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Abstract

A nonlinear self-consistent theory of excitation of an
axially asymmetric wakefield by relativistic electron
bunches in cylindrical dielectric resonator with a vacuum
channel for the charged particles transportation through
the resonator is constructed. The formulated nonlinear
theory allows investigating numerically the nonlinear
effects such as increasing of the transverse bunch size,
and head-tail beam breakup instability, which occurs if an
electron bunch in the structure is misaligned.

INTRODUCTION

The dielectric wakefield accelerator is one of the
modern trends of acceleration schemes, which can
provide high-accelerating gradient for future colliders.
But besides for high output energy of an accelerated
bunches high demands are made on their quality, the
same, for example, as low emittance. No loss of current
under acceleration of the bunch are also desirable. This
information about the bunch can not be obtained using
assumption of the absence of reverse influence the excited
field on the dynamics of electron bunches. In this paper
we present nonlinear self-consistent theory of wakefield
excitation in a dielectric-lined resonator by an electron
bunches. The previous theoretical investigations on
wakefield excitation in dielectric—lined structures, have
been done for longitudinally unbounded structures [1]—
[4]. In cited papers was noted, that it is necessary to
taking into account the contribution of higher multipole
modes to the total transverse field. A presented complete
bunch—excited electromagnetic field includes all
azimuthal modes, which allows calculating transverse
wakefield in order to investigate bunch deflection
problems.

STATEMENT OF THE PROBLEM

Consider cylindrical metallic resonator with inner
radius b, partially filled with isotropic material with
dielectric constant ¢, containing on-axis vacuum channel
of radius a which allows charged particles to pass
through. We suppose that the end walls of the resonator
are closed by metal grids transparent for charged particles
and nontransparent for an excited electromagnetic field.
Consider an electron bunch, injected into the resonator
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and moving along a line parallel to the axis of the
resonator.

The electron bunches will be described in terms of
macroparticles, therefore the charge density p and the

current density j will be written as:

p=2,4,0(r-r,0).j=3 q,v,0(r-r,®). (1

pely pel

where ¢, is the charge of the macroparticle, r, and v,

are its time-dependent coordinates and velocity,
respectively. The summation in Eq. (1) is carried out over
the particles being in the resonator volume ¥, .

FIELD SOLUTION

We introduce the solenoidal E° H' and the potential
E' =V fields defined as

div(eE") =0, div(zH') =0, rofE'=0, )

which are given by Maxwell’s and Poisson equations:

t t
rofE' = _4H , rofH' = £0E +4—7[j, 3)
c ot c ot c
A(eD) =—4nrp 4

The solenoidal E' and potential E' electric fields are
mutually orthogonal [5] and satisfy the boundary
conditions, making their tangential components vanish on
the metal walls of the resonator.

First we solve the equation (4) for the potential in the
vacuum channel and dielectric. In cylindrical coordinate
Eq.(4) rewrites as:

10 oD 1 oD D 4r
— | rE + + =——0p (5)

eror' ar) o9 o &

Eq.(5) should be complemented by boundary
conditions consisting in that the potential @® on the
resonator metal walls becomes zero

D(z=0)=D(z=L)=D(r=b)=0, (6)
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and continuity of the potential and radial component
electric induction vector

O(r=a-0)=d(r=a+0), ov 562

or or

By using the expansion by eigenfunctions method Eq.

(5), with boundary conditions (6) and (7), can be solved.
Finally, we obtain the potential in the form

O]

r=a—0 r=a+0.

45 R, (r)sink,z
O(r,1) =
0 ;;;L(kf+xfm) R

mn

(®)
XZ qumn(rp)cosm(w—¢)p)sink,zp.
Pely
In the above (and below in paper) n,m, and !
enumerate, respectively, radial, azimuthally and
longitudinal indexes. Radial eigenfunctions R (») and

their norm have the form:

J . (x,7),0<r<a

R, (r)= { ©))

1. (., a)Z, (x, 1) Z, (K, a), a<r<b

2

mn

a’(l-¢) m
R 1- 1 (x,,a)+
| 2 Ko.d o)
2 2
. JZ(Kmna) 222 _ ! +a_(J:n(Knma))2 (1——),
Z (x,a) 7k, Y (k,a) 2 &£
(10)

where Z (xr)=J, (xr)-J, (xb)Y, (x)/Y, (kb), ]
and Y, are, respectively, Bessel function and Neumann

function of order m; k,=xnl/L,(/=0,1,.) are the

m

longitudinal eigenvalues; S, , =1, B,.,=2. Radial
eigenvalues «,, satisfies the equation
€1, (ka)Z,,(xa) = Z, (ka)J,,(ka), (11)

and can be found numerically.

The solenoidal parts of the electromagnetic field can be
determined by expanding the required fields into
solenoidal fields of the empty dielectric resonator [5]. Let

us write down the fields E' and H' in the form:

E'=) AME (r), H'=-i) B(nHH/(r). (12)

The functions E and H_, which describe the spatial

structure of solenoidal fields,
sources-free equations.

By using the orthonormality conditions of eigenwaves

satisfy the Maxwell

[ BV = [ yHH,dV = 47N 5, (13)
Ve

Vk
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one can obtain the differential equations for calculation
the expansion coefficients 4 (¢) and B, (¢)
d’4, dR, d’B,
+ - :

dtz SAS: ?, dt2 +0)SZBS:—CUSRS,(14)

where R, = L > q,v,(DE[r, (D],
s pely
Eigenfields, which satisfy the source—free Maxwell
equations and electromagnetic boundary conditions can
be written as:

— imp s _ img
E, =e (Ne"sinkz,  [H,, =h (re" coskpz,
— . imep o imp
E, =—ie, (r)e" sink;z, <H, =ih, (r)e"” cosk,z,
_ imp
H_ =h, (r)e"sink,z,

(15)

E. =e, (r)e" cosk,z,

Then function R, transforms to the expression

R = NL Z q, (vprer"‘_ (rp)sin klzp cosme, +

s PeVy

V,0€,(1,)sinkz, sinmep, +v e (r,)coskz, cosmp, —

z[vprem(rp)sm kiz,sinmp, +v, e,

(r,)sink,z, cosmep, +
v,.e. (r,)coskz,sinmp, ])

(16)
The functions describing the transverse structure of the
solenoidal fields have the form:

k m k, de
) — s —h ,+_li ,
s () kf—gkf[r =Tk drj
Kk k, m dh_
e, (N=i—4———|——e, +——|,
o) kf—gkf[ks ;o drj
17)
h (r)=—gkx L +—k’ —dhz""
r,s 2 2 zZ,8 s
ek; =k \ 7 ek, dr
ek k, m de
h —7 s 1 _h + z,8 ,
s (1) lekf—kf(gks P J

where transverse structure of the axial components
e (r) and h_(r), through which all others components

can be expressed, defines as follows:

Ik, )T (k,a),0<r<a
()= Z. (k, )/ Z,(k,.a),a<r<b
cJ, (k)17 (k a),0<r<a
hZ S‘(r) = i ’
: C®, (k, 1)/ ®, (k, a),a<r<b,

(18)

where
_ kkm(e—1)
kvz,skj,saDs

_ £ J:n (kv,sa) _L q):n (kd,sa)
’ kv,s Jm (kv,sa) kd,s (Dm(kd,sa) |

C\':

>

Eigenfrequencies @, are determined from the

s

dispersion equation
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[ 11 jz km? _{kJ;(kva)_itb,’n(kda)}x

ki ki) oa Lk J,(ka) k, @, (k) (19)
kI ka) ek Zy(ka) |,
k,J (ka) k, Z, (ka)| =

where k =wm,/c are the wave numbers

kl =a? =k}, ki, =ea/c’—k] are the transverse
wave numbers , respectively , in vacuum channel and in
the dielectric;
Z (k=] (ky)=) (kDY (k) /Y, (kD) ,
o, (k=] (k)= (kb)Y (k,r)/ Y, (kD).

Taking into account the expressions for the transverse
structure of the solenoidal fields (17) and (18) we can
write down the expressions for the norms N :

_ak(e=1) 1, (k@)

’ k\ifkj,&' Jm (kV,Sa)

(k2C?+k7 )+

2 2
sa

2
2 v (k
kol [ 1o | o] 2t )
2k, ‘ k,.a J,(k, a)
KeCr| 2 (_ m’ J 1 ~
ki |k ki )(@, (@)Y, b))

2
2 2 o, (k
a_ 1_ :”l . + m( d,sa) +
2 k, a D, (k, a)
kle*| 2 1
2 272 2
kd’: a kd,: (Zm (kd‘s'a)Ym (kd‘b))

| P W A L) ’
2B ) 2,6k

ZkSkImCt (k% - LJ s

4
d,s kv,s

(20)

For all of the components of the solenoidal electric and
magnetic field the results are:

E(r,)=>.>"> B¢, (r)sinkzx
(l_{e :45 (_t) cosmep —Im A (¢) sin me)
E,(r,)==->.>">B.e, (r)sinkzx
(im;ls (_t) cosm@ + Re 4 () sinme)
E.(r,)=Y.>"%" B,e. (r)coskzx

m=0 n=1 [=0

€2y

(Re 4, () cosme —Im A (¢) sin me)
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H,(r,0)=>>">"B,h (r)coskzx
m=0 n=1 [=0
(Im B (f)cosmep +Re B (1)sinmp)
H,(r,1)= ZZZﬂm% (r)cosk,z x
m=0 n=1 /=0 ’ (22)

(Re B (t)cosme —Im B_(f)sin m(p)
H ()= 33 B,h (sinkzx
m=0 n=1 [=1
(Im B, (r) cos mep + Re B (1)sin mg)
The self-consistent dynamics of bunch particles is

described by relativistic equations of motion in the
electromagnetic fields excited by bunches:

p,xB|, e
m,cy, dt m)y,

(23)

where y2 =1+ (pp /mpc)2 .

CONCLUSIONS

In present work a system of self-consistent equations
describing the dynamics of excitation both an azimutally
uniform and nonuniform modes of wakefield, excited by
relativistic electron bunches in a dielectric resonator, are
obtained.

An bunch—excited fields are presented in the form of
superposition solenoidal and potential fields. The
solenoidal electromagnetic fields are presented by an
expansion of the required fields into solenoidal fields of
the empty dielectric resonator. The potential field is
presented by the eigenfunction expansion method. The
dispersion equation for determination of eigenfrequencies
and the equation for eigenvalues are obtained,
eigenwaves, eigenfunctions and their norms are found.

The analytical expressions of an excited fields, that take
into account both longitudinal and transverse dynamics of
bunch particles are derived.

Along with the equations of motion they provide a self-
consistent description of the dynamics of generated fields
and bunches.
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