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Summary

The present paper has two purposes .
- First, to give a general review of the theory of
spin behavior in strongly modulated machines and
to offer practical formulas for quick estimate of
the depolarizing effect. Parts of this theory has
already been published. (5)
- Then, by applying these formulas to Saturne 2, to
show that this kind of structure is as well adapted
to polarized beam acceleration as weak focusing
machines.

1. Introduction

The beam polarization being defined as Sp=fHih=
(ng are the numbers of particles with spinz ¥%), it is
well known (1) that after crossing a resonance, the

final polarization isAgiven by

Szf (2% -14) S it @
S ini is the initial beam polarization and is
alsUlel tobe ¥ 15 A2 is proportional to the square
of the strength of the depolarizing field components
and is inversely proportional to the crossing speed.
This speed is either related to the energy increase
or to the tuning variation. In order to maintain a
nigh beam polarization, it is necessary to work in
either one of the following cases : AZ& 1 or AZ» 1

Weak resonances (A2 1)

his case is usually encountered in weak focu-
sing lattices (ZGS type). The depolarizing.fields
are rather small (magnet edges and fringing fields).
The tendency is to increase the crossing speed in
order to prevent spin flip for large betatron
amplitudes. An adequate theory for weak focusing has
been extensively developed. (1), (2), (3)

mal *

Intermediate case (A= 1)
It is rather difficult to accelerate polarized
particles in structures with intermediate focusing.

Stron% resonances (A2 1)
hey appear in strongly modulated Tattices

{Saturne 2) (4), where strong transverse field
components are encountered in quadrupole magnets.
Then it is worthwhile decreasing the crossing
speed to ensure adiabatic resonance crossing
(complete spin flip) even for small betatron
amplitudes.

In the following part of this paper, the
quantity AZ is written as

A m DR IweP C@
2 a
A s explicitely given in part 2 ; Iﬂ proportional

to the depolarizing field components, HE derived in
part 3 ; the factor a is defined in part 4 where
resonance crossing is considered.

2. Spin behavior through depolarizing fields

The spin vector S satisfies in the laboratory

&S, e E;A [E§+ 6(B, +y B, ]
N dt-mox - .,(ﬂ ¥ l) @
with |S| = 1 and where B, and B, are respectively the
Tongitudinal and transverse field components.

(G = 1.7935 ; = - 0.143)

frame

proton Gdeuteron

Let ‘“’P“”mfg(‘*YG)Bu - (1 «xﬁ)%wo @

Awr(e):ﬁ%\?(i +YG)AB,, ®)

u%:gi;: revolution frequency ; R
g : bending radius ; B
inside the magnet.

: mean radius ;

20" vertical component

< 3
rdl
Oz n
Fig. 1
let s = Sq + S5 then s. verifies
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being the perturbation’ Bz, W

Equation without perturbation
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The solution can be written E;
.ﬁ; Pe/wo
5= C 5(6) e @
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where G}:(M,G)wo:..tj Lh(Bl49 5@13 the period of
the structure ;g Bl W
LR LIl o
S@)z eflWe S W is a periodical
function ; S(8+@) = S(8) ; |5(6)|= A
Equation including the perturbation

The solution of Eq. (E) can be obtained using
the variation of constantsTmethod. It follows that
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3. Derivation of EME

The transverse field components in dipole or
quadrupole magnets can be written as

B,(8,x,z) = B,(6,00] . K(B)(BR)x+..
B (8,x,2) = K (0 (BR)z ... @
B.(0,%,2) = K,®8)(Bp)z...

with K,(8). 0B2A ana K101 9Bs/yy(periodical)
The transverse coordinates x, z’of the particle
are solutions of Hill qugtions and are expressed
as follows . Fé e #(MeB+9x) | L o

[J
where F,z< : %@ e} [RL %B;' J{e]

V} : wave numbers ;255 : transverse emittances.
For weak focusing structures, x and z are

X
2

@ ®

X
;= cos (V3 8. py) and Fé:ﬂf

3

Ny x>
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Vertical field components BZ

This component does not generate any depola-
rizing effect but modulates the precession fre-
quency of the spin. The relevant term in Eq.
can be. written as

a3 §0Bs,
icg=_3%!o_(e_):,éR(qu)fi(G)[f';(G)e ’ +cAc.] @

Its average vanishes since V; is not an integer.

Horizontal field components Bx
The perturbation f .ction is

§6) - -5, ™), Be. ®
It follows that . Bz, TAZR
%hxx_g_(uﬁ"‘“’ K p (el (P‘m,] ®
)10 4641 1) £56
where &gs' Kllﬂl%% and foeé K, (6) JS%

are periodical with period @ and therefore can be
expanded into Fourier series

s . Thep,
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" ={2@"in case of systematic¢ depolarizing effects

1in case of random depolarizing effects

The resonance phenomenon occurs when yG ¥ 4Mn:=0

Considering the slowly varying part o _% d%
it follows that : d
0+ WYmn *
1_de 1) |1, |ot(E0+ ) ?
V1-lclz 48

where §2 = 1-1sl* = 4-|C]1
|Iﬂnlilcﬁhl 3*’1ﬂ=?l+XHn if E=XG#3];+MP\
[Tl = IOl 5 Yian o @+ Yn 1F €= Y6z Mn

and D, - are explicited in Eq. (19) and Eq. (20 .

an exaMB]e, we find in Saturne 277 35¢ Y, (3.
1<y<4 ; M=4

Two systematic linear resaonances
and Y6 = Yz are crossed.

c
adn

Y6 = 8-V2

Longitudinal field components Be

A1 the results given for the horizontal
components B, are valid providing that K, is
replaced by * K, and X, by Ag .

Closed orbit resonances

The transverse field along the closed orbit
is B, = K|(6) (Bp) Z_ (0)
Eq. @ cap be written as

. s +[(§6-n)6-«
3 9N Sow tn0
Where o f, 1Nk (6) 5 g o 8
Ho 2 - A & '§(372°° et do

The resonance phenomenon occurs when YG-n=0 ;
6z being the mean squared root of Z.,(8 in the
quadrupole lenses, one ge -

2 2 33 2 2
| Xyl = ¢ HA :(ﬁ_&_) 424 (). 5"
where (K*E)Lis the focusing strength of the 1T
quadrupole in the structure and NQ the number
of quadrupoles.
The resonancesyG = 2, .., 7 are encountered in

Saturne 2 ; they are quite strong and generate
a complete spin flip.

®
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Stationary case. Resonance width

When & does not vary, the solution of Eq. @)
is C-lcle#E*9)  here ICl is a constant given by
1 £2
ek 2. win ) ! @
Iy 2 is proportional to 81;|Inh|1=|Hh|lgl. For a
n_. . . : .
given distribution function of &, , the value of
& (or equivalent AE=¢E,/G where E_ is the rest
energy) corresponding to a beam polarizgtion <S>

can be interpreted as a resonance width ana]ogoﬁs
to stop band width. Two different distributions

are considered here . .
@)= 2244,

-‘F(zz) = 4 o<az<8m~,,
then € = = AHn,S ‘._..lﬁ_}_gAzi: AH¢ )‘/4;.33’5
2 N 1.¢5> "% 4(1-<5p) @

8ZMAI
O, being theﬁzmean square rggt.
-, [l -
f8) ud T gk e%“f; Rayleigh distri-
2/ =t 72, ayie1gn dist
bution corresponding £6*a Gaussian distribution
relatively to z and p, = 0,7, ’—d%‘_ . Then,

FOVY o

n zﬁ'l-( 2> @
These two different models roughly lead to the
same numerical results.

Resonance crossing
When Y orVz vary, Eq. @ becomes
1 d¢ rl)"hﬂ[g*&““‘l’m“?n); Y= le??> @

hgeirélqigzcélziﬁ-ﬁ_fqii@bt%.a -
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Assuming a = constant, let T/ @ ; then fq. @
can be written as ?(‘f" ) Q'C'VZ
—L__dC._ DI [T e &)
Vd-ICFJT a ; [‘C)- o )

: . ‘3’(@ %n(ﬂ‘
Using C = Sinp(r) &
it finally 1eadgs to

4 (Smep 2"

clt( ?

and SZ = Cos &P(t) ,

bl eét‘/z
):- & 1]

The solution is (1) @ (g A‘F:Ze’z

4. Numerical results for Saturpe 2

Betatronic linear systematic resonances

A Coshyp AE
N 1208 7 247 £ 67 Mev? £ 315 Me
IG“E 2: 2.8 ) 2: 4em -1 i;Z.ISc:\V Y3:1.cm Y
742 195 £52.5Mey ' 27 Mav
XGE&‘E 2<195em : i =4.cem -1 IR 1.95‘5: ‘L PN

The resonance width AE has been computed f0r<52> =.99
Closed orbit resonances

A Cos A AE
¥6-2 10.4 A 2 8.7 Mev
XG“’) 18.5 A +11.6 Mey
¥6: 4 29,0 -4 +14.5 Mey
TG'S 417 -1 $17.0 Mev
¥6: 6 56.7 A4 +20.4 Mev
167 74.1 4 £23.2 Mo




The resonance width AE has been computed for

6z = 4 mm,

This analytical approach has been checked by means
of a computer program dealing with matrix transport
of spin.

Other resonances

Non systematic linear components as well as
non linear components are not strong enough to
generate any depolarizing effect (A& 1).
These numerical results show that one should be
able to accelerate polarized beams in a strongly
modulated structure without any correction.

5. Conclusion

The generally accepted idea that strong
focusing is not well adapted to polarized beam
acceleration does not seem to apply to Saturne 2.
The choice of strong focusing had been made
because of its intrinsic advantages when compared
to weak focusing. (4) The fact that strong
focusing and polarized beam acceleration can be
made consistent with each other is quite
promising. The first polarized beam at Saclay
is scheduled next october 79.
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