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Introduction

Earlier calculations on the same structur-
al composite assumed media possessing isotrop-

Relation of Strain to Displacement

In cylindrical coordinates strain is
fined® as

ic symmetry! The present calculation utilizes U,

elastic constants possessing locally orthotrop- Err T 3T (8)

ic symmetry? (reflection symmetry about three

orthogonal planes). In particular, this per- Ur g 8ue

mits a more realistic representation of the 50 " T " T 39 (%)

subdivision of superconductor into cables. In

keeping with the orthotropic symmetry, three 1,9y Ug g AUy

thermal strain constants are used for each trg © T(ﬁﬁf"77*VF '?T) (10)

cylindrical region, one for each principal

axis of symmetry. Again a pre-load condition au;

is introduced using the notion of dislocation! €20 7 37 ¢ (11)
Equilibrium Force on Thick Cosine Theta Conductor

Generally the dipoles of interest are long As indicated previously' for J_ = J cost

compared to transverse dimensions and hence one has z °

only two dimensional calculations are needed. , )

The effect of magnet ends on the body then is JzBe = % Jg:4r—3k-b r “J(1+cos28), (emu) (12)

handled in an integral manner using the virial
theorem! In elasticity language this is de-
signated as a generalized plane strain approx-
imation. Cylindrical coordinates seem most
appropriate for the problem at hand. Hence if
U is the elastic displacement vector the gen-
eralized plane strain approximation limits the
functional dependence to

(e__=constant), (1)

ur(r,ej us(r,e) u,= 2o, -

- > >
1f & designates the stress tensor and JxB
the Lorentz force then the equilibrium con-
ditions are given by?

M T o5 ro . 3 -2+
UZBr Z-QOLZT 3Ix¢+b~r “Jsinle,

(emu) (13)

where for convenience in these and subsequent
formulas
-2

Vo= ceg(c bl

(14)

the radius of the shield being T

Form of Solution

First express stress in terms of strain

using Eqs. (4-7) and then strain in terms of
30 . 1 %%¢ displacement using Eqs. (8-11). Then the
7 " 9 %) * 735 - J,Bg = 0, (2)  equilibrium condition of Eqs. (2-3) after
) - noting the Lorentz forces in Eqs. (12-13) in-
3 , o dicates that the displacements have the form
aib t SO0t % age +J,B =0, (3) u =P (r)+P,(r)cos28 ug = Q,(r)8+Q, (r)sin26.(15)

under the functional limitations described in

Solution of Homogeneous Equations

Eq. (1. Special solutions related to a dislocation®
Relation of Stress to Strain (onoj are
Since the ends are far removed from the region P = Clz‘czz or -G 163
of interest the shear stresses oy, and og, may o (11’C22 Qo - o (163
be neglected. Consequently two of the nine
elastic constants representing orthotropic Regular solutions (Q_=0) become
symmetry are not needed. Thus? 0
- . “k - - = AP P =
Oy Cll(grr k1)+C12(€ee k2)+Ll3[eZZ kS) (1) PO = ArP+Br Qo =0, (17)
- N } . 3 where
g6 = Crolepp K )*Cyplegg -k )+Cyzle,,-ks) (5) /%
P = -C—l—l— . (18)
922 = Cy3(eppky)#Cp5lege-ky)+Cazle,, -kg) (6) and
s s ] ]
- : . - 1 2 4
O.g = C44Er6’ (standard notation uses C66)(7) p2 = chr *YZDY +y3Er +Y4Fr (19)
where ki, k;, ks represent the thermal strains _aS1 0 % S3o Sy
from rooﬁ temperature where they are zero to Qz = Cr “#Dr “+Er “+Fr 7, (20)
some other operating temperature.
where (s,s,s,s,) are the four roots of
1727374
- , c c? Cy, C c
*Fermilab, P.0. Box 500, Batavia, IL U.S.A., 4 8 22 8 12 12 . 22 +11_2+9 22 =0 (21
Operated by the Universities Research Asso- s7-( T °C. T s 'BC_I EII ;= CTI’ (z1)
ciation, Inc., under contract with the U.S. 44 1174 1 :
Department of Energy. and
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The particular sclution may be thought of
as an incremental displacement to be added to
the solution of the homogeneous equations,

However, is an unknown this contri-

since

Y

-
bution of the particular solution will be
transferred to the homogencous category. After

assembling all the contributions one has
rd 2
Tyl 3ar’ b3]
au_ = T . 4 g
T30, TG, Oy
(11 Cpp)k*(€yp-Crplk,t (Cy5-Chglky
' T
11722
i
WJS 5
* gy (1257200, ,#20C,, 1 v cos2e
2
md 7
“g‘Tjj( 12C,,* 18L7q'ﬂrc4 cos28
2
WJ; 3
* vl 2C,,75C, , 1b7 cos2s, (23)
SL(V) 22 44
nJ; s
- = . ’,]
Aue 'ZZTiT“*18C11+ 24C 2+1OL¢7+ 0C41Jr sin?s
2
rJ;
F12¢c. .-12C..-9C. .- ) <in28
+3A(2)’L]h\ 11 ;uulz .a(,zz ]5(:44]&1 s$1nse
2
mJ .
o] kY
o .. 3 .
+ZKTETL C22+C44]b sing, (24)

C,y (o C C. c,, ]

Ynd_rg 22 g 12 gl 722 4y 0249 22 Loasy

LG t,C, C o v e
44 11744 11 ~11 11

Complete Solution

Adding the homogeneous terms gives
C.,-C C,,-C

1y - Amp+Dv_I)_ _12— 22 Cr - 13_ 23(: + A1

T Lll—CZE Cll—LZZ 72 TO

S, S, S, s,
+ (71Cr “+y,Dr “+y3Er “+Y4Fr “+Aur7)cosze,(26)
s $ s s

u, = Gre+(C 1+Dr 2+Fr 3+:r 4 Au, ,)sin28, (27)

6 : Y& , 27)
where p 1s given b) Eq, (18), sy by Egq. (21),
and Yk by Eq. (22 In addition Au is the
term 1ndenendn“+ of theta in Egq, (25?, AL
the coefficient of cos2e in Eq, (23), and

Lugy the coefficient of sinZé in Eq. (24).
Application of Egs. (8-11) gives the com-
e solution for the strains. Then the use
(4-7) will give complete solutions for

for each region of interest (ABGCDEF) and one

unknown €,, that is common to all regions.

Boundary Conditions

In the present problem three cylindrical
regions are employed. Region 1 is between
r=a and r=b and is characterized by the
elastic properties of a structural bore tube.
If this is not present as in the Fermilab
Doubler® then it is removed by entering a very
weak structure, Region 2 is between r=b and
r=c and is used to characterize the region of
SJPPTFOﬁdHFfOT Region 3 is bhetween r=c and
r=d nd is used to characterize the retaining
colla

Boundary conditions require surface trac-
tion and displacement to be continuous. One
exception is allowed however. The notion of
a dislocation or discontinuity in displacement

is useful in characterizing pre-strain. Thus
in detail:
At =2 AL LS A N e T
’ T rB ’ Y
dislocation u(+J(2")-u$+:(ﬂ] = aa].[29)
() () L)) L
At r=b [s) rrr Cre 8 = 0, (30)
dislocation g )rznw-u S b, (31)
() ) L4y () L
un u ug g 0, (32)
() () - () (), :
At r=cC SR S 950" 00 0, (33)
dislocation ué+J(2n)*ué+)(0) = Ccag, (34)
(+)_, () o ) (-) L
up Ceus ug ug 0. (35)
. - . ) .
At r=d Crr Irg 0. (36)

-

Application of these conditions provides 21
relations.

Integral Condition Satisfied by Stresses

The final condition needed to provide as
many relations as unknowns may be obtained from
the virial theorem® This theorem of mean

stress glVeS
ff(orr+cea+c ,rdrdé = % lgt {—%(c4~b4)
3 27 S ¢} L L
¢ Les (b0 F10e b - b2 (c-b)Y, (dynes)(37)

where the RHS equals the magneti
unit length plus a surface integrs
stresses on the iron.

Tecom mma 3 o
Numerical

Stress, strain and Lisglac
calculated for the Doubler? F
radial, T is thetd or abl uthal
LUHglLuulﬂal sitiv
negative side of a glven cyllnder which is
designated by A, B, C, D. Thus, for example,
RTBP indicates the (r,®) component on the
positive side of the cylinder r=b. Reasonable

estlmatos have been used for elastic and
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