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Abstract

Magnetic fields with helical symmetry can be parameter-
ized using multipole coefficients,,, Bn). We present a pa-
rameterization that gives the familiar multipole coefficients
(an, by,) for straight magnets when the helical wavelength
tends to infinity. To measure helical fields all methods used
for straight magnets can be employed. We show how to
convert the results of those measurements to obtain the de-
sired helical multipole coefficientg,,, En).

1 INTRODUCTION , , , _
Figure 1. The conductor of a helical dipole (one helical

The magnetic field inside straight magnets can be paramgavelength long). This magnet will be used for proton spin
terized in terms of multipole coefficients,,, b,,). We will  manipulation in RHIC.
present such a parameterization first. Fields of helical mag-

nets (See F|g ]_) can be described in a similar way, by means (a) radial coil (b) tzulg,(‘nti;}l coil  (c) Hall probe
of multipole coefficientga,,, b,). We give a notation for AL Ly
the (a,, b,) for which the(a,,b,) are the limiting case ==, 4

when the helical wave length tends to infinity. A Cylindri-
cal coordinate systerr, 6, s) is used where denotes the
longitudinal direction.

We then assume that a magnetic field measurement=_~
device always parameterizes its measurements in terms)
of (an,b,), and give formulae to obtain the coefficients
(an, bn) when a helical magnetic field is measured. Three
types of measurement devices are treated: rotating “radial”
coils, rotating “tangential” coils and rotating Hall probes

see Fig. 2 (a), (b) and (c) respectively).
( 9-2(a). (o) (c)resp y) Figure 2: Three methods to measure magnetic multipole

2 MAGNETIC FIELD PARAMETERIZATION coefficients.

2.1 Straight Magnetic Fields quadrupole etero is a reference radius.

In a current free region in vacuum where the electrical field FromB = —V¢ and Eq. (1) the magnetic field can be

E is constant, the magnetic field can be derived from a obtained. We have

scalar potentialy asB = —V. We consider a magnet of n

infinite length, thus neglecting fringe fields. The symmetry B —BOZ< ) [ancos ((n+ 1)6) +bysin ((n+1)9>] » (2

condition of such an elementdgr, 6, s) = 1 (r, 0, s+ As)

with As arbitrary. Therefore, the potenuad is mdepen B <L> [ ) o ]

dent ofs, (1. 6, 5) = 1(r. ). By —Bo; - by,cos ((n—&-l)ﬂ) ansin ((n+1)9) , 3
Having a main field3, sin  the solution of the Laplace

equationA = 0 can be written as Bs=0. @)

n+1

=1 r
0) = _BO; n+1 7§

2.2 Helical Magnetic Fields

(1)  We consider again a magnet of infinite length and neglect

% [an cos ((n+ 1)9) + b, sin ((n+ 1)9)] . fringe fields. The symmetry condition for a helical magnet
isv(r,0,s) =(r,0—kAs, s+As), whereAs is arbitrary.
Theb,, are called “normal” and the,, “skew” multipole INote that the European notation (see for example Ref. [1])
coefficients. Here, the subscript “0” denotes a dipole, “1” differs from the American one presented here. The transforma-
tion is bn,Ame'r‘ican = bn+1,Eu7‘0pean and An, American —

*Work performed under the auspices of the US Department of Energy-a,+1, European-
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In other wordsf — ks = const. k = 2w /) is the wave T e
number and\ the wave length of the helixt shall have a '
positive sign for right-handed and a negative sign for left-
handed helices. Introducing the new variable: 6 — ks,
the symmetry condition leads to a potentialvhich is only
dependent on andé, ¥ (r, 0, z) = 1 (r,0). The tilde shall
remind the reader of the fact thétin a helix is similar
to 6 in a ordinary dipole. Usingr,#) as coordinates and i Bx
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having a transverse helical main FigBj sin 6 a solution o
of the Laplace equatioy) = 0 is 3

Longitudinal position s [cm]

&(r,0) = —By go ﬁhﬂ ((n + 1)kr> X

N ~ ®) Figure 3: Magnetic field components along thaxis with
X {dn cos ((n + 1)9> + bn sin ((n + 1)9)] =0 cm andy=31 cm for the magnet shown in Fig. 1. Note
that end effects are not treated in this article.
wherel,, are modified Bessel functions and tficare de-
fined as 5
and(an,, b,). The results are stated in a form that allows a

_ ®) direct comparison. For Hall probe measurements the mag-
(n4 1)+t rgkn netic fields in both parameterizations are also stated in a

- 5 ) form that allows a comparison. For all cases conversion
Theb,, are called “normal” and the,, “skew” helical mul- P =

tipole coefficients (with respect to the main fighy). The fg:mfjlae from(ax, bn) 10 (an, ba) are given in the same
subscript “0” denotes a helical dipole, the subscript “1” a
helical quadrupole etay is again a reference radius. ; :

The f?:lctors ipn (5) arg cho%en in such a way as to obtal??f1 Rotating Coils
the potential (1) when the helical wave length tends to inFhe magnetic flux through a coil is
finity. In this casek — 0, # — 6 and the Bessel function
can be approximated by, (z) ~ = Z; (cf. Ref. [2]). Now, o(0) = N/E(n 0) - da (10)
the magnetic field can be computed as

F 2"+ 1

where N is the number of coils windings. For rotating coils

B, = By i fn1;+1((n + 1);”,) « one ha§9 = wt and the induced yoltag@ = —dd/dt is
n=0 proportional to the angular velocity.
X [dn cos ((n + 1)5) + by, sin ((n + 1)5)] , () 31.1 Radial Coils
By — _k:_lr B., ®) The area of a flat rotating radial coil ranges fromto

ro and froms; to sy (cf. Fig. 2). The magnetic flux (10)
ad through the coils is

BS = —BOanIn+1 ((n+1)kr) X g

o ] ~ o(6) :N/ ’ / * Bo(r,0) dr ds. (11)
X [bn cos ((n + 1)9) — Gp sin ((n + 1)9)] .9 s1
Using (3) the magnetic flux (11) for straight magnets be-
where !/ denotes the derivative with respect to the argueomes
ment of the Bessel function.

Since the Bessel function is nonlinear, a magnetic field o0
with helical symmetry is nonlinear too, even the field of a<1>(9):NBo(SrSl)ZKn{anOS ((n+1)9>—ansin ((n+1)9)]
perfect helical dipole. In addition, there is a longitudinal n=0

field component off thes-axis. Fig. 3 shows an example _ . g (m)("“) (m)("“)]
) e . . with K, = —= - = .
for the field inside a helical dipole. n+1[\ro 0
(12)
3 MEASUREMENTS OF HELICAL FIELDS With (8) the flux for helical fields is

While the multipole measurements with rotating coils are

obtained from the field within the coil area (shaded in @(0):NBO(52—sl)iRn{ISncos((n+1)9)—ansin((n+1)9)]
Fig. 2), the multipole coefficients of Hall probe measure- 7e0

ments are obtained from the field on the circumference of h R T2 q I Dir)d
a circle with given radius. For rotating coils the mag- Wit fin = fn /T1 kr ”*1((”+ ) T) "
netic flux is computed for both parameterizatidns, b,,) (13)
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In (13) new magnetic multipole coefficients

R - (14)
are used for which
_ 2 (n+1)kAs . (n+1)kAs
Sn(s1,82) = As(nt Dk sin 3 sin 3
(15)
and
B 2 . (n+1EAs  (n+1)kAs
Tn(sws2) =+ o 0 ST
(16)

with As = s9 — 51 have been defined.

3.1.2 Tangential Coils
The magnetic flux through this type of coil is (cf. Fig. 2)

®O) = N / /9 " By (r.8) rdd ds. 17)

The differenceAd = 6, — 6 is fixed and one can assume
thatd; = 6 — Af/2 andf, = 6 + Af/2 hold. With (2) the
magnetic flux in straight magnets becomes

2

(n+1)A0
. sin X
n+1

2

®(0) = NBo(s2 — 51)

X Z K, [ancos ((n—l—l)@) + brsin ((TL+ 1)9)]

n=0

n+1
with K, = —
Ty V,
(18)
and for helical fields one obtains with (7)
2 1)A
®(9) = NBo(s2 — 51) - oo (n+2) o
X Z R, [dn cos ((n—l—l)@) + by, sin ((n—i—l)ﬁ)]
n=0
With Ry = for I ((n T l)lcr). )
(19)

The (G, Bn) are defined by (14) and th&,,, T;,) needed
in this definition in (15,16).

3.2 Hall Probes

For Hall probe measurements the magnetic fields, either

tangential or radial, can be compared directly.

3.2.1 Tangential Field Components
The tangential field in a straight magnet is (cf. Eq. (3))

By(6) = Bo i K, {bncos ((n—|—1)9) —ansin ((n+ 1)9)]

r)”

with K, = (
To

(20)

and in a helical field (cf. Eq. (8))

By(0) = Bo Z R, {i)ncos ((n+ 1)9) —Gnsin ((n—i—l)ﬁ)]
n=0
. 1
With Ry = o fuluss ((n+ l)kr).
A (21)
The (a,, b,) are again defined by equations (14) and the
(Sn, T,,) needed in this definition by equations (15,16).

3.2.2 Radial Field Components
The radial field in a straight magnet is cf. Eq. (2))

B, () = Bo i K, [ancos ((n—l—l)@) +bpsin ((n+ 1)9)]

n=0
>n

and in a helical field cf. Eq. (7))

r

with K, = (
To

(22)

B.(0) = Bo i R {dncos ((n+ 1)0) +bpsin ((n—i—l)ﬁ)]

n=0

with R, = fulliy ((n + 1)kr>. J
(23)
Also in this case théi,,, b,,) are defined by equations (14)
and the(S,,, T,,) by equations (15,16).

3.3 Conversion

Itis now assumed that a device parameterizes the measured
magnetic field in terms of multipole coefficients,,, b,,)

for straight magnets. If the measured magnetic field has
helical symmetry, the coefficientg,,, b,,) can be derived

by comparing (12) with (13), (18) with (19), (20) with (21)
or (22) with (23). One obtains for all cases

Knbn = Rnbn,
(24)
Knan = Rpan.
With (14) it follows that
"TR, T se1z
" R, S2 + T2
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