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Ultra-relativistic driver !=> ultra-relativistic wake!
! ! !=> no dephasing (…)!
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Plasma wave/wake excited by a relativistic particle bunch!

Plasma e- expelled by space charge forces  =>  deceleration +  focusing!

Plasma e- rush back on axis	
 	
      =>  acceleration!

Particle bunches have long “Rayleigh lengths” => large energy gain!
(beta function β*=σ2/ε~cm, m)!

Acceleration physics identical PWFA, LWFA!
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Figure 8. (a) Most probable energy of witness bunch particles as a function of

propagation distance in plasma. (b) Energy spectrum of the drive and witness

bunch after 85 cm of plasma.

drive bunch particles lose a significant fraction of their energy and actually begin to slow down,

the position of the peak decelerating field rapidly moves back (in the speed of light frame). At

the same time its magnitude drops. However, the position of the peak accelerating field (the

spike in figure 7(c)), and more importantly the plateau in the acceleration field where most of

the witness bunch particles reside, does not change in this frame, and the witness bunch moves

with the wakefield without dephasing.

3.6. Efficiency

Figure 8(a) shows energy gain (defined as the most probable energy of the witness bunch

particles) as a function of propagation distance for the simulations of figure 7. The energy gain

is almost linear up to a distance of ≈ 65 cm. At a distance of 80 cm, the initially 25 GeV witness

bunch has doubled in energy with an ≈3% energy spread, as seen in figure 8(b). While the

witness bunch is monoenergetic, much of the drive bunch has lost nearly all its energy. We have

estimated various efficiencies in the simulations. The energy transfer efficiency from the wake

to the witness bunch is almost 56%. The efficiency from the drive to the witness bunch is greater

than 30%.

The overall drive to witness bunch transfer energy efficiency can be improved by using

bunches with longitudinal current profiles tailored such that all longitudinal slices of the

drive bunch lose energy at the same rate (except for the very first and the last ones). This is

accomplished by ramping up the current along the bunch. The optimum longitudinal current

shape is trapezoidal [33] with a long rise time and a sharp fall time. In that case, the peak

decelerating wakefield remains constant along the drive bunch, while the peak accelerating field

left behind the bunch keeps increasing with the bunch length. The transformer ratio then scales

as π times the number of plasma wavelengths covered by the bunch, and can be much larger than

two. More sophisticated bunch profiles can lead to even larger enhancements of R. After first
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 SLAC,	  20GeV	  bunch	  with	  2x1010e-‐	  	  	  	   	  	  	  	  	  	  	  ~60J	  
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 SLAC-‐like	  driver	  for	  staging	  (FACET=	  1	  stage,	  collider	  10+	  stages)	  

 SPS,	  400GeV	  bunch	  with	  1011p+ 	  	  	  	   	  	  	  	  ~6.4kJ	  
	  LHC,	  	  	  	  	  7TeV	  	  bunch	  with	  1011p+	  	  	  	   	  	  	  ~112kJ	  

 A	  single	  SPS	  or	  LHC	  bunch	  could	  produce	  an	  ILC	  bunch	  in	  
	   	  a	  single	  PWFA	  stage!	  

 Large	  average	  gradient!	  (≥1GeV/m,	  100’s	  m)	  

 ILC,	  	  0.5TeV	  bunch	  with	  2x1010e-‐ 	  	  	  	  	  	  	  	  	  	  	  	  ~1.6kJ	  

Caldwell,	  Nat.	  Phys.	  5,	  363,	  (2009)	  

 Wakefields	  driven	  by	  e+	  bunch:	  Blue,	  PRL	  90,	  214801	  (2003)	  
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PROTON-‐DRIVEN	  PWFA	  

~0.5TeV	  

~300m	  

∆E/E~1%	  

Caldwell,	  Nat.	  Phys.	  5,	  363,	  (2009)	  

e-‐: 	  	  	  	   	  p+:	  
E0=10GeV	  	  E0=1TeV	  

	
   	
σz=100µm	  
N=1010 	  N=1011	  

W0=16J 	  W0=16kJ	  
Wf=1kJ	  

 Operate	  at	  lower	  ne,	  larger	  (λpe)3,	  easier	  life	  …	  

 Accelerate	  an	  e-‐	  bunch	  on	  the	  wakefields	  of	  a	  p+	  bunch	  

 Gradient	  ~1	  GV/m	  over	  100’s	  m	  
 Single	  stage,	  no	  gradient	  diluHon	  

p+	  e-‐	  

Single	  
Stage	  
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SELF-‐MODULATION	  INSTABILITY	  (SMI)	  

 IniHal	  small	  transverse	  wakefields	  modulate	  the	  bunch	  density	  

 Radial	  focusing/defocusing	  with	  longitudinal	  period!	  

z=5cm,	  e-‐	  

Eaccel~4%EWB	   Eaccel~40%EWB	  
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Pukhov	  et	  al.,	  PRL	  107,	  145003	  (2011)	  
Schroeder	  et	  al.,	  PRL	  107,	  145002	  (2011)	  

J.	  Vieira,	  IST	  

J.	  Vieira	  et	  al.,	  Phys.	  Plasmas	  19,	  063105	  (2012)	  
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Kumar,	  PRL	  104,	  255003	  (2010)	  	  
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New Features in v2.0

· Bessel Beams 

· Binary Collision Module
· Tunnel (ADK) and Impact Ionization

· Dynamic Load Balancing

· PML absorbing BC

· Optimized higher order splines
· Parallel I/O (HDF5)

· Boosted frame in 1/2/3D

osiris framework

· Massivelly Parallel, Fully Relativistic 
Particle-in-Cell (PIC) Code 

· Visualization and Data Analysis Infrastructure
· Developed by the osiris.consortium

!  UCLA + IST

Ricardo Fonseca: ricardo.fonseca@ist.utl.pt
Frank Tsung: tsung@physics.ucla.edu

http://cfp.ist.utl.pt/golp/epp/ 
http://exodus.physics.ucla.edu/

OSIRIS 2.0

 VLPL	  A:	  Pukhov,	  J.	  Plasma	  Phys.	  61,	  425	  (1999)	  
 LCODE:	  K.	  V.	  Lotov,	  Phys.	  Rev.	  ST	  Accel.	  Beams	  6,	  061301	  (2003)	  

SMI-‐PWFA	  SIMULATIONS	  

Benchmarking	  with	  (for	  AWAKE	  only!):	  
 OSIRIS:	  R.	  A.	  Fonseca	  et	  al.,	  Lect.	  Notes	  Comput.	  Sci.	  2331,	  342	  (2002)	  
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PROTON	  BEAMS	  @	  CERN	  

Parameter	   PS	   SPS	   SPS	  Opt	  

E0	  (GeV)	   24	   400	   400	  

Np	  (1010)	   13	   10.5	   30	  

∆E/E0	  (%)	   0.05	   0.03	   0.03	  

σz	  (cm)	   20	   12	   12	  

εN	  (mm-‐mrad)	   2.4	   3.6	   3.6	  

σr*	  (µm)	   400	   200	   200	  

β*	  (m)	   1.6	   5	   5	  

CERN	  Industrial	  Beam	  Complex	  

 SPS	  beam:	  high	  energy,	  low	  σr*,	  long	  β*	  

CNGS	  experimental	  area	  

 IniHal	  goal:	  ~GeV	  gain	  by	  externally	  injected	  e-‐,	  in	  5-‐10m	  of	  plasma	  
in	  self-‐modulated	  p+	  driven	  PWFA	  

ne~7x1014cm-‐3	  for	  kpσr≈1	  
λpe~1.3mm<<σz

	  

fpe~240GHz	  
Lp~10m~2β*	  



P.	  Muggli,	  NA-‐PAC’13	  09/30/2013	  

	  	  	  Plasma 
	  	  	  	  	  	  	  	  	  	           10m,	  1014-‐1015 cm-3 

Final	  
Focus	  

p+	  from	  SPS	  

Laser	  dump	  
DiagnosHcs	  

OTR/CTR	  
DiagnosHcs	  

Ionizing	  
Laser	  
Pulse	  

p+	  dump	  

EOS	  
DiagnosHc	  

SMI	   AcceleraHon	  

Laser	  

AWAKE	  EXPERIMENT	  @	  CERN	  

*Kumar,	  Phys.	  Rev.	  Ley.	  104,	  255003	  (2010)	  	  
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 Short	  laser	  pulse	  creates	  the	  plasma	  and	  seeds	  the	  SMI	  
 σz~12cm	  >>	  λpe~1.2mm	  (ne~1014cm-‐3)	  =>	  Self-‐modulaHon	  Instability	  (SMI)*	  

*Kumar,	  Phys.	  Rev.	  Ley.	  104,	  255003	  (2010)	  	  

AWAKE	  EXPERIMENT	  @	  CERN	  
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Fig. 3: Maximum amplitude of the excited wakefield (a) and location of accelerating buckets (grey) (b)

versus traveled distance.

5% of injected particles are trapped and accelerated to form the electron bunch of the energy 2.05 GeV,144

energy spread 3%, and normalized emittance 170 mm mrad. Bunch parameters are reasonably sensitive145

to parameters of electron injection [17]. Injection at angle or energy which are ±30% of the optimum146

values results in roughly twofold reduction of the bunch charge. The good “window” in the other two147

parameters is ∼ 0.5 m for the injection point along the plasma and ∼ 2 cm for the injection delay with148

respect to the ionizing laser pulse.149

4 Plasma Sources150

The plasma for the AWAKE experiment must have a number of characteristics:151

– length L ≈ 10 m,152

– radius Rp larger than approximately three p+
bunch rms radii or ≈ 1 mm,153

– density ne within the 1014 − 1015
cm

−3
range,154

– density uniformity δne/ne on the order of 0.2% or better,155

– allow for seeding of the self-modulation instability (SMI).156

It must also be easily ionized and reproducible. In the AWAKE context, we are currently exploring three157

options for the plasma (see below). However, the source for the first experiments will be a rubidium158

vapor source ionized by a short and intense laser pulse. The general laser and plasma parameters for the159

source are listed in Table 2. This source does not scale well to much longer lengths. Therefore we are160

investigating discharge plasma sources and a helicon source for plasma lengths longer than ten meters.161

6

 The	  wakefields	  grow	  …	  
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AWAKE	  EXPERIMENT	  @	  CERN	  
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Electro-‐opHc	  
Sampling	  
in	  Frequency	  Domain	  
(O.	  Reimann,	  MPP)	  
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 The	  SM	  p+	  bunch	  resonantly	  drives	  wakefields	  

AWAKE	  EXPERIMENT	  @	  CERN	  
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Fig. 13: (a) Simulation of impact position of electrons on the scintillator screen, as will be seen by the
CCD camera, having passed through the magnetic spectrometer. (b) Correlation of electron energy with
screen position compared to expectations (blue line). (c) The electron energy spectrum reconstructed
using the energy spectrometer (blue line) compared with the energy distribution exiting the plasma cell
(red line), i.e. that shown in Fig. 7.

celerated electron bunch has little effect on the resolution of the measurement. Consequently, it can be
seen that the energy reconstructed with the spectrometer system agrees well with the input spectrum and
demonstrates the suitability of this set-up.

7 Electron Source
The electron injector system (see the Technical Note [52] for more details) is a critical component of the
AWAKE experiment that will allow the acceleration of an externally injected witness beam of electrons
to be demonstrated. The photo-injector is placed in an area adjacent to the experimental area and the
10–20 MeV electron beam is transported along a ∼ 10–15 m long beam line (see Section 8.3.2) before
being injected into the front-face of the plasma cell. A preliminary design of the first section of the
electron bunch injection system – the gun and booster – is shown in Fig. 14. This injector is based on
the ‘ALPHA-X’ 2.5-cell S-band RF gun currently being commissioned at the Versatile Electron Linear
Accelerator (VELA) at STFC Daresbury Laboratory, UK [53], a design which has also been used for
some years in the PHIL accelerator test facility at LAL, Orsay, France [54], where it has been shown to
deliver high quality electron beams.

The specified design is composed of a metal photocathode housed in a 2.5-cell normal conducting
RF cavity. The use of a metal photocathode (in this case copper) should give reliable operation with
the minimum amount of cathode preparation required. The low quantum efficiency of this material is
compensated for by the high intensity of the UV laser pulse used for photo-emission. The use of an RF
cavity for initial acceleration provides a high electric field, thus minimizing space charge effects. The
electron beam from the gun will have an energy of 5–6 MeV, limited by the point at which significant dark
current starts to be produced. However, since the optimum energy for electron capture within the plasma
wakefield is likely to be higher, a booster linac section will also be required. A 1 m RF section (either
traveling or standing wave) will allow energies of 10–20 MeV to be achieved. In addition, by running
the booster off-crest, it would be possible to introduce a correlated energy chirp that could be used with a
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Fig. 13: (a) Simulation of impact position of electrons on the scintillator screen, as will be seen by the
CCD camera, having passed through the magnetic spectrometer. (b) Correlation of electron energy with
screen position compared to expectations (blue line). (c) The electron energy spectrum reconstructed
using the energy spectrometer (blue line) compared with the energy distribution exiting the plasma cell
(red line), i.e. that shown in Fig. 7.

celerated electron bunch has little effect on the resolution of the measurement. Consequently, it can be
seen that the energy reconstructed with the spectrometer system agrees well with the input spectrum and
demonstrates the suitability of this set-up.

7 Electron Source
The electron injector system (see the Technical Note [52] for more details) is a critical component of the
AWAKE experiment that will allow the acceleration of an externally injected witness beam of electrons
to be demonstrated. The photo-injector is placed in an area adjacent to the experimental area and the
10–20 MeV electron beam is transported along a ∼ 10–15 m long beam line (see Section 8.3.2) before
being injected into the front-face of the plasma cell. A preliminary design of the first section of the
electron bunch injection system – the gun and booster – is shown in Fig. 14. This injector is based on
the ‘ALPHA-X’ 2.5-cell S-band RF gun currently being commissioned at the Versatile Electron Linear
Accelerator (VELA) at STFC Daresbury Laboratory, UK [53], a design which has also been used for
some years in the PHIL accelerator test facility at LAL, Orsay, France [54], where it has been shown to
deliver high quality electron beams.

The specified design is composed of a metal photocathode housed in a 2.5-cell normal conducting
RF cavity. The use of a metal photocathode (in this case copper) should give reliable operation with
the minimum amount of cathode preparation required. The low quantum efficiency of this material is
compensated for by the high intensity of the UV laser pulse used for photo-emission. The use of an RF
cavity for initial acceleration provides a high electric field, thus minimizing space charge effects. The
electron beam from the gun will have an energy of 5–6 MeV, limited by the point at which significant dark
current starts to be produced. However, since the optimum energy for electron capture within the plasma
wakefield is likely to be higher, a booster linac section will also be required. A 1 m RF section (either
traveling or standing wave) will allow energies of 10–20 MeV to be achieved. In addition, by running
the booster off-crest, it would be possible to introduce a correlated energy chirp that could be used with a
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 Accelerate	  e-‐	  to	  ~GeVs	  with	  ~GeV/m	  
gradient	  

WAKEFIELDS	  SAMPLING	  /	  ACCELERATION	  

Lotov,	  J.	  Plas.	  Phys.	  78(04),	  455	  (2012).	  
 e-‐	  side-‐InjecHon	  
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 CERN	  team	  already	  translated	  our	  
dreams	  into	  CAD	  drawings	  

 Next	  step:	  make	  it	  real!	  
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 Laser	  ionizaHon	  of	  a	  metal	  vapor	  (Rb),	  
	  3-‐4m	  plasma	  for	  p+	  self-‐modulaHon	  only,	  SEEDING	  NECESSARY!	  

 ~10m	  discharge	  or	  helicon	  source	  for	  acceleraHon	  only	  

 Helicon	  plasma	  source	  scales	  well	  to	  very	  long	  plasmas	  (>100m)	  

 Maybe	  able	  to	  tune	  plasma	  densiHes	  to	  maintain	  acceleraHng	  gradient	  

p+-‐PWFA	  ACCELERATOR	  PHYSICS	  

N.	  Lopes	   Argon	  discharge	  
plasma	  source	  
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 First	  p+-‐driven	  PWFA	  experiment	  

 Take	  advantage	  of	  large	  energy	  (J)	  of	  p+	  bunches;	  lower	  gradient,	  larger	  size	  
structure	  approach	  

 IniHally	  use	  self-‐modulaHon	  of	  long	  (~12cm)	  of	  p+	  bunches	  in	  dense	  plasma	  (λpe~1,2mm)	  	  

 Study	  physics	  of	  p+	  bunch	  SMI	  (growth	  seeding,	  parametric	  dependencies,	  etc.)	  

SUMMARY	  

 Accelerator	  experiments	  with	  on	  axis	  injecHon,	  beam	  loading,	  etc	  

 Long	  term	  project:	  short	  p+	  bunches,	  long	  plasma	  sources,	  etc.	  	  	  

 CollaboraHon	  formed	  …	  

 Experiment	  “corridor-‐approved”	  at	  CERN	  

 Sample	  wakefields	  with	  externally	  “side-‐injected”	  e-‐:	  GeV	  energy	  gain	  

 Many	  challenges	  (plasma,	  stability,	  injecHon,	  etc.)	  

 Experiments	  planned	  for	  2016	  …	  
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Advanced	  WAKefield	  Experiment	  	  

20	  

Proton-‐driven	  Plasma	  Wakefield	  Accelerator	  at	  CERN	  

Thank	  you!	  

•  Proof-‐of-‐principle	  experiment:	  
accelerate	  in	  a	  short	  distance	  
charged	  parHcles 	  	  

•  Candidate	  for	  future	  high	  energy	  
accelerators	  

•  Toward	  single-‐stage	  TeV	  lepton	  
accelerator	  

MOPAC02,	  Muggli	  
MOPAC49,	  Fang	  
THYAA2,	  Litos	  
THOCA1,	  Marsh	  
MOPAC37,	  MOPAC38,	  MOPAC46,	  MOPAC49	  
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MAINTAINING	  HIGH	  GRADIENT	  

Lotov,	  Phys.	  Plasmas	  18,	  103101	  (2011)	  

of propagation distance along the plasma z.
Once the SMI saturates, these two velocities become equal. It is possible to avoid the destruction

of the micro-bunch structure by a proper step up in the plasma density (Fig. 3(a)) which modifies the
instability growth in such a way that the field motion relative to the bunches stops at the optimal moment.
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Fig. 3: (a) Plasma density profile used in the simulation for locking the accelerating field close to its peak
value. (b) The maximum wakefield amplitude versus the propagation distance for the stepped-up (blue
line) and uniform (red line) plasmas for a simulation with an LHC bunch.

The field evolution for the stepped plasma profile is shown in Fig. 3(b) in comparison with the uni-
form plasma case for simulations of proton bunches from the LHC. With the density step, the wakefield
is preserved for a long distance, at a large fraction of the maximum amplitude. For AWAKE, we expect
to achieve a constant gradient of 0.3− 0.8 of the maximum amplitude field depending on the parameters
of the proton bunch. The maximum gradient will depend on the success of our bunch compression ef-
forts. For example, for a bunch of 3× 1011 protons compressed so that σz = 3 cm and σr = 50 µm, the
maximum gradient would be about 4 GeV/m. Assuming we could maintain 50 % of this peak gradient
with a density step, then large energy gains (10 − 100 GeV) would be possible with compressed and
modulated proton bunches from the SPS.

3.2 Injection and Acceleration of Witness Electrons
The SMI leads to bunch radial modulation that can be observed using coherent and incoherent radiation
processes from the drive bunch particles (see Section 6). The longitudinal wakefields can be probed by
injecting low energy witness electrons that can be trapped and accelerated. However, since the initial
wakefield phase velocity is slower than that of the drive bunch, the injection has to occur at a point
along the plasma after the SMI has saturated. Otherwise the electrons would dephase with respect to the
wakefields and be defocused by their transverse component and lost.

In the case of a single plasma cell the electrons can be injected from the side of the plasma [17]. In
this side injection scheme, electrons of a long (σz > λpe), low energy (a few MeV) bunch injected with
a small angle (a few milliradians) with respect to the drive beam axis can be trapped and accelerated.
A fraction of the electrons reach the beam axis, dephase, accumulate at the peak accelerating wakefield
and form short bunches in a few accelerating buckets (see Fig. 4). They are then accelerated to high
energies with a narrow energy spread (% level). This side injection scheme relaxes the timing tolerances
for injection and has a particle trapping efficiency between 5 and 40%.

With two plasma sources, the first source can be used as modulator for the drive bunch. The
second one, resonantly driven by the self-modulated drive bunch, can be used as an accelerator for
externally injected witness particles. These particles can be injected either sideways, as with a single
source, or directly on axis. For on-axis injection, a short (when compared to λpe) bunch is required and

9

Maximum electron energy is higher than 1 GeV!

Maximum accelerating gradients!

Saturation of 
the instability!

Test electron beam spectra using 3x1011 p+!

GeV-class 
electrons @ 
10 meters!

‣  Maximum fields achieved at 5 m of 
propagation!

‣  GeV/m wakefields can be excited!

‣  Wake phase velocity on the order of 
driver velocity (large dephasing lengths)!

‣  Acceleration of external electrons to high 
energies!

‣  High energies can be achieved (once the 
instability saturates lengths)!

@ 5 meters!

  Peak	  gradient	  can	  be	  maintained	  over	  long	  distances	  with	  a	  plasma	  
density	  step!	  	  	  

  Possibility	  for	  ~100GeV	  in	  ~100m?	  
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PLASMA	  DENSITY	  REQUIREMENTS	  

 SMI-‐PWFA:	  instability	  +	  resonantly	  driven	  

 Requirements	  for	  SMI	  growth	  rate	  

 Requirements	  witness	  bunch	  acceleraHon	  

 Tight	  requirement!	  

If	  λpe	  changes	  locally	  injected	  electron	  will	  be	  defocused	  	  
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Schroeder,	  Phys.	  Plasmas	  19,	  010703	  (2012)	  

Instability	  suppressed	  if:	  

For	  a	  linear	  gradient:	  

2.44m	  

Uniform	  

30%/10m	  

60%/10m	  

588%/10m	  

Lotov,	  Phys.	  Plasmas	  20,	  013102	  (2013).	  	  
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SMI SEEDING	


Seeding	  of	  SMI	  is	  NECESSARY	  

 No	  seed	  no	  SMI	  (over	  10m)	  
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SLAC	  	  e-‐	  beam	  case,	  Vieira	  et	  	  al.,	  PoP	  	  (2012)	  

 Need	  to	  keep	  laser-‐ionized	  source	  for	  seeding	  
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 SM	  Instability,	  grows	  from	  noise,	  “random”	  

 InstabiliHes	  can	  be	  seeded	  by	  a	  larger-‐than-‐noise	  signal	  	  

significantly larger than the noise field of the proton bunch and that the saturation of the self-
modulation is reached before the proton bunch diffracts away due to its transverse emittance.

We have derived expressions for the noise fields present in long bunches traversing a plasma.
Evaluating these for the parameters of the proton bunches at the CERN SPS accelerator, we find
that the fields are at the 10 kV=m scale. This scale is far below the noise fields typically realized
in particle-in-cell codes used to simulate the process. We have described a procedure for
introducing the correct noise levels in the simulations, and we have shown that even a 10 MeV
electron bunch of 1 ps duration and maximum current of 100 A is sufficient to seed the
axisymmetric mode of the self-modulation.
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FIG. 7. (a) Growth of the accelerating field with propagation distance in plasmas. The broken line
corresponds to an unseeded SPS proton bunch; the solid line shows the self-modulation growth when a
10 MeVelectron beam has been used as a precursor. (b) 2D on-axis cut of the wakefield in the unseeded
simulation behind the driver at the distance z ¼ 9 m. The field is asymmetric due to the competition
between hosing and self-modulation. (c) 2D on-axis cut of the wakefield in the seeded simulation behind
the driver at the distance z ¼ 4 m. The wake is symmetric.

K. V. LOTOV et al. Phys. Rev. ST Accel. Beams 16, 041301 (2013)

041301-8

significantly larger than the noise field of the proton bunch and that the saturation of the self-
modulation is reached before the proton bunch diffracts away due to its transverse emittance.

We have derived expressions for the noise fields present in long bunches traversing a plasma.
Evaluating these for the parameters of the proton bunches at the CERN SPS accelerator, we find
that the fields are at the 10 kV=m scale. This scale is far below the noise fields typically realized
in particle-in-cell codes used to simulate the process. We have described a procedure for
introducing the correct noise levels in the simulations, and we have shown that even a 10 MeV
electron bunch of 1 ps duration and maximum current of 100 A is sufficient to seed the
axisymmetric mode of the self-modulation.
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significantly larger than the noise field of the proton bunch and that the saturation of the self-
modulation is reached before the proton bunch diffracts away due to its transverse emittance.

We have derived expressions for the noise fields present in long bunches traversing a plasma.
Evaluating these for the parameters of the proton bunches at the CERN SPS accelerator, we find
that the fields are at the 10 kV=m scale. This scale is far below the noise fields typically realized
in particle-in-cell codes used to simulate the process. We have described a procedure for
introducing the correct noise levels in the simulations, and we have shown that even a 10 MeV
electron bunch of 1 ps duration and maximum current of 100 A is sufficient to seed the
axisymmetric mode of the self-modulation.
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Figure 1. (Colour online) Spectra of test electrons after 4 m
of proton-driven wakefield acceleration for side injection and
on-axis injection.

The geometry of the problem is shown in Fig. 2.
Electrons initially form a stream of velocity V directed
to axis. We use the co-moving coordinate ξ = z − Vwt
and do not Lorentz transform the fields into the moving
frame. In new coordinates, electrons move backward and
radially with velocity components,

vξ = V cos α − Vw, vr = −V sin α ≈ −αc. (2.1)

As far as the side injection is usually aimed at further
acceleration of electrons, we assume Vw > V and vξ < 0.

Electron energies discussed in the context of side
injection mostly fall in the range 3–15 MeV (Luttikhof
et al. 2007, 2009; Pukhov et al. 2011), and usually the
condition α ! Γ−1 is fulfilled, where Γ = (1−V 2/c2)−1/2.
As we show below, for the optimum angle the stronger
condition αΓ!1 must be fulfilled, and we use this to
neglect the angular dependence of longitudinal velocity:

vξ ≈ c

(
1 − 1

2Γ 2

)(
1 − α2

2

)
− c

(
1 − 1

2Γ 2
w

)

≈ c

(
1

2Γ 2
w

− 1

2Γ 2

)
≈ V − Vw. (2.2)

The force exerted on an axially moving relativistic
electron is the gradient of the wakefield potential energy
Φ. Side-injected electrons either fall into the potential
well of the wakefield, or are reflected radially by a
potential hump. The initial energy Wr of electron trans-
verse motion is determined by the radial momentum
pr ≈ αΓmc, where m is the electron mass,

Wr =
p2
r

2Γm
≈ α2Γ

2
mc2. (2.3)

V

r

z

v
v

v r

e e

r

)b()a(
Figure 2. The geometry of the problem in (a) laboratory coordinates, and (b) co-moving coordinates.

For small α, this energy contains the product of two
small parameters (α and αΓ ) and is much smaller than
height of any potential hump in the wakefield structures
of interest. Consequently, the choice of whether electron
enters the wakefield or is reflected radially is made at
large radii. Once an electron is trapped by the potential
well, its radial velocity quickly increases, and the electron
approaches the axis with a little change in ξ-coordinate.
Thus, we are interested in potential behavior at large
radii where important characteristics of trapping are
determined.

For the particle driver of charge density ρ(r, ξ) =
ρbf(r)g(ξ) and the linearly responding plasma, the wake-
field potential energy (Chen 1987) is

Φ(r, ξ) = −4πρbe

k2
p

R(r)Z(ξ), (2.4)

where

R(r) = k2
p

∫ r

0
f(r′)I0(kpr

′)K0(kpr) r
′ dr′

+ k2
p

∫ ∞

r

f(r′)I0(kpr)K0(kpr
′) r′ dr′, (2.5)

Z(ξ) = kp

∫ ∞

ξ

g(ξ′) sin[kp(ξ
′ − ξ)] dξ′, (2.6)

kp =
ωp

c
, ωp =

√
4πn0e2

m
,

n0 is the plasma density, e > 0 is the elementary charge,
and I0 and K0 are zeroth order modified Bessel functions.
At large radii and behind the driver, formulae (2.4)–(2.6)
take the universal form,

Φ(r, ξ) = Φ0 cos(kpξ + φ0)K0(kpr) (2.7)

with the amplitude Φ0 and phase φ0 determined by the
individual driver shape. Setting φ0 = 0 by the choice of
origin and using the asymptotic form of Bessel function
K0, we simplify the potential energy to

Φ(r, ξ) ≈ Φ0 cos(kpξ)

√
π

2

e−kpr

√
kpr

. (2.8)

Separation of incident electrons into trapped and re-
flected fractions occurs at some radius r0"k−1

p , which we
define later. Denote Φ1 = Φ(r0, 0). Then in the vicinity
of r0, we can write

Φ(r, ξ) ≈ Φ1 cos(kpξ) e−kp(r−r0). (2.9)
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Figure 3. (Colour online) Family of electron trajectories for (a) ṽ = −0.7, and (b) ṽ = −1. Lower graphs show the location of
potential wells and humps.
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Figure 4. (Colour online) (a) Area of possible electron trapping on the plane (ξ̃t, ṽ), and (b) total penetration efficiency ηt as the
function of the initial velocity ṽ. The lower graph shows the location of potential wells and humps.

Equations of electron motion in the potential (2.9) are

dpr
dt

= −∂Φ

∂r
= kpΦ1 cos(kpξ) e−kp(r−r0), (2.10)

dr

dt
=

pr
Γm

,
dξ

dt
= vξ . (2.11)

Here we neglect the change of total electron energy,
since it happens on much longer time scales. Equations
(2.10)–(2.11) can be combined into one:

d2r

dt2
=

kpΦ1

Γm
cos[kp(vξt + ξ0)] e

−kp(r−r0). (2.12)

Introducing dimensionless variables,

t̃= −kpvξt, ξ̃0 = kpξ0, ξ̃ = ξ̃0 − t̃,

x̃= kp(r − r0) − ln

(
Φ1

Γmv2
ξ

)
, (2.13)

we rewrite (2.12) in the universal form:

d2x̃

d̃t2
= cos(̃t − ξ̃0) e

−x̃. (2.14)

This equation must be solved with initial conditions
corresponding to electron arrival from large x̃ with

negative dimensionless velocity,

ṽ =
dx̃

d̃t
= − vr

vξ
=

αc

V − Vw
. (2.15)

3. Penetration of electrons into the wakefield
Equation (2.14) can be easily solved numerically for any
values of initial velocity ṽ and phase ξ̃0. For low initial
velocities, all electrons are reflected by the outer region
of the wakefield (Fig. 3(a)). For larger ṽ, there are two
types of electron trajectories (Fig. 3(b)). Depending on
the phase, electrons either penetrate the wakefield, or are
reflected. The electrons that entered into the wakefield
are quickly accelerated radially and stick to some phase
ξ̃t. This is exactly the phase of the wakefield into which
the injection of electrons occurs.

General picture of electron penetration is shown in
Fig. 4(a). Electrons cannot enter the wakefield at phases
and initial velocities marked by the white color. The
darker the color, the greater the flux density Ft of
entered electrons, i.e. the number of electrons trapped
in the unit interval of ξ̃t divided by the number of
incoming electrons passing through the unit interval of ξ̃
at large radii. The total penetration efficiency ηt (into all

€ 
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