
Analysis of Higher Order Optical Aberrations in the SLC Final Focus 
using Lie Algebra Techniques.* 

N. J. Walker, J. Irwin, M. Woodley 
Stanford Linear Accelerator Centel; Stanford University, Stanford, California 94309 

Abstract 

The SLC final focus system is designed to have an overall 
demagnification of 30: I, with a fl at the interaction point @*) 
of 5 mm, and an energy band pass of -0.4%. Strong sextupole 
pairs are used to cancel the large chromaticity which accrues 
primarily from the final triplet. Third-order aberrations limit 
the performance of the system, the dominating terms being 
Ut,, and U3466 terms (in the notation of K. Brown). Using 
Lie Algebra techniques, it is possible to analytically calculate 
the size of these terms, in addition to understanding their ori- 
gin. Analytical calculations (using Lie Algebra packages 
developed in the Murhematicu language) are presented of the 
bandwidth and minimum spot size as a function of divergence 
at the interaction point (IP). Comparisons of the analytical 
results from the Lie Algebra maps and the results from particle 
tracking (TURTLE) are also presented. 

I. INTRODUCTION. 
The SLC final focus design consists of two telescopes, each 

with point to point focusing (phase advance of R radians), sep- 
arated by a 2n radian identity module with a large dispersion 
function which facilitates the second (optical) order chromatic- 
ity correction using strong sextupoles: figure 1 shows the 
optics. The chromatic correction scheme and overall telescopic 
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Figure 1. Optics functions for the SLC final Focus 

design are essentially that proposed by Brown[l] and is well 
documented in the literature[Z]. The predominant source of 
chromaticity is the final triplet, for which the correction 
scheme consists of two -I pairs of sextupoles placed in such a 
position that the dispersion function is symmetric: such an 
arrangement exactly cancels the unwanted geometries, leaving 
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only the desired chromatic terms. 
Although the second order optical aberrations are exactly 

cancelled, the bandwidth of the system is still limited by third 
(optical) order aberrations. Brown[ I] showed that the dominant 
remaining aberration is a high order chromaticity (U,,,, and 
Uuee in the TRANSPORT[3] notation). Using powerful Lie 
Algebra techniques, it is possible to analyze the individual 
aberrations and understand their origins. In this report, an anal- 
ysis of the important aberrations using Lie Algebra tools devel- 
oped in the Murhrmatica[4] language is presented. 

II. LIE ALGEBRA TECHNIQUES. 
Lie Algebra techniques as applied to charged particle optics 

have been extensively covered elsewhere[5,6,7]. Here exten- 
sive use of Lie Algebra methods developed by Irwin[6] is 
made, of which a good review can be found in the thesis by 
Roy[7]. Only a brief introduction to the terminology and gen- 
eral philosophy of the methods is given here: the reader is 
referred to the literature for a more detailed description of the 
subject. 

In the following subsections the important Lie Algebra 
tools are introduced which will later be used to analyze the 
aberrations. In the following discussions, X’ -8x/&, is used 
rather than the conjugate momentum Pr, as this is more in 
keeping with the traditional matrix theory of Brown[2]. 

A. Hamiltonians. 

The starting point of the calculation is the formulation of 
the perturbed Hamiltonian for the elements (magnets) of con- 
cern, and evaluating them at the non-perturbed, linear phase 
space coordinates at that element; this type of calculation is 
referred to as an interaction representation. 

For the present analysis, two elements are of interest: 

Chmmatic Quadrupole: -;KQs(x*-y*) (1) 

Sextupole: &3-3xy2i (2) 

where KQ and KS are the integrated quadrupole and sextupole 
strength respectively, s is given by 6/ ( 1 + 8) , where 6 is the 
fractional momentum deviation AP/Po, and x and y are the 
local linear phase space coordinates. The Hamiltonians given 
in (2) and (3) represent thin lens kicks. To include the effects of 
thick (lumped) elements, it is necessary to integrate the Hamil- 
tonian over the length (L) of the magnet: 
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L/2 

HIhicr (Xc, “C’Y,, Y’,) = 
I 

Hlhin (X(S) P Y (s) ) ds (3) 
-L/2 

where (xc, x>, yc, y’J represent the coordinates at the center of 
the magnet. x(s) and y(s) are given by the linear optics of the 
element[5]. 

B. Poisson Brackets 

At the heart of the Lie Algebra approach is the Poisson 
Brucker (PB). The PB of any two functions of phase spacef 
and g is given by 

vg, -wg afag 
axad a.dax (4) 

Hamilton’s equations of motion can be represented using 
PB as 

g= [-H,x] 
ax' 
;;j; = [-H,x'] 

(5) 

where His the Hamiltonian. 
One important property of Poisson brackets is that they 

remain invariant under a symplectic transformation; this prop- 
erty allows the transformation of the local coordinates in the 
Hamiltonians to any point in the lattice using the linear Green’s 
functions (R matrix elements). In the beam optics calculations 
that follow, use is made of the invariance property to transform 
all the coordinates to the interaction point (IP) of the final 
focus. 

C. Beam line Representation: CBH theorem. 

If Hi represent the Hamiltonians for the magnetic elements 
in the beam line, then the line can be represented in the expo- 
nential Lie notation as 

:-HI: 
e e 

:-Hz: z-H,: 
e . ..e 

: -HN: 
(6) 

where the H, are placed in the order they appear in the beam- 
line. The total effective Hamiltonian for the system can be cal- 
culated using the Cambell-Baker-Hausdorf (CBH) theorem: 

N N i 

H, = cHi-; c c [y,HJ +.. 

i=l i=lj=l 

(7) 

Each PB term in (7) represents higher and higher orders in the 
Hamiltonian. In the work reported here, the Hi are the third- 
order Hamiltonians given in (1) and (2), so the first PB in the 
CBH theorem generates fourth order terms; this is sufficient for 
the analysis of the SLC final focus. 

In the exponentiated form, the Hamiltonian becomes a gen- 
erator for a map: 

x -+ e ,-HfX = x+ [-H,Xl +&HP [-HP,]] +... (8) 

For the analysis of the final focus, HT is a polynomial 

expressed in the linear phase space coordinates at the lP. Each 
monomial in HT represents a unique aberration, the effect of 
which can be approximated independently by taking the first 
PB term in (8): 

a4 Ax- [-Hr.r] = E 

Equation 9 can be used to estimate the effect of each individual 
monomial in the Hamiltonian on the IP spot size. It is impor- 
tant to note, however, that when making an exact third- (opti- 
cal) order calculation, it is important to also include the second 
PB term in (8), as this will contribute to third-order terms in the 
map. 

III. Mathematics TOOLS. 
Marhemaricu[4] is a powerful language for doing symbolic 

computations. Since the Lie Algebra techniques presented in 
the previous section involve the manipulation of polynomials, 
Muthemutica is ideally suited to the task. Several Mathemaricu 
packages have been developed to enable Lie Algebra analysis 
of beamlines, collectively referred to as UMA (Lie Algebru 
Murhamarica Analysis) packages: they are 

LAMA’TransportDejnition‘. 
A package containing a framework for the definition of mag- 
netic elements and beamlines, together with tools for manipu- 
lating and modifying them. 

LAMA‘LinearOprics‘. 
A package for doing simply linear optics, such as calculation 
of tables of R matrices for a given heamline. 

LAMA’PoissonBracket‘. 
Implements PB of predefined phase space coordinates. 

LAMA’HamiltonianOptics‘. 
Contains all the definitions of the Hamiltonians for known 
magnetic elements, and performs thick lens integration (equa- 
tion 3). Also contains definitions for Lie algebra tools and sev- 
eral high level analysis tools and manipulation tools for 
polynomials. 

LAMA’ExpectationValue‘. 
A package for calculating high order moments, and expanding 
them in terms of second order moments of given distributions. 

Since Muthematica is a symbolic language, parameters such as 
magnet strengths can be left as symbols to allow fitting. 

IV. RESULTS OF SLC FINAL FOCUS 
ANALYSIS. 

Figure 2 shows a curve of crlx and cr*y as a function of lin- 
ear beam divergence at the IP (8 ). The solid curve is the result 
of a symbolic third (optical) order map generated using the 
Muthematica Lie Algebra tools (essentially equations 7 and 8). 
while the dots represent the results of TURTLE[8] simulations: 
the analytical results generated by Mathemarica are in good 
agreement with the simulations. It is important to emphasize 
the difference between simulation and symbolic calculations: 
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ica calculation, dots represent TURTLE simulations. 

the Muthemaricn results are analytical (symbolic) formulae of 
the from Gus = a*&+@*, fl*yZ&,u), and can be manipulated 
accordingly. 

Table 1 gives the results of a term by term analysis of the 
total Hamiltonian with respect to the vertical IP spot size ((T*$, 

Table 1. Most significant aberrations to (T*,, in order of 
contribution. 

Monomial 
TRANSPORT Coefficient % of total 

notation (meters) 02 

/ with QD2 (triplet magnet) /I 

Figurc 3. Coefficient of y”6’ monomial (arb. units) in the interaction 
polynomial [H,.H,] for the CCS and fnal telescope magnets. 

yw h466 229.5 86 

xps "144d"3246 817.5 6 
linear 3 

?2 n 
XL‘ u1244/"3224 -2861.7 2.2 
xj@ u146d"3266 55.5 1.9 

By far the most dominant aberration is the ~‘~i!?, which in 
TRANSPORT notation is the afore mentioned U,, term. One 
possible method of determining the origin of such a term is by 
identifying which PBS in the second term of the CBH contrib- 
ute to the total coefficient. Replacing the double sum in (7) by 
a matrix Aij = [H,,Hj] of polynomials, whose upper diagonal 
elements are zero, one can easily extract the coefficient of the 
y”8’ term in each of the polynomials in A. Figure 3 shows a 
three dimensional bar chart representing the contributions from 
the A .. polynomials to the total ~“6~ term. 

F$ure 3 immediately reveals that the largest source of the 
y’?? aberration comes directly from an interaction of the sex- 
tupoles and the triplet. Further investigation shows that the Y 
sextupoles are not exactly n radians in phase away from the 
triplet, and that this phase error gives rise to a small chromatic- 
iry term ~yy’6. Interaction of the yy’S aberration with the strong 
chromaticity of the triplet (ny”S) results in the ygS2 term: 

[Syy’S, ay’%l = 2a5y’?? 
(10) 

Having identified the source of the aberration, it is now 
possible to design a modification to the linear optics to correct 
the phase error of the sextupoles, and thus reduce the magni- 
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tude of the aberration [9]. 
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