scattering, respectively, and the three terms in kg are due
to phonon-electron scattering, phonon boundary scattering,
and phonon-dislocation scattering, respectively.

The parameter K is expressed following Klemens [13] for
randomly distributed dislocations as

K =
0.038(v̄h2)b2γ2

kB3 (3)

where γ is the Grüneisen constant, b is the Burgers vector, v̄
is the average group velocity, h is the Planck constant and
kB is the Boltzmann constant.

Comparison of data from [3] with fitting of Eq. (1) are
shown in Fig. 3 for an undeformed sample and Fig. 4 for the
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Figure 3: Comparison between fitting with or without dislo-
cation term for undeformed Nb sample from [3]. Calculated
dislocation density is Nd = 4.7 × 1012 m−2.
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Figure 4: Comparison between fitting with or without dislo-
cation term for deformed Nb sample [3]. Calculated dislo-
cation density is Nd = 3.8 × 1014 m−2.

same sample after a uniaxial Cauchy strain of 14.7%. When
the dislocation term is included in the fit, the qualitative
and quantitative agreement with the experimental results [3]
improves significantly, especially for Nb after deformation.
Koechlin and Bonin noticed a discrepancy during their fitting
with the experimental results. This deviation may have been
due to the lack of a phonon–dislocation scattering term in
their model.

Monte Carlo Simulation The Boltzmann transport
equation (BTE) has been widely used to model phonon and
electron transport. The BTE for phonon transport can be
written as [14]

∂ f
∂t
+ vg · ∆ f =

[
∂ f
∂t

]
scat

(4)

where f (r,q, t) is the distribution function of an ensemble of
phonons, a function of position (r), time (t), and wave vector
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Table 1: Parameters of the Samples Examined [3, 7]. ϵ–Cauchy Strain

Sample RRR Nd × 1012m−2 (ϵ)

Nb1 350 4.49 (0%) 5.91 (8%)
Nb2 1200 0.0611 (0%) 14 (4%) 159 (8%)
Nb3 250 5.11 (0%) 8.64 (3%) 47.6 (7.3%) 157 (10.3%) 367 (14.7%)
Ta1 185 0.0297 (0%) 11.9 (2%) 19.9 (3.1%) 108 (7.3%)
Ta2 111 0.105 (0%) 30.1 (1.2%) 66.6 (2.4%) 123 (3.9%) 211 (6.2%)
Ta3 60 0.0173 (0%) 0.489 (1%) 482 (10%)

(q), and vg is the phonon group velocity. The left-hand side
of Eq. (4) represents the change of the distribution function
due to motion or drift, and the right-hand side represents the
change due to collision or scattering. Due to the complex
nature of scattering events, a relaxation time approximation
is often used to simplify the scattering term by writing[

∂ f
∂t

]
scat

=
f − f0
τ

(5)

where τ is the overall relaxation time, f0 is the phonon
distribution function at equilibrium. The relaxation
time is due to several scattering mechanisms, includ-
ing phonon-phonon scattering, phonon-impurity scattering,
phonon-boundary scattering, phonon-electron scattering,
and phonon-dislocation scattering, etc. The distribution
function f (r,q, t) is a function of seven independent vari-
ables, including time (t), three space variables (r), and three
wave-vector variables (q). In addition, the scattering mecha-
nisms are usually nonlinear functions. These complexities
render the solution of the BTE extremely difficult by deter-
ministic means [14].

The Monte Carlo method is a stochastic method to solve
the BTE and has been widely used for phonon and electron
transport [14–17]. As the thermal conductivity of Nb and
Ta at superconducting temperature is dominated by phonon
contributions, the Monte Carlo simulation method is suitable
to model the lattice thermal conductivity of superconduct-
ing Nb and Ta. An energy-based, variance-reduced Monte
Carlo method [17] is used in this paper. This method only
models the deviation in the energy of a particle population
from its nearby equilibrium, with the equilibrium described
analytically. This saves significant computational cost as
compared with standard methods because calculations start
relatively close to equilibrium.

In the Monte Carlo simulation, the phonon-boundary scat-
tering is treated during the drift process, i.e., when a phonon
reaches the physical boundary of a sample, it reflects back
either specularly or diffusively, depending on the specularity
of the surface. Scattering with dislocations can be treated
similarly to the isotropic scattering of photons when ad-
dressing thermal radiation. Scattering of phonons due to the
anharmonic terms of the potential (i.e., electrons) tends to
restore thermal equilibrium.

Please refer to [18] for details of the Monte Carlo solution
technique, including initialization, drift process, scattering
process, and calculating the thermal conductivity.
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Figure 5: Comparison between the data of the thermal con-
ductivity of deformed superconducting metals (symbols)
and the best fit using Eq. (1) (lines). Top panel is Nb [3], for
ϵ =0%, 3%, 7.3%, and 10.3% and bottom panel is Ta [7],
for ϵ =0%, 2%, 3.1%, and 7.3%. The dislocation density is
calculated during the fitting process

RESULTS AND DISCUSSION
Equation 1 improves agreement with the experimental

results as compared with the model w/o dislocation term
[12].
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Figure 6: Monte Carlo solution of Eq. (4) (symbols) com-
pared with the best fit of Eq. (1) (lines) for the lattice thermal
conductivity of three undeformed Nb samples [3] (top panel)
and three undeformed Ta samples [7] (bottom panel). The
parameters (size, RRR, deformation temperature, and esti-
mated Nd) for each sample are listed in Table 1.

Comparison of data from [3, 19] with fitting of using
Eq. (1) is shown in Fig. 5 for superconducting Nb and su-
perconducting Ta, both before and after deformation. The
figures show that after deformation, the thermal conductivity
of both Nb and Ta decrease because of the increase of dislo-
cation density, where the temperatures at the phonon peak
(Tpp) increase with deformation for both Nb and Ta. The
phonon peak disappears after 7.3% deformation for these
Nb and Ta samples. After 10.3% deformation for this Nb
sample, the thermal conductivity increases proportionally
with temperature. Another interesting similarity between Nb
and Ta is that kpp occurs at T/Tc ≈ 0.2 and kmin (local min-
imum) occurs at T/Tc ≈ 0.3 for both Nb and Ta. However,
at T/Tc ≈ 0.4, the thermal conductivity of Ta is greater than
the value at the phonon peak, while the thermal conductivity
of Nb is smaller than the value at its phonon peak.

Monte Carlo simulation results of the lattice thermal con-
ductivity of superconducting Nb and Ta samples before de-
formation are shown in Fig. 6, and compared with the fit
of Eq. (1). The simulation results match well with fitting
results by including the effect of phonon-boundary scat-
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Figure 7: Monte Carlo solution of Eq. (4) (symbols) com-
pared with the best fit of Eq. (1) (lines) for the lattice thermal
conductivity of deformed sample Nb3 [3] (top panel) with
ϵ =0%, 3%, 7.3%, and 10.3% and deformed sample Ta1
[7] (bottom panel) with ϵ =0%, 2%, 3.1%, and 7.3%. The
parameters (size, RRR, deformation temperature, and esti-
mated Nd) for each sample are listed in Table 1.

tering, phonon-electron scattering and phonon-dislocation
scattering. Here, the phonon-dislocation scattering is less
important for undeformed samples with the other two scat-
tering mechanisms. It can be also seen from the simulation
results that the phonon peak appears at about 1.8 K for Nb
and 0.9 K for Ta for all of the three samples. The temperature
at the phonon peak is close to 0.2 Tc . Therefore the phonon
peak at the undeformed Nb and Ta has small variations.

Simulation results of the lattice thermal conductivity of
superconducting Nb and Ta samples after deformation are
shown in Fig. 7, and compared with the fit of Eq. (1). The
simulation results also match well with fitting results by
including the effect of phonon-boundary scattering, phonon-
electron scattering and phonon-dislocation scattering. Here,
the phonon-dislocation scattering is more important for de-
formed samples with the other two scattering mechanisms,
due to the increase of dislocation density after deformation.
Wasserbäch observed that sample Nb1 has predominantly
screw dislocations while Nb2 has predominantly edge dislo-
cations. He also found that low T (T<295 K) deformation
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leads to screw dislocations, and intermediate temperature
(295 K<T<475 K) deformation results in edge dislocations
[3]. As the Ta samples are deformed at T>295 K, which falls
into the intermediate temperature range, they are likely have
edge dislocations [19]. It is shown from the figure that kpp
decreases with deformation and will eventually disappear
after large deformation, while Tpp increases with deforma-
tion for both Nb and Ta. These results can be accounted
for by the effect of dislocations. It can be also seen that the
lattice thermal conductivity of Nb has greater value than
Ta in similar conditions. It is not difficult to find that for a
given deformation, the ratio of the thermal conductivity to
the undeformed state (k/kϵ=0) for Ta is smaller than that in
Nb.

CONCLUSIONS

Thermal conductivity of superconducting Nb are critical
to the performance of SRF cavities. At the working tempera-
ture of SRF cavities, phonon-dislocation scattering plays an
important role to affect the thermal conductivity of supercon-
ducting metals for samples after deformation. Wasserbäch
carefully examined each of the phonon scattering mecha-
nisms to the thermal conductivity with particular attention to
dislocations. Analysis of the thermal conductivity of super-
conducting metals shows that in addition to kpp decreasing
after deformation, there is a shift increase in Tpp. The pro-
posed expression combines different scattering mechanisms
into an equation by adding a phonon–dislocation scattering
term that improves the accuracy of fits to experimental data,
especially for deformed samples at low temperatures. The
proposed model can also be used to infer the dislocation
density from measurements of k.

Monte Carlo simulation modeled the lattice thermal con-
ductivity of superconducting Nb and Ta by including the
effect of phonon-boundary scattering, phonon-electron scat-
tering, and phonon-dislocation scattering. Simulation results
match well with the proposed model Eq. (1). The phonon
peak thermal conductivity appears at T≈1.8 K and at T≈0.9
K for undeformed Nb and Ta. It moves to warmer temper-
ature after deformation until the phonon peak disappears.
By comparing the thermal conductivity of Nb and Ta, it is
found that Ta has a smaller thermal conductivity than simi-
larly prepared Nb. For example, thermal conductivity at the
phonon peak varies from 30 to 60 Wm−1K−1 for undeformed
Nb examined in this paper at superconducting temperatures,
while it varies from 10 to 12 Wm−1K−1 for undeformed Ta
in similar conditions. Thermal conductivity decreases more
readily for Ta than in Nb, and the reason might be due to
the different dislocation mechanisms inside metals. As all
the three Ta samples are deformed at a temperature equal
or higher than 295 K, they are more likely have edge dis-
locations [19]. Edge dislocations have more effect on the
thermal conductivity than screw dislocations [3].
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