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Abstract

We treat here the process of simulation of charged parti-
cle dynamics using so called hybrid system. Hybrid system
is a system with continuous and discrete parts, described by
differential and difference equations, respectively. In this
case new mathematical model of beam dynamics optimiza-
tion is suggested. The main parameters of optimization
are: coefficient of particle capture in the acceleration mode,
phase and energy spectra of particles at the exit of the accel-
erator, the transverse beam characteristics, etc. Optimiza-
tion was carried out for the drift tubes accelerator.

INTRODUCTION

At present time design of accelerators with accelerating
field focusing become important [1–6]. Such a focusing
in RFQ accelerators being established, but APF focusing
still requires development. For various problems of accel-
erator physics it is necessary to use a different mathemati-
cal models [4, 6–10]. Often it is necessary to build several
models, taking into account their hierarchy. For example,
it is interesting to consider the model ”square wave” ap-
proximation of the accelerating field in DTL [5] to opti-
mize its parameters. Such a model allows us to construct
a well implemented on a computer optimization algorithm.
In this paper, an attempt to optimize APF accelerator of
deuterons was considered. Similar problems are discussed,
especially in [6]. APF structure considered, as well, in the
papers [1, 2], where the selection of the parameters of ac-
celerators was made by using stability diagramm.

MATHEMATICAL MODEL OF
OPTIMIZATION

”Square wave” approximation of the accelerating field
in DTL allows to accept the following mathematical model
of optimization, in which the dynamics of the beam is de-
scribed by the so-called hybrid system of equations having
a continuous (1) and discrete part (2) whith initial conditios
(3).

ẋ = f1(t, x, u), t ∈ [μi−1, μi), (1)

x(μi+1) = f2(μi, x(μi), vi), t ∈ [μi, μi+1), (2)

x(0) = x0 ∈M0, (3)

i = 2k + 1, k = 0, . . . , N − 1.

Let us consider beam quality functional. We consider the
problem of its minimizing for the admissible controls.

I =

2N∑

i=0

∫

Mµi,u

ϕ(x(μi), μi)dxµi+

+

∫

MT,u

g(xT )dxT → min. (4)

The variations of functional (4) can be written as

δI = −
N−1∑

k=0

(∫ µ2k+1

µ2k

∫

Mt,u

(
ψ(t)TΔuf1(t, x, u)+

+ λ(t, x)Δudivxf1(t, x, u)
)
dxtdt+

+

∫

Mµ2k+2,u

(
ψ(μ2k+2)

TΔuf2(μ2k+1, x(μ2k+1), v2k+1)+

+λ(μ2k+2, x(μ2k+2))ΔuJ(μ2k+1)
)
dxt

)
. (5)

Where ψ and λ are satisfying the following equations

ψ(μi+1 + 0) = ψ(μi+1 − 0) +
∂ϕ(x(μi+1), μi+1)

∂x
, (6)

ψ(μi) = J(μi)
( ∂

∂x
f2(μi, x(μi), vi)

)T

ψ(μi+1)+

+λ(μi+1)

(
∂J(μi)

∂x

)T

+

+
∂ϕ(x(μi), μi)

∂x
, t ∈ [μi+1, μi), (7)

dψ

dt
= −

( ∂

∂x
f1(t, x, u) + Edivxf1(t, x, u)

)T

ψ−

−λ
(
∂divxf1(t, x, u

∂x

)
, t ∈ [μi, μi+1). (8)

λ(μi+1 + 0) = λ(μi+1 − 0) + ϕ(x(μi+1)), (9)

λ(μi) = J(μi)λ(μi+1)+

+ ϕ(x(μi)), t ∈ [μi+1, μi), (10)

dλ

dt
= −λdivxf1(t, x, u), t ∈ [μi, μi+1). (11)

λ(T, x(T )) = −g(xT ), (12)

ψ(T, x(T )) = −
(
∂g(xT )

∂x

)T

. (13)

So, analitical representation of variation of functional (4)
was obtained.
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NUMERICAL OPTIMIZATION
Consider APF deuteron accelerator, consisting of three

focusing periods of simple structure with law of changing
of synchronous phase, shown in Fig .1. In this case equa-
tion (1)–(2) can be written as

dϕ

dξ
=

2πγ√
γ2 − 1

,

dγ

dξ
= α(ξ)cos(ϕ), ξ ∈ [μi−1, μi);

ϕ(μi+1) = ϕ(μi) + (μi+1 − μi)
2πγ√
γ2 − 1

,

γ(μi+1) = γ(μi), ξ ∈ [μi, μi+1).

Here ϕ = ωt is a particle phase, γ is a Lorentz factor, α(ξ)
is a function of accelerating field distribution. Based on
variation (5) and equations (6)–(13) the optimization algo-
rithm was built. For accelerator optimization the following
functionals were used

I1 =

∫

MT,u

(
a (ϕ̄− ϕT )

2
+ b

(
γT
γ̄

− 1

)2
)
dϕTdγT ,

I2 =cF

(
2N∑

i=0

∫

Mµi,u

kcos(ϕ(μi))dϕµiγµi

)
,

F =

{
(I − Icond)

2, I < Icond,

0, I > Icond,

I = I1 + I2.

Here a, b, c, Icond are positive constants; k is parameter,
that describes a difference of an accelerating field at the
gap bound. In an optimization problem of the longitudinal
motion it is appropriate to consider parameters, which can
provide transverse motion. The functional I2, that limiting
focusing factor, is corresponds to that aim. Functional I1
evaluates the quality of the beam at the output of the ac-
celerator. Initial conditions of beam are shown in Fig. 2,
Fig. 3. Results of the numerical simulation and optimiza-
tion are shown in Fig. 5–Fig. 6.

CONCLUSION
The paper proposes the mathematical model of beam

dynamics optimization in DTL. Optimization was carried
out for APF structure. Numerical calculations showed that
the optimization of the longitudinal motion including a fo-
cusing factor provides APF structure, but simultaneously
transverse and longitudinal motion must be optimized. The
resulting model can be viewed as the first step, which al-
lows to get an initial approximation of linac paremeters.
Later, in particular, the model of approximation field by
first of the Fourier harmonics was considered. Also, space
charge of the beam was taken into account. Also an effec-
tive approach for the optimization was the consideration of
the longitudinal dynamics in the equivalent traveling wave.

0 10 20 30 40 50 60
−0.8

−0.6

−0.4

−0.2

0

0.2

0.4

0.6

Figure 1: Synchronous phase
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Figure 2: Input transverse emittance
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Figure 3: Input longitudinal emittance
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Figure 4: Energy trajectory before optimization
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Figure 5: Energy trajectory after optimization
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Figure 6: Output transverse emittance
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