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THE FREE ELECTRON LASER AND ITS POSSIBLE DEVELOPMENTS” 
C. Pellegrinit 

I. Introduction 

The experiments I,2 made at Stanford University 
starting from 1975 have shown that it is possible to 
build and operate a free electron laser. The theoreti 
cal works preceeding and following these experiments 
have alsn given us a good understanding of the basic 
principles underlying a free electron laser and of the 
main characterist its of this device. 

relativistic electrons are traversing a wiggler magnet. 
At the exit of the wiggler magnet, one can obtain a plane 
wave of higher intensity, while the average electron 
energy is decreased. 

There is now much interest in the free electron la- 
ser as a powerful source of continuously tunable, coher- 
ent, electromat;netic radiation in a wavelength region 
extending from about 0.1 to 10 km, and possibly also be- 
yond these limits. The advantages and disadvantages of 
using either a linear accelerator or an electron storage 
ring as the elect-ron source are being explored. Many 
new ideas are being introduced to increase the output 
laser power, the efficiency of the system, and to extend 
the range of tunability in the 0.1 mm or in the soft x- 
ray region. 

In this paper I will first review the basic charac- 
teristics of a free electron laser in a storage ring. 
rn the end I will try to describe some of the more re- 
cent works and ideas and how they might improve the 
performance of the laser. 

In discussing the free electron laser-electron stor- 
age ring system, we will see that, on the basis of our 
understanding of this system and of the results of the 
Stanford experiments, and without taking into account 
the possible improvements which have already been pro- 
posed, it is possible to build such a system capable of 
providing laser tight in the region 0.1 to 10 urn with an 
average power of the order of hundred to a thousand watt 
and a line-width, AX’\, between 10” and 10-4, This sys- 
tem would he a unique source of electro-magnetic radi- 
ation, providingboth synchrotron radiation and laser 
light, of great usefulness for research in solid-state 
physics, photochemistry, surface physics, and biology. 

If, using the proposed improvements, it would be 
possible to raise the output laser power to the ten KWat 
level and the efficiency to several percent, such a 
system might be of interest also for industrial 
applications. 

As a final remark, I want to point out that a free 
electron laser-electron storage ring system might also 
be used to provide laser light in the soft x-ray region 
providing us again with a unique research tool. 

11. Principles of Operation of a Free Electron Laser 

The basic scheme of a free electron laser is shown 
in Fig. 1. A plane elec tromagnetic wave and a bunch of 

PLANE e.m. WAVE AMPLIFIED WAVE 

WIGGLER MAGNET 

Fig. 1. Schematic representa 
elec tron laser. 

tion of a free 
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A wiggler magnet produces a field with alternating 
polarity along its axis. Tt can he either transverse 
or tieli,al. For a transi’erse wiggler, the field can be 
represented by 

2 
% = Bw R cos 2r x, (2.1) 

where z is the direction along the magnet axis and lw is 
the field*peziod. ‘The two axis x and y are orthogonal 
to z and x, y are unit vectors in their directions. 
For a helical wiggler one has 

I& = BIJ (ii cos 21~ Z f ;i sin 27 2-T 
G A 

(2.2‘1 
W 

In the following we will consider the case of a helical 
wiggler. However, all the results can be applied, with 
only minor modifications, to the case of a transverse 
wiggler magnet. 

A simplified description of how energy is trans- 
ferred from the electrons to the radiation field can be 
given in two ways. 3 rn a quantum mechanical descrip- 
tion it is easier to consider the interaction between 
the electron and the radiation field in the frame of 
reference moving with the electron velocity parallel to 
the magnet axis, In this frame the wiggler magnetic 
field can be approximated by a plane electromagnetic 
wave. Electrons can backscatter t-he photons of this 
wave and the scattering can be enhanced (stimulated 
radiation) by the incoming plane wa;le. 415 

In a classical description the wiggler magnetic 
field determines the electron trajectory so that work 
can be done by the plane wave on the electrons. It1 

other terms, the electron trajectory makes a nonzero 
angle with the direction of propagation of the incoming 
plane ;ave and the term E . 1 has a nonzero average 
value, 

The initial works47 5 on the subject used a quantum 
mechanical picture describing the interaction as stim- 
ulated radiation in the wiggler magnetic field or stim- 
ulated bremsstrahlung. Hl)wever , when the radiation 
wavelength, 1, is larger than the electron Compton 
wave length, kc 

and the number of photons in a volume l2 lSw, lw being 
the wiggler period, is much lnr er than one, the classi- 
cal description is appropriate. 7 The second condition 
means that the fluctuations in the number of photons 
emitted or absorbed is small and can be neglected. In 
the following, we will assume that these conditions are 
satisfied and use a classical description. 

The classical theories of the free electron laser 
can be divided into two groups. In one we find the cal- 
culations of stimulated radiation from a single elec- 
tron.6j8 In the second group are the calculations 
based on the Boltzmann-Maxwell equations or analogous 
techniques, g In the next section we will use the single 
electron approach to obtain the main characteristics of 
a free electron laser. 

III. Single Particle Free Electron Laser Theory 

In this section we will derive the equations de- 
scribing the free electron laser following the approach 
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developed by Colson.b We consider one electron moving 
in the wiggler magnetic field given by (2.2). We assume 
the wiggler to have N periods so that its total length @e 
is N\,. We also assume that the plane electromagnetic 
wave propagating along the wiggler axis (Fig. 1) is 
circularly polarized and its field is given by We can define 

which @ = 0. This 

b 1 t K2 
--21 

W A 221 
(3.15) 

2 
energy, v, , for 

(3.16) 

a resonant electron 
energy is given by 

g = Eofi sin(y - Wt t PO) t j cos(y - ilit t so)) 

(3.1) 

(3.2) It is worth noting that electrons of energy hr moving in 
a wiggler of period h, and constant K, emit spontaneous 

be relativistic and radiation at the wavelengthll The electron is supposed to 
with a small transverse velocity 
velocity, in light velocity units, we assume 

If 1 is the electron 

+I= -&l +K2J 
2Yr2 

(3.17) 

Using (3.16) we can write the electron equation of 
motion as 

fi= BN gt& (3.3) 

with 

B/f GY 1, PI << 1 (3.4) 

To order l/b12 (v being the electron energy divided by its 
rest mass, m,c21 the equations of motion of the electron 
can be written as 

t= e Eoh 
- - sin pl 

mc 
0 

(3.18) 

2 

m = ycr, -$-I 

W v 
(3.19) 

ii= rn*fi’% 
0 

(3.5) 

These equations can be derived from a Hamiltonian 

(3.20’1 
showing that the wiggler magnetic field determines the 
trajectory and the incoming wave the energy exchange. 

IV. The Small Signal Regime 
Solving eq. (3.5)) one finds that to order PA/v, the 

electron describes a helical trajectory l”yll of pitch If we assume that the electron energy change in 
traversing the wiggler is small and that the initial 
electron energy is near to yr, we can simplify equation9 
(3.18)) (3.19)) (3.20)) defining 

F = $I. (3.7) 

and radius 
Y - Y, 

y)=- 
yr (4.1) 

B*hw 
F= 27 (3.8) 

and assuming The electron energy remains constant along the trajectory 
The perpendicular velocity is T << 1 (4.2‘1 

we have 
& = 5 {ii coS(2~7 z.‘Awl + G sin(2n z’hw)] (3.9) eEt? 

+ - 01 sin i 
mc y 

0 r 
(4.3) 

with the wiggler parameter, K, given by 

eB h ww K=----- 
27moc2 

(3.10) 
(4.41 

H _ 2FC T2 e E. 4 -- cos m (4.5) 
t mot Y r 

Using (3.9)) (3.1)) the equation (3.6) describing 
the energy exchange can be written as 

e EoPL 
i=-., sin $ (3.11) 

0 

A phase-space representation of the Hamiltonian is 
given in Fig. 2. We can see that the Hamiltonian is the 
same as that describing the synchrotron oscillation 
motion in electron or proton synchrotrons. The small 
amplitude oscillation frequency R is given by 

47 e E. PI 
= 

m. Yr ‘w 
(4.6) 

where the phase $ is 

i=(~+ylz. UK + m 0 W 
(3.12) 

Since 

and The separatrix is defined by the condition 

or, equivalently, 

Ipo = * 2,2 (4.7) 

one can obtain from (3.12) that 
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e E. 8, hw To evaluate the increase in the electromagnetic 

1, = Iii -__ 
2 (4.7a) field intensity we need to know the average value of the 

mOc 
energy change, < (Ay/y) 2, averaged with respect to 4, 
between o and 2rr. This quantity is given to the lowest 

,6/2s1 
order in (n/uo) 2 by 

<(y> = 41T3 (y N3 f(x) (4.12) 
0 

where 

f(x) = -“j [cos x - 1 + f x sin x} (4.13) 
X 

and x is again given by (4.11). The function f(x) is 
given in Fig. 3. One can see that the electron lose 
energy if x > 0 and gain energy if x < 0. The maximum 
energy loss is obtained for x = 2.5, or 

‘0 - ‘r M 0,2 

‘r N (4.14) 

For the same value of x, one obtains from (4.9), 
(4.10) 

Fig, 2. Phase space electron trajectories, 

The electron energy transfer to the radiation field 

(Al) ss 2.4 (---12 N. (4.15) 
cl1 Y HfG 0 

depends on what trajectory the particle is following in For a nonmonochromatic electron beam the average 
phase-space. It is important to notice that a change 
of 2~ in phase-space corresponds to a change equal to 

energy change is obtained by folding (4.12) with the 

the radi.ation wavelength, 4, in the longitudinal elez- 
electron energy distribution function. It is clear from 

tron position. 
Fig. 3 that if the electron energy distribution function 

Hence, in the most ilsual experimental 
conditions, the initial electron beam distribution in 
phase is a uniform distribution. ,The initial energy 
distribution or equivalently the Q, distribution, can be 
very narrow. In this case, the initial electron distri- 
bution function can be represented in the 4 9 plane by 
a narrow strip parallel to the $-axis. 

We are interested in calculating the energy trans- 
fer to the radiation field, i.e. the change in electron 
energy averaged over the initial electron distribution. 
\de assume that al.1 electrons in the beam have the same 
initial energy and are uniformly distributed in phase, 
and discuss in some detail the free electron laser 
characteristics for this case. For this distribution 
the average energy change is zero if i. = 0. To de- 

i scribe the Stanford experiments, we can assume to >, R. 
We will call the “small signal regime” the case of Go .; 
c] and uniform phase distribution. At the end of this 
section we will also discuss briefly the laser operation 
under other possible conditions. 

In the small signal regime we can calculate the 
electron energy 

. 5 
hange using an expansion in the small 

parameter (;a’~)~) , where (tic = 2~c/1,. This is given by 

eE B A 
+ 

0 iTmOc y r 

(4.8) 

This quantity is proportional to the maximum elec- 
tron energy change in one wiggler period, e E,@ ~w, di- 
vided by the resonant electron energy. The ele$tron 
energy change can be written, to first order in (n/i%) 

2 

as 6 

($YM - ,u &) *N g(x, mo, 
!I 

where 
cos(x + so) -cos m. 

gb, 5,) * (4.10) 
X 

/ f(x) 

-t 
0.08 

- 0.04 

-0.06 

-0.08 

Fig. 3. The gain function f(x) . 

has a width of the order or larger than 1/2N, the average 
energy change is strongly reduced and becomes nearly 
zero. This also means that when the maximum energy 
change for a single electron, as given by (4.15), 
becomes of the order of 1/2N, the expression (4.12) for 
the average energy change does not hold any more. This 
condition (Ay/y)w M 112N gives, using (4.15)) a maxi- 
mum or saturation value for R/Q, 

(4.16) 

‘0 - ‘r 
X = ~TTN - 

Yr 

or, using (4.8)) a saturation value for Eo. Notice that 
the saturation value (4.16) for (n/lug) gives a value of 

(4.11) this quantity which is much less than one for all cases 
of interest, in which N is of the order of 10 or larger. 
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The interaction of the electrons with the radiation 
field produces not only a change in the electron ener- 
gy, but also a change in the phase distribution func- 
tion.6j9 This change is such that the phase distri- 
bution function at the wiggler exit is modulated on 
the scale of the radiation wavelength, 

1. the energy spread must be small, h~e H A 
2. the transverse cross section must be ~s$ller or 

equal to that of the electromagnetic wave or me 5 r. 

13. the angular divergence must be such that3 a2>k 
<- yJiN 

4. the peak current must be of the order of several 
ampere or larger. 

I’I, A Free Electron Laser Oscillator 

From the behavior of ihe function f(x), with x = 
4~ N (V - yrj /Vr, as illustrated in Fig. 3 and from the 
discussion of Section IV we can obtain the following 
results: 

To estimate the order of magnitude of Go we assume 
f(x) M -7 x 10-2, K x 1 and that cp is determined by 
diffraction limit of cp M ),(NA,). With these assumptions 
(5.2) becomes 

Go x n * ($‘+ t N* (5.5) 
W 

To obtain a free electron laser oscillator we mod- 
ify the system of Fig. 1 by adding an optical cavity, 
i.e. two mirrors. One of these mirrors is assumed, for 
simplicity, to be a perfect reflector, while the other 
is assumed to transmit a fraction (Y of the incident 
light (Fig. 4). We neglect the other possible losses of 
the light in the cavity. 

PHOTON BUNCH ELECTRON TRAJECTORY 

--. \ A A A A A 
\ 
\_rf)l 

/I 
/ 

I w 
v v v v v 1 

MIRROR \ 
e-BUNCH WIGGLER 

MIRROR 

Fig. 4. A free electron laser oscillator. 

This system can be a laser oscillator if the gain 
is larger than the loss, or 

Grcv (6. I‘, 

The case G = o describes the steady state operation 
of the system. 

The space-time structure of the laser beam reflects 
the electron beam structure. We assume that the elec- 
tron beam is bunched, with a bunch length te and a bunch 
separation Le. We also assume, for simplicity, that 
Le >> !,e* Since the gain is different from zero only 
where the electron density is nonzero, one obtains in 
the laser cavity a radiation pulse of length 4, w te. 
The length of the radiation pulse determines r: t e line- 
width, scU, of the laser radiation 

tw= p 

e (6.3) 
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r 
u. = $ n 22 y4 m c2 

0 0 (6.7) 

so that to increase PL is very convenFent to increase y, 

In Figures. 5, 6 we give, as an example, the 
wavelength, gain per unit current, magnetic field in the 
wiggler, for a free electron laser operating in a stor- 
age ring. The parameters used in this calculation are 
given in Table 1. We also assume that the beam energy 
spread and emittance satFsfy all requirements of Section 
V when there is no interactFon with the laser field. 

Table 1, 
-- 

Wiggler period 

Number of periods 

Number of electron 
bunches 

Bunch length 

Electron energy 

Average eleC trOn 

current 

lw=5 cm or 

N=120 

R=3 

1 =5 cm 
e 

E=70O MeV 

i =lA 
av 

Aw=10 cm 

N=60 

Ii= 3 

le=5 cm 

F -500 Me’.’ 2 

i =IA 
av 

average power and wavelength of the order of 0.1 to IO,!m. 

Electron storage rings can also provide beams with 
Bending radius ,=1.5 m p=l. 5 III 

high peak current., ip ? lOOA, high average current, 
i,, M IA, and good energy spread, Q 4 O.l%, and emit- 

Synchrotron radiation 
energy loss per 

tance, The wiggler magnet can be inserted in a straight revolution 
Uo=i.6x104 eV Uo=3 x lo3 eV 

section without substantial alteration to the single 
particle dynamics. However, in this case some of the 
equations describing the laser must be modified. In In the case of Fig. S, electron energy tf = 1000 or 
fact, in the linear accelerator case each electron bunch 500 MeV, the line-width changes between 1.2 x 10m6 at 
traverses the wiggler only once and the electron distri- 1 = O.Ot&m and 1.4 x 10m4 at i: = 7.&m. The laser out- 
bution function at the wiggler entrance is determined put power, as given by (6.61, is 1’~ = 35 ia, in ampere. 
on1 y by the accelerator characteris tics. Instead in the In the case of Fig. 6, electron energy 1400 or 700 Me\‘, 
storage ring case the same electron bunch is repetitively the line width changes between 3.2 x 10 -? at X = 0.01&m 
traversing the wiggler and its characteristics are deter- and 9.4 x 10 -6 at A = 0. 471Lm. The laser output power is 
mined alsi by the-interaction with the radiation field, PL = 67 i,, EW. 

AS we discussed in Section ITT, the electron bunch 
at the wiggler exit has an energy spread larger than 
that at the wiggler entrance. Hence we can expect that 
the electron bunch-radiation field interaction will 
increase the electron beam energy spread thus reducing 
the effective gain. This problem has been studied by 
Renieri13 who has shown that the interaction is such 
that the energy spread would continue to grow and the 
effective gain would become zero. The only mechanism 
opposing this process is the synchrotron radiation 
damping which tends to decrease the energy spread. An 
equalibrium between these two processes can be reached 
such that the laser output power is determine by the 
strength of the radiation damping process, which is 
proportional to the total amount of synchrotron radi- 
ation energy, U,, lost by the electrons in one revo- 
lution. Hence for a storage ring case equation (6.2) 
must be substituted by 

PL = Ij(U i ) 
0 av (6.6) 

The effective gain is also reduced so that to obtain a 
value of 11 near to 1’2N one needs a gain calculated for 
the unperturbed beam larger than the losses by a factor 
of 5-10.13 

The synchrotron radiation energy loss per revolu- 
tion is a strong function of electron energy. For a 
bending radius, F, in the ring one has 

To increase the laser output power we can increase 
the strength of the synchrotron radiation damping by 
adding an auxiliary wiggler radiator. In this way we 
might bring the laser power to the KWatt level, for an 
average current of the order of a few ampere. 

VII. Conclusions 

The main characteristics of the free electron laser 
oscillator operating on the Stanford Superconducting 
Linac are in good agreement with the theoretical cal- 
culations, although there are still some uncertainties 
on how to explain some details of the radiation pulse 
structure. We can say that we see no reason why the 
prediction on the free electron laser performance based 
on the small signal gain regime should differ from the 
real performance. 

The operation of a free electron laser in a storage 
ring, in the same small signal regime, should also fol- 
low the theoretical predictions based on the small sig- 
nal regime model and the results of Renieri’s work as 
given in formula (6.6). 

However it is important to notice that there are 
other possibilities to operate a free electron laser 
device. The results of Section V and VI are based on 
two assumptions: 
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Y = 1000 

A,= IOcm 

N =60 

Id2 

- 1 0 IIIII.-.L 
0 2 4 6 8 IO 12 

K 

Fig. 5. \Javelength, gain, and wiggler magnetic field 
versus the wig,gler parameter K for a free electron 
laser operating in a storage ring. 

1. ‘The wiggler has a constant period, the same 
magnetic field in all periods, and is uniform in a plane 
perpendicular to its axis; 

? d... the system is operated in the small signal re- 
gime, starting from a partick distribution function 
uniform in phase and very narrow in energy. 
The removal of any of these assumptions can open up new 
possibilities to obtain a higher laser power or a higher 
efficiency. 

The use of a wiggler with a transverse magnetic 
field gradient has been studied by Smith et a1.14 
Their idea is that electrons having different energies 
will enter the wiggler at different distances from the 
axis and see a different magnetic field. In this way 
the effect of the energy spread can be reduced and the 
efficiency of the system can be increased. One such 
wiggler operating in a storage ring should allow to 
obtain a laser power nearly equal to the synchrotron 
radiation power, thus increasin 
nearly two order of magnitudes. H5 

the efficiency by 

Longitudinally variable wiggler fields, in which 
either the period or the field intensity or both can 
vary along the electron trajectory, have also been 
studied by several authors. Two possible schemes have 
been proposed by Hopf et a116 and by Morton,12 to ex- 
tract energy from the electron producing a nearly zero 
energy spread. These systems might increase by a large 
factor the laser power obtainable from a free electron 
laser operating in a storage ring, where the main 
limitations come from the electron beam energy spread 
produced by the interaction with the laser fields, 
while one needs to extract only a small amount of energy 
in a single passage. 
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Fig. 6. Wavelength, gain and wiggler magnetic field 
versus the wiggler parameter K, for a free electron 
laser operating in a storage ring. 

The idea of prebunching the beam has been proposed 
by Skrinsky and Vi.nokurovl’ as a way to increase the 
gain for a given amount of electron current, The wig- 
gler system would be split into two parts, one for 
producing the bunching, the other for transferring the 
energy to the radiation field. 

Longitudinally variable wiggler fields in which 
the electrons are captured in the equivalent of a radio- 
frequency bucket and then decelerated, might allow to 
increase by one order of magnitude the energy transfer 
to the radiation field, Such a system, operated with 
the beam from a linear accelerator,might produce very 
large laser power, of the same order of the electron 
beam power, with high efficiency. 18 

All these ideas, and other possible new develop- 
merits, might greatly increase the capability of the 
free electron laser, increasing either the output power 
or the efficiency or both. 

However, also without these improvements, a free 
electron laser - electron storage ring system as dis- 
cussed in Section VI, is a unique source of electro- 
magnetic radiation: it can provide synchrotron radi- 
ation as well as coherent laser radiation continuously 
tunable over a wide wavelength region. This sys tern 
might have useful applications in many areas of re- 
search, such as solid state physics, photochemistry, 
biology and molecular physics. 
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