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Abstract 
The paper presents the application of random grid walk 

for Dirichlet problem solving for Poisson equation. 

Boundary value problem is discretized and reduced to the 

system of linear algebraic equations. The matrix of this 

system is used for stochastic matrix constructing. Thus, 

there is a possibility of Markov chains obtaining. The 

special random value is defined on Markov chain 

trajectories; this value is used for approximation of the 

desired solution. The advantages of this method are 

discussed in the paper. 

The algorithm is applied for electric potential 

calculation in the cell of support lattice of exit window in 

large-aperture electron accelerator. 

DIRICHLET PROBLEM FOR POISSON 

EQUATION 

Consider the Dirichlet problem for electric potential. 

Poisson equation for unknown potential ),( yxu  has the 

form 
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with boundary conditions 

 ),( yxu ϕ=Γ . (2) 

Here 
2RG ⊂  is some domain, Γ  is the boundary of 

the domain G , ),(
~

yxf  and ),( yxϕ  are given functions.  

Let us consider problem (1)-(2) discretization algorithm 

for the rectangle domain. The modification of this 

algorithm for the domain of any other form is given in the 

book [1].  

For numerical solution of Dirichlet problem (1)-(2) we 

introduce sufficiently fine grid S  with the step l : 

{ }yxjijiji LjLijlyilxyxsS ,0,,0,,:),(, ====== . 

We distinguish the set of boundary grid points 

{ }yxjiji LjLiSyxsS ,0,,0:),(, ==∈==Γ . The 

internal grid points set is Γ= SSSG \ .  

After that we introduce the following grid functions: 

{ }Sssuu jijiji ∈= ,,, :)( , { }Gjijiji Sssff ∈= ,,, :)(
~~

, 

{ }Γ∈= Sss jijiji ,,, :)(ϕϕ .  

Let us replace the equation (1) at internal grid points by 

the difference equation 

 )
~

)(41( ,

2

1,1,,1,1, jijijijijiji fluuuuu −+++= +−+− . (3) 

At boundary grid points we assume 

 ),(, jiji yxu ϕ= . (4) 

The solution of algebraic system (3)-(4) converges to 

the solution of Dirichlet problem (1)-(2) as 0→l  [2,3].  

Let us number all the grid points in any order (using 

one index) and rewrite the equations (3)-(4) in the same 

order. Now the grid S  is described as follows: 

{ }LkyxS kk ,1),,( == , where )1)(1( ++= yx LLL . Let GI  

and ΓI  be the sets of numbers of internal and boundary 

grid points correspondingly.  

After that we introduce the grid functions 

),,...,( 1 Luuu =  )
~

,...,
~

(
~

1 Lfff =  and ),...,( 1 Lϕϕϕ =  

representing the grid values of potential, right-hand part 

of equation (1) and boundary function correspondingly.  

Now the system (3)-(4) takes the form 

 ,fAuu +=  (5) 

where A  is LL ×  matrix of coefficients; L -vector f  is 

determined as follows:  
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As for matrix A , when GIi ∈ , the line ),...,( ,1, Liii aaA =  

contains four elements equal 41  and other elements 

zero; if Γ∈ Ii  the line iA  is zero. 

“WALK-ON-GRID” METHOD 

Stochastic Matrix 

To obtain the solution of the system (5) we apply 

“walk-on-grid” algorithm.  

Let us construct stochastic matrix P  by the rule:  
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where ji ,δ  is Kronecker delta. Evidently, ������ ����� 	
�

��
���� P � ������
�� 
��� ��	������
�� ���
����
�	�� Besides, 

let us introduce ���
���� ��	������
�� ���
����
�	�
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%�
� ��� assign the “weight” kQ  to moving particle. 

Suppose the “weight” to change in the process of particle 

movement. &	�� “weight” determination l�
� ��� ��
�	�����
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&������()�Random walk on grid (L=25) 

$��� ���
����“weight” of ���
����� is 
00 iqQ = . We obtain 

next grid point number 1i  by random variable simulation 

with probability distribution ),,( ,1, 000 Liii ppP �= ; 
0i

P  is 

the line of stochastic matrix P . The particle passes to the 

point numbered 1i  with probability 
10 ,iip . Particle 

“weight” becomes equal 
100 ,1 iii qqQ ⋅= , and so on. We 

calculate the “weights” by recurrent formula 

mm iimmi qQQqQ ,10 10
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%�
� ��� introduce random variable µξ  defined on the 

trajectories of the Markov chain of the length µ  [1]: 

 		
== −

−==
µ

µ

µ

µ ξξ
0 ,,

,

0 1100

,1100

m

i

iiiii

iiiii

m

im m

mm

mm

m
f

ppp

aah
orfQ

�

�
 �.� 

/����
µµ

ϕiif = ���������	
�+,� 0�  

&	�� ��
������ ����� �	��
�� 
��� ��
������ �	���
�	��� ����

��
��
���) 

 
.00

,00

,, ≠>

≠>

jiji

ii

aifp

hifp
  

�	���,���
�� �	�������������1(2�
��
 

 ).,( uhM  →
∞→µµξ  �3� 

�	������� N � ����������
� 
��!��
	����� ���������� �
� 
���

�	��
� ��������� 0i �� If 
� 





�

�






�

�
== 0,,0,1,0,,0ˆ

0

��

i

hh , the 

scalar ��	���
���	������
����������
�	��	
�one component 

of the solution: ),(
0

uhui = . *�������	
� 
��� �
�
����
� �3��


�����	��	���
���������������
������
	�����  

 )(
1

),ˆ(
10 )9( NN

Muhui µµµ ξξξ ++≈≈= � � �(4� 

Consider the following particular case. Let us take ĥ  as 

initial distribution vector: hp ˆ=  and assume 
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especially simple: 
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This paper deals with application of “walk-on-grid” 

method to electric potential distribution determination in 

the cell of support lattice of exit window in large-aperture 

electron accelerator [27]. 

The application specifics of electron sources of large 

cross-section beams in gas laser or radiation-chemical 

technologies demands beam extraction from the vacuum 

into the gas at atmospheric pressure (or higher). 

Consequently, the obligatory component of such electron 

source construction is a window with thin metal foil and 

support lattice. The foil is impermeable to gas but quite 

freely passes the accelerated electrons [33]. 

The electron accelerator provides formation, 

acceleration and extraction of the electron beam in the 

workspace of gas discharge chamber. Particle beam 

energy is keV150 , beam cross-section square is 

2 700mm , current density in stationary mode reaches 

0.120
2

mmmkA . Support lattice bar width is 1 mm , 

height is 12 mm , the distance between bars is 5  mm. 

Charge density value in the cell is calculated using the 

accelerator characteristics and equal 
39

0 1019.5 mC
−⋅=ρ . 

Let us consider the potential calculation domain to be 

the rectangle [ ] [ ]baG ,0,0 ×= . We suppose the potential 

distribution in any cross-section const z =  to be 

identical. 

Electron beam moves through the side by = , so the 

potential distribution is prescribed on this side. The 

potential on remaining sides of rectangle are supposed to 

be zero.  

Boundary conditions are as follows: 

 
.0,sin),(,0)0,(

,0,0),(),0(

axx
a

bxuxu

byyauyu

≤≤==

≤≤==

π   

The calculation was performed for various values of 

grid step l  and trial number N .The results are presented 

for 5000,0024.0 == Nl . The potential was calculated 

by the formula (10). The potential distribution in the cell 

of support lattice of exit window in large-aperture 

electron accelerator is presented in Fig. 2. 
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Figure 2: Potential distribution in the cell� 
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number of threads and various number N  of Markov 

chains. $������
� �	���
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threads. Threads number increasing does not lead to 

appreciable time �����
���� 

 

&������9)�6����������	�������� 

���������� 

[1] S.M. Ermakov, Monte Carlo Method and Related Matters, 

(Moscow: Nauka, 1975), 471. 

[2] K.K. Sabelfeld, Monte Carlo Methods in Boundary Value 

Problems, (Moscow: Nauka, 1980), 280. 

[3] V.S. Vladimirov, Equations of Mathematical Physics, 

(Moscow: Mir Publishers, 1983), 464. 

[4] O.I. Drivotin, D.A. Ovsyannikov, “Modeling of Self-

consistent Distributions for Longitudinally Non-uniform 

Beams”, Nuclear Instruments and Methods in Physics 

Research, Section A: Accelerators, Spectrometers, 

Detectors and Associated Equipment, 2006, Vol. 558, No 

1, pp 112-118 

[5] O.I. Drivotin, D.A. Ovsyannikov, “Self-consistent 

Distributions for Charged Particle Beam in Magnetic 

Field”, International Journal of Modern Physics, Section A, 

2009, Vol.24, No 5, pp. 816-842. 

Proceedings of RuPAC2016, St. Petersburg, Russia WEPSB007

Particle dynamics, new methods of acceleration and cooling

ISBN 978-3-95450-181-6

369 C
op

yr
ig

ht
©

20
17

C
C

-B
Y-

3.
0

an
d

by
th

e
re

sp
ec

tiv
e

au
th

or
s



[6] O. Drivotin, N. Ovsyannikov, “Self-Consistent 

Distributions Simulation for a Charged Particle Beam”, 

Proceedings of III International Conference “Stability and 

Control Processes” in Memory of V.I. Zubov (SCP), IEEE, 

pp. 161-164 (2015). 

[7] V.A. Kozynchenko, “The Modeling of Charged Particle 

Interactions in the Elliptic Beam”, 20th International 

Workshop on Beam Dynamics and Optimization (BDO 

2014), pp. 94-95, (2014). 

[8] V.A. Kozynchenko, S.A. Kozynchenko, “Parallel Beam 

Dynamics Simulation in Injection Systems Taking into 

Account Particle Interactions”, 20th International 
Workshop on Beam Dynamics and Optimization (BDO 

2014), pp. 98-99 (2014). 

[9] D.A. Ovsyannikov, A.D. Ovsyannikov, I.V. Antropov, 

V.A. Kozynchenko, “Software complex BDO-RFQ”, 

Proceedings of III International Conference “Stability and 

Control Processes” in Memory of V.I. Zubov (SCP), IEEE, 

pp. 335-337.(2015). 

[10] I.D. Rubtsova, E.N. Suddenko, “Investigation of Program 

and Perturbed Motions of Particles in Linear Accelerator”, 

RuPAC’12, St. Petersburg, Russia, September 2012, pp. 

367-369 (2012); http://www.JACoW.org   

[11] I.D. Rubtsova, “Integral-differential Model of Quasi-

periodic Beam Longitudinal Dynamics”, Beam Dynamics 

& Optimization (BDO), 2014 20th International Workshop, 

June-July 2014, St. Petersburg, Russia, Proceedings, IEEE, 

p. 144 (2014). 

[12] I.D. Rubtsova, “Analytical Approach to Quasiperiodic 

Beam Coulomb Field Modeling”, II Conference on 

Plasma&Laser Research and Technologies (2016), Journal 

of Physics: Conference Series, Vol. 747, No 1, 012074 

(2016); http://iopscience.iop.org/1742-6596/747/1/012074   

[13] L.V. Vladimirova, “Optimization of Interacting Particle 

Beam Dynamics in Linear Accelerator”, Journal of 

Computer and Systems Sciences International, 6, pp. 178-

183 (1995) 

[14] D.A. Ovsyannikov, “Modeling and Optimization Problems 

of Charged Particle Beam Dynamics”, ECC 1997- 

European Control Conference 4, pp. 1463-1467 (1997). 

[15] D.A. Ovsyannikov, A.D. Ovsyannikov, I.V. Antropov, 

V.A. Kozynchenko, “BDO-RFQ Code and Optimization 

Models,” 2005 International Conference on Physics and 

Control (PhysCon 2005), Proceedings, Art. No 1513994, 

pp. 282-288 (2005). 

[16] D.A. Ovsyannikov, A.D. Ovsyannikov, M.F. Vorogushin, 

Yu.A. Svistunov, A.P. Durkin, “Beam Dynamics 

Optimization: Models, Methods and Applications”, 

Nuclear Instruments and Methods in Physics Research, 

Section A: Accelerators, Spectrometers, Detectors and 

Associated Equipment, 2006, Vol. 558, No 1, pp. 11-19 

(2006). 

[17] A.D. Ovsyannikov, D.A. Ovsyannikov, A.P. Durkin, S.-L. 

Chung, “Optimization of Matching Section of an 

Accelerator with a Spatially Uniform Quadrupole 

Focusing”, Technical Physics, The Russian Journal of 

Applied Physics, 2009, Vol. 54, No 11, pp. 1663-1666 

(2009). 

[18] A.D. Ovsyannikov, D.A. Ovsyannikov, S.-L. Chung, 

“Optimization of a Radial Matching Section”, International 

Journal of Modern Physics A, 2009, Vol.24, No 5, pp.952-

958 (2009). 

[19] A.D. Ovsyannikov, D.A. Ovsyannikov, M.Yu. Balabanov, 

S.-L. Chung, “On the Beam Dynamics Optimization 

Problem”, International Journal of Modern Physics A, 

2009, Vol. 24, No 5, pp. 941-951 (2009). 

[20] S.V. Zavadsky, D.A. Ovsyannikov, S.-L. Chung, 

“Parametric Optimization Methods for the Tokamak 

Plasma Control Problem”, International Journal of Modern 

Physics A, 2009, Vol. 24, No 5, pp.1040–1047 (2009). 

[21] D.A. Ovsyannikov, “Mathematical Modeling and 

Optimization of Beam Dynamics in Accelerators”, 

RuPAC’12, St. Petersburg, Russia, September 2012, pp. 

68-72 (2012); http://www.JACoW.org   

[22] D.A. Ovsyannikov, V.V. Altsybeyev, “Optimization of 

APF Accelerators”, Problems of Nuclear Science and 

Engineering, 2013, No 6, p. 119 (2013). 

[23] A.D. Ovsyannikov, D.A. Ovsyannikov, V.V. Altsybeyev, 

A.P. Durkin, V.G. Papkovich, “Application of 

Optimization Techniques for RFQ Design”, Problems of 

Nuclear Science and Engineering, 2014, Vol. 91, No 3, pp. 

116-119 (2014). 

[24] D.A. Ovsyannikov, V.V. Altsybeyev, “Mathematical 

Optimization Model For Alternating-Phase Focusing (APF) 

Linac”, Problems of Nuclear Science and Engineering, 

2013, No 4, p. 93 (2013). 

[25] I.D. Rubtsova, “Mathematical Optimization Model of 

Longitudinal Beam Dynamics in Klystron-type Buncher”, 

RuPAC’14, Obninsk, Russia, October 2014, pp. 66-68; 

http://www.JACoW.org   

[26] I.D. Rubtsova, “Optimization of Iterative Beam Dynamic 

Process”, Proceedings of III International Conference 

“Stability and Control Processes” in Memory of V.I. Zubov 

(SCP), IEEE, pp. 198-200 (2015). 

[27] L.V. Vladimirova, Electromagnetic Fields Simulation by 

Monte Carlo Method, part I: “Walk-on-grid” Method, 

tutorial (St. Petersburg: St. Petersburg State University, 

2007), 31. 

[28] L.V. Vladimirova, “Global Extremum Search on the Basis 

of Density and Its Mode Estimation”, Proc. of 20th 

International Workshop: Beam Dynamics & Optimization 

(BDO), June-July 2014, St. Petersburg, Russia, IEEE, p. 

186 (2014). 

[29] L.V. Vladimirova, “Monte Carlo Methods in Beam 

Dynamics Optimization Problem”, Vestnik St. Petersburg 

State University, Ser.10, No 1, pp. 30-39 (2014). 

[30] L.V. Vladimirova, I.A. Fatyanova, “Construction of 

Regression Experiment Optimal Plan Using Parallel 

Computing”, Proceedings of III International Conference 

“Stability and Control Processes” in Memory of V.I. Zubov 

(SCP), IEEE, pp. 361-363 (2015). 

[31] L.V. Vladimirova, “Mixed Boundary Value Problem 

Solving for the Laplace Equation by Monte-Carlo Method 

with the Use of “Random Walk by Spheres” Algorithm, 

Vestnik SPGUTD, Ser. 1, Issue 2, pp. 22-28 (2016). 

[32] L.V. Vladimirova, “Multicriterial Approach to Beam 

Dynamics Optimization Problem”, II Conference on 

Plasma&Laser Research and Technologies (2016), Journal 

of Physics: Conference Series, Vol. 747, No 1, 012070 

(2016); http://iopscience.iop.org/1742-6596/747/1/012070   

[33] S.P. Bugaev et al., Eelectron beams of large cross-section, 

(Moscow: Energoatomizdat, 1984), 112 

WEPSB007 Proceedings of RuPAC2016, St. Petersburg, Russia

ISBN 978-3-95450-181-6

370C
op

yr
ig

ht
©

20
17

C
C

-B
Y-

3.
0

an
d

by
th

e
re

sp
ec

tiv
e

au
th

or
s

Particle dynamics, new methods of acceleration and cooling




