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Abstract

We present a sketch of the formulation for obtaining
Lie algebraic transfer maps for the solenoid through third
order and its effect on the beam of charged particles.
We discuss simulation results showing effects of solenoids
on the laser driven high brightness photoelectrons for
the proposed alternate injection system for Brookhaven
Accelerator Test Facility.

I. INTRODUCTION

A brief overview of a Lie algebraic formulation is given
in section II. Using Hamiltonian dynamics we describe
the motion of a charged particle through electromagnetic
fields. With Lie transformations we obtain the maps and
trajectories for a particle along the beamline in a magnetic
field (e.g. of solenoid). We discuss the transfer maps for
magnetic elements and solenoid through third order and
their effects on the beam of charged particles. In section
[I1 we discuss the effects of the solenocids used in the
design of the proposed alternate injection system for the
Brookhaven Accelerator Test Facility (ATF) [1].

II. FORMALISM

In this section we present an overview of the formal-
ism used to obtain the trajectories of a particle along the
beamline via Lie transformation. Using Maxwell’s equa-
tions, axisymmetrical fields, and the relativistic equations
for the charged particles motion along the beamline we
can obtain the magnetic field components everywhere (e.g.
of a solenoid given the on axis longitudinal component of
the field B, = (B,0,0)) and its effect on the particles
motion.

We express the canonical equations in 2n-Dimensional
phase space (e.g 6 Dim., in our calculation), as

dip;

*ar:["(,b,‘,ﬂ], i:l,‘2,...2n (1)
and in terms of the Lie transformations as
dy; i
—_ = H Yy = ..
— Wi, i=1,2,...2n (2)

Where the Lie operator {(: H :) is generated by the Hamil-
tonian , (H), and Lie transformation,

M= e-—!:H:, (3)
could generate the solution to Eq. (2) as

¥ = Mvy; (0) (4)
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where v; is the value of ¥;(f) at ¢ > 0 and ¥;(0) is
the initial trajectory. The interest is to find solutions to
equations of motion which differ slightly from the reference
orbit (e.g. the design orbit of an accelerator beamline.
Design orbit for solenoid is along z-axis). Thus, we choose
the canonical variables, from the values for the reference
trajectory (for small deviations) and Taylor expand the
Hamiltonian (H) about the design trajectory:

H=H,+Ha+.... (5)
Where H, is a homogeneous polynomial of degree n
in the canonical variables. After transformations to the
normalized dimensionless variables, we obtain the effective
Hamiltonian H™Ne¥, expressed as

HNew=F2+F3+F4.... (6)
Thus the particle trajectory r,/-; = (X,Px.,Y, Py, 1, P)
through a beamline element of length L can be described
by

Wl = = HNW oy, i=1,2...2n (7

The exact symplectic map that generates the particle
trajectory through that element is,

M =e-L:H""":' (8)

where, M describes the particle behavior through the
element of length L. Using the factorization and expanding
HNe* a5 in Eq. (6), we obtain

M= e VHYT —pifaglsighe 9)

(for a map through 3rd order we need to include terms of
f2, 13, and f4). Where f; = LFy, fa = LF3, f4 = LF,, etc.

To illustrate the above formalism, consider the evolu-
tion of the motion of particles in an external electromag-
netic field described by the Hamiltonian

H= \/mzc“ +c2 [(px — gAz)’ 4 (py — qA4,) + (p. — qu)z]

+ed(z,y,7i1) (10)

where m and g are the rest mass and charge of the particle,
A and ¢ are the vector and scalar potentials such that
B=VxA E=-V¢-VA/Ot.
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Making a canonical transformation from H to H,
and changing the independent variable from time ¢ to z
(for convenience) for a particle in magnetic field (e.g. of
solenoid) results in:

l/2

(1)
Where H = —p,, H1 = —p, and t = {z/vg,} the time as a
function of z. We next make a canonical transformation
from H, to H¥*" with a dimensionless deviation variables
(for convenience) =z/l,Y =y/l, 7= ¢fl(t — 2fvq:),
P: = p./po, Py = py/po, Pr = (pr — pot) /poc., where |
is a length sca.le (taken as 1 m in our analysis), with
P=Pr+Pyand Q= X + Y defined as two dimensional
vectors [3]. po and poc are momentum and energy scales.
Where pp is the design momentum, wvg, is the velocity
on the design orbit and pg is value of p, on the design
orbit (por = /mic? + pic?) (reminding that design orbit
for the solenoid is along the z-axis).

Thus, expanding the new Hamiltonian (eq.(6)) leads

= |(p= — qgAz)? + (py ‘“qu) +pi/cf -

to:
PE 1, (a s\ .
Fg:m—iBo(QxP)z
+= B§Q2 1;2 (12)
P3 Pr 3 > ~
Fy= (2ﬁ3 2) 2ﬁBU (QXP)-Z
_LT? (BI@* + 4P%) (13)
o Pi(5-p%)  P!Q*B}(3-4%)
4= 83%y? 1632
P2y o  Bo(3-57)
-5 (@xP) i
PIPP (3-8 Q
'2P23B2 2 o R R
%— K °+QT(Q><P)-z(BguBg)/4
1 7= =2 P2 . N pA
—g(P'Q) Bow—z—(QxP)-ng+-§— (14)

Following the hamiltonian flow generated by HNeY =
F9 + Fa. .. from some initial ¥ to a final ¢y coordinates
we can calculate the transfer map M (eq. 9) for the
solenoid. Where Fy, F3, and Fy would lead to the lst,
2nd, and 3rd order maps. The effects of which can be seen
from egs. {12-14). For example, the 2nd order effects due
to solenoid transfer maps are purely chromatic aberrations
(eq. 13). In addition to chromatic effects, we note the
third order geometric aberrations (eq. 14). The coupling
between X, Y planes produced by a solenoid is rotation
about the z-axis which is a consequence of rotational
invariance of the Hamiltonian /™" shown by egs.(12-14),
due to axial symmetry of the solenoid field.

Focusing
Solenoid

KRR
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Figure 1: Sketch of the alternate injection system for
ATF. A solenoid + gun + solenoid combination is placed
straight ahead into the linac. (Not scaled).

For beam simulations, M can be calculated to any order
using numerical integration techniques such as Runge-
Kutta method depending on the computer memory and
space available [3].

III. BNL ATF INJECTION SYSTEM

In this section we present scme of our calculations
and simulation results obtained for the proposed alternate
(straight-ahead) injection system which consists of a pair
of solenoids and an tf gun placed directly into the linac
[1 7]
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Figure 2: Shows the change in position x [em], phase
¢ — ¢o [degree] and energy w — wo [KeV] of particles at
each element location, from the cathode through the linac
exit. With solenoid current of 2140 A and d = 62¢m and
o, = .9mm, o, = Hps.

Present injection system consists of 2 sets of quadru-
pole triplets and a 180° achromatic double bend [1], where
beam diverges quickly as it exits the gun and gets large
as it traverses through the dipoles and the linac. We have
used a pair of solenoids (placed before and after the gun
such that B=0 on the cathode) shown in Fig. 1, which
controls the beam divergence at the gun exit, reduces
the emittance dilution due to space charge forces, and
improves the conditions for production of high brightness
low emittance beam needed e.g., for Free Electron Laser,
and Inverse Free Electron Laser experiments. Figure 2
shows how the beam size increases as it drifts from the
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Figure 3: Shows the change in position x [cmi, phase
o — &g [degree] and energy w — wy [KeV] of particles at
each element location, from the cathode through the linac
exit. With solenoid current of 2180 A and d = 62cm and
7. = .9mm, o; = 5ps.

gun into the linac. The Beam converges to a waist i the
linac resulting in a beam of smaller emittance at the linac
exit which is of interest at ATY.

Comparison of Figs. 2 and 3 show locations of the
beam waist and beam envelopes along the beamline from
cathode through the linac. In Fig. 3. a 2% increase in
the solenoid current resuited in the shift in the position
of the beam waist in the linac and an emnittance increase
from (e ™ = 278, 2™ = 243) to (X" = 390,
e;,v"m’ = .333) at the linac exit (as compared to Fig.
2). This illustrates the effects due to variation of the
solenoid strength on the beam dynamics. In this analysis
we used am initial £ = 100 MV/m on the cathode,
laser pulse length (20.) of 10 ps, spot size o, = 0.9mm,
initial phase of 43°, and d = 62 cm, (the distance from
cathode to linac entrance). The solenoid for this design
can vary up to 4.0 KG in strength. For example with
a 2.2 KG solenoid strength we can preserve the beam
quality and achieve high brightness, low emittance beam
at the Hnac exit, which is needed for the FEL and
laser acceleration experiments at ATF. With program
PARMELA [6], with ¢, = lmm and 0.9 mm (uniform
beam distribution) we obtained beam emittance of few
tenths of cm-mrad with energies of about 46MeV and
brightness {B = ["“‘"/rffff) of orders of 10'3 for the
beam emerging from the exat of the linac.

IV, SUMMARY

We presented a sketch of the formalism used to ob-
tain Lie aigebraic maps through third order for magnetic
=lements e.g. a solenoid. Note that, the 2nd order aber-
ration due to solenocid is purely chromatic. We discussed
atffects of solenoids used in the design of the alternate in-
jection system for the ATTF at Brookhaven Nationaf Lab.
Where a pair of solenowds and an of gun is placed directly
into the linac, to improve the beam loss and the emittance
srowth at the linac exit (as may be with the present {ou-
hie hend system). With solenoid+gun+solenowd straizht

injection into the linac scheme we reduce the emittance
dilution due to space charge forces, and produce the beam
needed for FEL, [FEL and other laser acceleration ex-
periments. We obtained small emittance (few tenths of
cm-mrad) and high brightness of orders of 10'3. The
solenocids used in the alternate injection system, controis
the beam divergence at the gun exit, reduces the emis-
tance dilution due to the space charge forces on the beam
and produces a smaller beam emittance needed for the
experiments at ATF.
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