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Abstract

Models of the magnetic field enhancement at pits are dis-
cussed. In order to build a model of pit, parameters that
characterize a geometry of edges of pit, such as a curva-
ture radius and a slope angle of edge, should be included,
because the magnetic field is enhanced at an edge of a pit.
A shape of the bottom of the pit is not important, because
the magnetic field attenuates at the bottom. The simplest
model of the pit is given by the two-dimensional pit with
a triangular section. The well-like pit, which is known to
many researchers, is a special case of this model. In this
paper, idea and methods to analytically evaluate the mag-
netic field enhancement factor of such models are men-
tioned in detail. The well-like pit is considered as an in-
structive exercise, where the famous results by Shemelin
and Padamsee are reproduced analytically. The triangular-
pit model, which is practically important for studies of the
quench of SRF cavity, are discussed in detail. Comparisons
between the prediction of the triangular-pit model and the
vertical test results are also shown.

INTRODUCTION

The magnetic field locally enhanced at a pit on the sur-
face of the superconducting radio-frequency (SRF) cavity
is thought to be a cause of quenches. The enhanced mag-
netic field at a pit is written as

(0 <p(r) <p%), (1

where Hy is a surface magnetic field of the cavity, 5(r) is
a magnetic field enhancement (MFE) factor at a position r,
and 5* is the maximum value of 3(r) along the pit. To re-
veal the relation between the MFE factor and the geometry
of pit is the challenge that should be solved in order for a
better understanding of the quench at pits.

In order to build a model of pit, parameters that charac-
terize a geometry of edges of pit, such as a curvature radius
and a slope angle of edge, should be included, because the
magnetic field is enhanced at an edge of a pit. A shape of
the bottom of the pit is not important, because the mag-
netic field attenuates at the bottom. The simplest model of
the pit is given by the two-dimensional pit with a triangu-
lar section [1]. The well-like pit, which is known to many
researchers, is a special case of this model.

In following sections, idea and methods to analyti-
cally evaluate the magnetic field enhancement factor of
such models are mentioned in detail. First a neccesary

* kubotaka@post.kek.jp
05 Cavity performance limiting mechanisms

E. Calculation: Theory

mathematical-technique, the method of conformal map-
ping, is reviewed. Then the well-like pit model is consid-
ered as an instructive exercise, where we see the magnetic
field is enhanced at an edge of a pit, and confirm the mag-
netic field attenuates at the bottom. The functional form
of the MFE factor of the well-like pit derived by Shemelin
and Padamsee [2] are also reproduced. Then the triangular
pit model, which is practically important for studies of the
quench of SRF cavity, is discussed. Comparisons between
a prediction of the model and vertical tests results are also
shown.

METHOD OF CONFORMAL MAPPING

Let us consider a two-dimensional domain shown in
Fig 1(a). In order to derive the magnetic field distribution,
the Maxwell equations of a two-dimensional magnetostat-
ics should be solved. This problem is equivalent to that
of finding an appropriate holomorphic function called the
complex potential on a complex plane. The magnetic field
is given by the derivative of the complex potential ®(z),

dd(z)

—=, @
where z = x + iy. The method of conformal mapping
provides a powerful tool to compute the right hand side of
Eq. (2).

Suppose a domain on the z-plane shown in Fig 1(a) is
mapped into a simple domain on the w-plane shown in
Fig 1(b) by a Schwarz-Christoffel transformation,

Hx(may) - ZHy(l',y) =

z=F(w)=K; /wf(w')du/—l—Kg7 3)
0

where K and K are constants, and f(w) is a holomor-
phic function. Then orthogonal sets of field lines on one
plane are transformed into those on another plane, and the
complex potential on the z-plane, ®(z), is related to that on
the w-plane, (w), as

®(2) = B(F(w)) = B(w). @)
Thus Eq. (2) becomes
o dew)dw  dP/dw  @(w)
He =i, = dw dz  dz/dw K f(w) )

Since the complex potential ®(w), which is a holomorphic
function on the w-plane and is related to the magnetic field
on the w-plane as H, — iH, = é’(w), can be written as
®(w) = —How = — K, Hyw, Eq. (5) is reduced to

_ H
H, —iH, = Ti)) . (6)
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Figure 1: Two-dimensional domains on complex planes.
Gray regions represent a superconductor in the Meissner
state.

The MFE factor, which is defined by the ratio of the mag-
netic field strength at a position to that far from the pit, is

given by
\/HZ + H? 1
= = . 7
P T W) ?

This is the general formula for the MFE factor when the
map is given by a Schwarz-Christoffel transformation.

WELL-LIKE PIT

In this section we discuss a two-dimensional well. Al-
though this model is not practically useful, it provides an
instructive exercise. First we consider a well with sharp
edges as an effective model of the well with round edges.
Then the MFE factor of the well with round edges are esti-
mated in a naive way.

Well-like Pit with Sharp Edges

Let us consider a two-dimensional well with sharp edges
shown in Fig. 2. Note that d > R is assumed for simplicity.
The map is given by Eq. (3), where

(w2—12)%‘ ®

2 _
w* — wg

flw) =

The constants K1, K5 and wq are determined by conditions
that C’, D’ and E’ on the w-plane are mapped into C, D and
E on the z-plane:

Klﬁi, ng—id7 wozeffﬁ. (9)
™

Substituting Eq. (8) into Eq. (7), we find

1 w? —w@ |3
ﬁwell - = ‘ 2 0*
| f(w)] w? —1
ISBN 978-3-95450-143-4

434

(10)

Proceedings of SRF2013, Paris, France

(a) Y z-plane

Hy f
A, E X
RY 0 LR

-d

B' T rD

(b) v w-plane

A,

=0 5
iA’ iB __C iD i Ei' u
-1 -Wo 0 -Wp 1l

Figure 2: A two-dimensional well with sharp edges on (a)
the z-plane and (b) the w-plane. Gray regions represent to
a superconductor in the Meissner state, R is half a width
and d (> R) is a depth of the well.

Thus the MFE factor at A, B, C, D or E is given by

ﬂwcll(A) = ﬂwcll(E) = 00 (U/ = :l:l) 5
/Bwell(B) = ﬂwell(D) =0 (’LU = :l:w()) 5 (11)
Bwell(c> = wo = 6_%% (w = 0) .

The MFE factor diverges at the edges of the pit (A and E),
vanishes at the concave corners (B and D), and exponetially
attenuates at the bottom (C).

In order to evaluate the MFE factor at an arbitrary z,
however, f(w) in Eq. (10) should be expressed in terms
of z. This task is approximately achieved by focusing on a
small region around a corner. Let us consider the vicinity
of the corner E, which correspond to the vicinity of E’ on
the w-plane, which can be written as w = 1+4¢€ with e < 1.
Then the function f(w) is approximated as f(w) ~ (2€)2
at w ~ 1, and thus Eq. (3) is computed as z = F(w) =
R+ (K1/3)f3(w), or

3rz—R g
f(w)—(2 - ) . (12)
Substituting Eq. (12) into Eq. (10), we find
2 R\?
an(r) = (=) 13
Buan(r) = (7 ) (13)

where r = |z— R| is a distance from the corner E. The same
formula can be applied to the MFE factor around the corner
A by replacing r = |z — R| with r = |z + R|. Note that
Eq. (13) reproduces Byen(A) = Bwen(E) = oo (r — 0).
Well-like pit with round edges

Using Eq. (13), it is possible to estimate the maximum
MEFE factor for the well-like pit with round edges shown
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Figure 3: A two-dimensional well with round edges. A
gray region represents a superconductor in the Meissner
state, R is half a width, d (> R) is a depth of the well
and r. is a round-edge radius.

in Fig. 3. As shown in the figure, at the domain r = |z &
R| > r., the well-like pit with round edges has the same
geometry with that with sharp edges. Thus the well-like
pit with sharp edges can be regarded as an effective model
of that with round edges, where a cutoff scale is given by
ran = r.. Then we can naively estimate,

1
* naiv R\3
ﬂwell ~ ﬂwell(TA) = PV(ve]al e) <r> ,

€

(14)

where the coefficient is given by P4 = (2/37)5. The
functional form given by Eq. (14) corresponds to the re-
sult obtained by Shemelin and Padamsee [2]. Note that the

coefficient P%) ysually yields a smaller value than ex-
act value. A method to improve the estimate is found in

Ref[1].

TRIANGULAR PIT

As mentioned in the introduction, the simplest model of
the pit is given by a two-dimensional pit with a triangu-
lar section. In a following, the similar method as the last
section is applied to the triangular-pit model.

Pit with Sharp Edges

First we consider a pit with sharp edges shown in Fig. 4.
The MFE factor around the convex corners A or C can be
computed in much the same way as above:

B JE Ry
Ba(r) = [2a(a+ D cosmaT (@)L —a) SRR D)

where 7 is a distance from the corner A or C.

Pit with Round Edges

The triangular pit with sharp edges shown in Fig. 4
can be regarded as an effective model of that with round
edges shown in Fig. 5, where a cutoff scale is given by
A = 1e(1 — cosma)/ sin ma. By substituting r = r, into
Eq. (15), we can estimate the maximum MFE factor of the
model with round edges as

* naive R H%
Bivi ~ Bui(ra) = Pt(ri )(a) (7’) 7 (16)
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Figure 4: A two-dimensional triangular pit with sharp
edges. A gray region corresponds to a superconductor in
the Meissner state, 7o (0 < o < 1/2) is a slope angle and
R is half a width of the open mouth. Note that a relation
between a depth, d, and half a width of the open mouth, R,
is given by d = Rtan ma.

Figure 5: A two-dimensional triangular pit with round
edges. A gray region corresponds to a superconductor in
the Meissner state, ma (0 < « < 1/2) is a slope angle, R
is half a width of the open mouth, and r. is a radius of the
round edge.

(17

where the coefficient is given by

/7 tan T e
[ 20(a 4+ 1)(1 —cos ma)l(a)l(3—a)]

tri

Noted that P is reduced to P — (2/37)% =
P(naive)

vl at the limit & — 1/2, where the Euler’s reflection

formula was used. The coefficient Pt(rrilaive) yields a smaller
value than exact value, in common with that of the well-like
pit.

Improved formula

The improved version of the formula can be obtained
by extrapolating Eq. (15) to » < 7. According to the
complete results and discussions in Ref. [1], 5;; is given

by
B = P(a) (R) (18)
with
Pla) = (ni1)!(1—|—%)(2+’y)~-(n—1+7)
8 [2a(a+1)(1f§j;§)of(a)r(;—a)r(19)

where v = a/(1 + «). The optimum degree of polyno-
mial of extrapolation should be determined by experiments
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Figure 6: Agreements between the analytical formula given
by Eq. (18) with n = 6 and numerical calculations by
POISSON/SUPERFISH. The four curves show Eq. (18) as
functions of R/r. in applicable ranges [1]. The black line,
gray line, black dashed line and gray dashed line corre-
spond to slope angles 80°, 60°, 30°, and 10° (o« = 4/9,
1/3, 1/6, and 1/18), respectively. The four types of sym-
bols show the maximum MFE factors for given pits cal-
culated by POISSON/SUPERFISH, where the triangles,
filled squares, rhombi, and filled circles correspond to slope
angles 80°, 60°, 30°, and 10°, respectively.

or numerical experiments. Fig. 6 shows agreements be-
tween 3;,; with n = 6 and numerical calculations by POIS-
SON/SUPERFISH. The four curves correspond to Eq. (18),
and the four types of symbols correspond to numerical cal-
culations by POISSON/SUPERFISH.

Now we have the formula that yield the MFE factor of
the pit with a triangular section. The next task is to confirm
whether the triangular-pit model is a valid model or not.

DISCUSSIONS
Predictions of the model

Assuming that vortices start to penetrate into the defect-
less superconductor at B, (~ 200mT) ! the achievable
surface magnetic field without vortex dissipations under an
existence of a pit is given by

B(Pen) — & — BU Tj H%
peak = 3+ = Pla) \ R

(20)

This equation is further reduced to the formula that de-
scribes the accelerating field at which vortices start to pen-
etrate:

1 _a
en — n g Bv Te e
s —n = e (5) e

!Solving the Ginzburg-Landau (GL) equation, the superheating field
can be computed, and is given by By, ~ 1.2B. atT" ~ T.. In some
literature, this GL result is applied to low temperature 7" < T and the
superheating field is given by Bgy, ~ 1.2B. = 240mT, but in this
temperature region the GL theory becomes invalid. To evaluate By, at
T <K T, Eilenberger equations should be solved [3]. In this paper, an
empirical limit ~ 200 mT is adopted.
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Figure 7: A pit found at the surface of TOS-02 cavity. (a)
An optical image of the pit [4]. (b) Results of profilometry
by a laser microscope.
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Figure 8: A pit found at the surface of MHI-05 cavity. (a)
An optical image of the pit [4]. (b) Results of profilometry
by a laser microscope.

where g is a ratio of the peak magnetic field to the accelerat-

ing field for a given cavity-shape. A quench field plauench)

is expected to be above the vortex penetration field, ELS™
where normal conducting areas are formed due to heats of
vortex dissipations, and a thermal-magnetic breakdown oc-

curs.

Comparisons with Vertical Test Results

Fig. 7 and Fig. 8 show optical images and profiles of
pits found at the surfaces of TOS-02 cavity and MHI-05

05 Cavity performance limiting mechanisms

E. Calculation: Theory



Proceedings of SRF2013, Paris, France

40
O Quench field at the vertical test

= I Predicted vortex penetration field
§ 35
=
N’
8 @
<
3 30

25

T
MHI-05

Figure 9: Comparisons between the prediction of the
triangular-pit model and the vertical test results. The black
bars correspond to the model-predictions, where 10% error
of measured values of R, 7., and « are assumed. The blue
circles correspond to the quench fields, EL2"™ | observed

at vertical tests [4, 5].

|
TOS-02

cavity. Measured values of R, 7., and « for TOS-02 and
MHI-05 are summarized in the figures, where r. is given
by the minimum value of the curvature radius 7., calcu-
lated along the profile. By using these parameters, the ac-

celerating field at which vortices start to penetrate, B

can be calculated from Eq. (21). Fig. 9 shows EL™ cal-

culated from Eq. (21) and plavench) opeerved at vertical
tests [4, 5]. The agreements are remarkable, but the statis-
tics is too small to conclude the effectiveness of the model.
To accumulate statistics is a future work.

SUMMARY

A model of pit should include parameters that character-
ize a geometry of edges of pit, where a shape of the bottom
of the pit is not important. The simplest model of the pit is
the two-dimensional pit with a triangular section. The well-
like pit is a special case of this model. In this paper, MFE
factor of these models were evaluated. The famous results
for the well-like pit by Shemelin and Padamsee were repro-
duced analytically as an instructive excercise. The practi-
cally important triangular-pit model were discussed in de-
tail, where the improved formula for the MFE factor and its
predictions were shown. Comparisons between the predic-
tion of the triangular-pit model and the vertical test results
were also shown. The agreements are remarkable, but the
statistics is too small to conclude the effectiveness of the
model. To accumulate statistics is a future work.
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