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SUNULEIKy 

After a review of the present situation in the 
AGS incoherent space charge effects in respectively the 
just injected beam, the coasting beam and the bunched 
beam are considered. Numerical estimates of shifts 
and spreads in betatron frequencies are given. The 
ratio of peak to average azimuthal densities in bunched 
beams is calculated for parabolic and uniform initial 
energy distributions. It is concluded that the inten- 
sity limit of the AGS is probably set by loss of parti- 
cles out of vertical betatron phase via resonances and 
coupling in the early bunched beam. 

Present Status of AGS 

On several occasions dc beams of 2 x lO1o protons 
(i.e. with a uniform azimuthal density of 2.5 X lOlo 
protons/m) have been circulating in the AGS for up to 
a few hundred revolutions. All dc beams are eventually 
lost on the inner vacuum chamber wall because the rate 
of rise of the guiding field cannot be reduced to zero. 
From the loss patterns of beams with 2 x 1Ol3 protons 
one concludes that such beams occupy most of the hori- 
zontal aperture. Attempts to accelerate them have con- 
sistently met with very poor capture and accelerating 
efficiencies, typically less than 10%. In general that 
efficiency decreases increasingly quickly with increas- 
ing circulating beam intensity (= intensity before cap- 
ture begins); the highest accelerated intensity of 
9.5 x 101’ protons/pulse was achieved with a circula- 
ting beam of - 1.6 x 1O1” and 8-9 x 101” is obtained 
izith less than 1.4 x lOIs. The loss of rf efficiency 
with increasing intensity cannot be fully explained 
;ILth the loss in betatron aperture due to bunching. 
Typical loss patterns show after small initial losses 
during the first 60 revolutions after injection ter- 
minatcs and totaling c: 10% of initial intensity a 
sharply increased loss rate correlated with the gap- 
voltage amplitude program for some 200 revolutions. 
This takes of the order of 25%. The rate decreases to 
zero gradually during the following 10,000 or more re- 
volutions. This takes another 5% so that the net ef- 
ficiency is of the order of 60% for an initially cir- 
culating beam of 1.4 x 1O1” protons. 

The intensity of the beam to be injected has been 
as high as 70 mA (of 200 MV protons), during normal 
operations it is somewhere between 40 and 60 mA, and 
no cl<ar tiptimun has been established. The emittance 
increases aumewhat with current, half of a 50 mA beam 
falling inside the lr X lo-’ rad-m contour and 0.8 of 
it inside 3- Y lo-’ rod-m. It is injected during 20- 
25 revoluticns usually leaving some of the horizontal 
aperture free by having the injection closed orbit 
somewhat on the outside of the center of the aperture 
and by delibcrctcly not injecting during the last sev- 
eral revolutions of the available injection period. 
After the first 25-10’~ of the injection period the cir- 
colating beam increases about linearly in intensity 
while injection progresses until the end of the process, 
suggesting that s constant charge is added each turn. 
This behavior does not depend very strongly on the 
shape of the horizontal emittance at the inflector exit 
(i.e. eccentricity and orientation of major axis). 
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Since the rate of closed orbit motion in the neighbor- 
hood of the inflector (= bump collapse rate) necessary 
for stacking in betatron phase space is nearly constant 
and chosen to have even the largest partial acceptance 
flooded by a properly adjusted horizontal emittance el- 
lipse of the injected beam, one would expect the cir- 
culating beam to increase quadratically rather than 
1 inear ly . 

In the early part of the injection period in par- 
ticular, the way in which the circulating beam increases 
is affected by the excitation of the two bump magnets, 
bending magnets, one about a quarter betatron wave- 
length upstream of the inflector exit, the other a quar- 
ter wavelength downstream of it, which together produce 
the variable bump in the closed orbit at inflector azi- 
muth. These magnets are excited by half sinusoidal cur- 
rents whose relative amplitudes and phases would seem 
to be important for the development of the partial ac- 
ceptance. In practice timing appears to be more impor- 
tant than amplitude ratio and neither arrives at theo- 
retical values during tuning for maximum intensity. 

Although the injected beam is known to be 1.5-2 cm 
high at the exit of the inflector (calculated from emit- 
tance measurement and supported by flag observation) it 
increases by a factor 2-3 within the first few hundred 
revolutions. This is not caused by obvious vertical 
steering errors and/or maladjustment of the vertical 
emittance, and seems even fairly independent of these 
parameters. 

The energy characteristics, i.e. central energy 
and distribution, of the linac beam appear to be of 
prime importance. 

Space Charge Effects in Injected Beam 

Space charge effects in the just injected beam 
tend to invalidate previous considerations on multiturn 
stacking in betatron phase space since these were based 
on linear transformations .I” The motion of particles 
inside an azimuthally short sample of the just injected 
beam is subject to external forces, i.e. the guiding 
field, the self-field of any already circulating beam, 
the self-field of any later injected circulating beam 
and to internal forces, i.e. the self-field of the sam- 
ple itself. If the nonlinearities in the external 
forces are small enough to neglect the differences of 
their effects on individual particles in the sample for 
the several revolutions necessary to define the partial 
acceptance for that sample, the betatron motion of 
those particles may be described as the superposition 
of one with respect to the sample’s axis and one of 
that axis with respect to the closed orbit. Each mo- 
tion is a rotation in a properly normalized transverse 
phase space, the rate of rotation about the axis is 
less than the rate of rotation of the axis about the 
closed orbit in the presence of space charge. The in- 
stantaneous rotation rate about the axis is a function 
of the radial and axial excursion with respect to that 
axis. In Appendix A we calculate to first order the 
frequency shifts as functions of the amplitudes for a 
circular cylindrical beam matched to the external fo- 
cusing system, with a uniform population in four dimen- 
sional phase space, neglecting image effects. APPlYi% 
the result to the AGS for the injected beam, assuming a 
beam current of 0.8 x 50 mA inside two dimensional emit- 
tance of 371 X lo-’ rad-m, one finds a frequency spectrum 
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that stretches from v-O.31 for particles with negligi- 
ble amplitudes with respect to the sample axis in either 
plane to u-O.08 for particles with maximum excursions 
in each plane. The first shift is twice as large as 
would be found for a beam of equal dimensions and cur- 
rent but uniformly populated in real space. Since the 
actual distribution in four dimensional phase space is 
peaked towards the center, space charge defocusing is 
more nonlinear than assumed and the maximum frequency 
shift therefore larger. 

The zero amplitude shift in axial direction is very 
large, but reduces to -0.05 for motion of maximum am- 
plitude (= 3 cm). 

Azimuthal Density Distributions 

These tune shifts cause deviations from expected 
transverse positions on successive revolutions and 
make it impossible to fully populate the partial ac- 
ceptances defined by linear theory. They also distort 
the shapes of the partial acceptances and make their 
boundaries vague. As a result, the acceptance of the 
accelerator cannot be populated to the density of the 
injected beam. 

In view of the importance of the azimuthal density 
distribution a computer program was written to study 
this in dependence of the energy distribution in the in- 
jected beam, the synchronous energy in the accelerator 
as determined by guiding field and rf frequency, peak 
energy gain per turn and rate of acceleration. Assum- 
ing adiabatic processes throughout,the program maps the 
(azimuthally uniform) energy distribution that exists 
before capture begins onto accelerating buckets with 
specified characteristics, Thereafter it projects the 
resulting distribution onto the phase (= azimuthal) 
axis, yielding the azimuthal density distribution. 

Because image effects were neglected in this cal- 
culation, the frequency shifts obtained are likely to 
be smaller than the real ones, perhaps by 2PL.3 

Space Charge Effects in Circulating Beam 

Space charge effects in circulating beams have 
been treated extensively in the literature.s-* Ins 
tune shifts were calculated for a 200 MeV proton beam 
of 2.5 :< lOlo protons/m in approximated AGS geometry, 
assuming half cosine distributions, axially and radi- 
ally, in real space. In four dimensional phase space 
such distributions are about 50% denser in the center 
than uniform ones, These calculations take electric 
and magnetic image effects into account. For beam di- 
mensions of 10 > 6 cm” it was found that the space 
charge tune shifts follow from 

if--i 

2ux = - 0.053 (1 - 0.0965 X’), ,=o 

>,I: =- 
Y 

0.283 (1 - 0.070 ;“), x=0 d 

25 0 

in the two planes of symmetry. Here c and y are the 
betatron amplitudes in cm (x = radial, y = axial). 
These results apply after the axial (= vertical) beam 
blow-up, mentioned earlier, has taken place. During 
and immediately after injection the beam should only 
be 1.5-2 cm high. Since the tune shifts are about 
proportional to charge density and the aspect ratio cf 
the physical cross section is larger then assumed in 
the calculation one would expect the calculated maxi- 
mum shifts ~?;y . _ to reach -1. immediately after injection. 
Under such conditions rapid axial blnw-up is to be ex- 
petted. 
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In Fig. 1 the ratio i/h of the peak and average densi- 
ties as function of the difference EO between the cen- 
tral energy in the coasting beam and the synchronous 
energy. Curve 1 refers to stationary buckets, i.e. to 
zero energy gain per turn, curve 2 to 15 keV/turn. The 
central energy in the coasting beam is 200 MeV, the en- 
ergy distribution parabolic with a base width of 500 keV. 

TABLE I 

Space Charge Effects in Bunched Beams 

The image effects in bunched beams are complicated 
by the difference in boundary conditions for the dc and 
ac components of the self-fields. The vacuum chamber 
wall represents the boundary for both the dc and ac 
components of the electric field, as well as for the 
ac component oE the magnetic field, The dc c-mponcnt 
of the magnetic field is bounded by the iron of the 
glliding field magnets and free space, provided there 
are no other iron structures nearby nor dc currents 
flowing in the vacuum chamber walls. This complica- 
tion is especially noticeable in moderately bunched 
beams, where the ac cdmpancnt is not much larger than 
the dc cne. For an intensity of 2 X 101” in the AGS 
and a local-to-average density ratio equal to 2” cal- 
culates 
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Other results hove been assembled in Table I whcare c<ll- 
llmns represent different accelerating rates and rows 
x/i as function of energy spread ES and energy offset 
EQ. The first three rows refer all to beams with a 
rmaximum energy error of 500 krV, the first two with 
parabolic distributions, the third one with a uniform 
distribution. The last two rows refer to beams with a 
maximum energy error of 920 keV. In all cases the : _ 
celerating voltage has been chosen to yield a cnptur 



efficiency between 0.99 and 1. Inspection of the re- 
sults shows that capture of a beam with a parabolic 
distribution and an energy offset yields peak densities 
very nearly as low as that of an uniformly populated 
beam without offset and the same maximum error with re- 
spect to the synchronous energy. Both are rather low- 
er than a parabolic beam without offset and the same 
energy spread as the uniform one. It may also be seen 
that larger energy spreads yield lower densities and 
that the densities increase with the rate of accelera- 
tion. Since the space charge induced tune shifts are 
proportional to h/(m)it follows that for constant 
shift A may increase as v-in first order. The 
relationship differs from X/(@y3) which might be ex- 
petted because the area of the beam cross section de- 
creases as m. It allows to calculate the accept- 
able increase in the rate of acceleration with energy. 
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Discussion and Conclusion 

It follows from the calculations presented that 
transverse space charge effects play already a fairly 
severe role in the early part of the cycle of the AGS 
at norm1 intensities (up to 8.5 x 1Or2 accelerated). 
In order to limit the shifts in the vertical betatron 
frequencies to 1~~1 < 0.3 the azimuthal peak charge 
density must remain below-*3 x 101a protons/m. Since 
it seeas possible to limit X/X to < 2.5 by proper rf 
techniques this corresponds with an acceleratable beam 
of - 1.2 x 1o1s protons. Assuming that these techni- 
ques yield also capture efficiencies of the order of 
80%,.an accelerated intensity of 1.2 X 1Ol3 would re- 
quire a coasting beam of 1.5 x lOIs. Beams with such 
intensities have been fairly common practice for some 
years now. They might still be unsuitable in terms of 
their cross sectional charge distributions however. 

Assuming a spherical distribution in four space 
with uniform density d and radius p one obtains for the 
density X(r) in real space X(r) = dn (pa-r’), r i p 

= 0 r > p. 
Thus the charge X(r) inside a cylinder of radius r is 

h.(r)=d$ra(p”-%ra) = ZA(r/p)“(l-%(r/F)‘) 
with A the total charge per ilnit length. For the x and 
y components of the electric field one finds 

Whether beams with frequency shifts up to 0.3 can 
be maintained during early acceleration depends upon 
the amplitude growth rates as set by the stopband strut, 
ture and horizontal/vertical coupling. Since both be- 
tatrcn frequencies of most particles are modulated by 
the differences of their averages and in addition by 
twice a synchrotro” frequency, many particles will be 
driven repeatedly across resonances and change their 
betatron amplitudes.7 Such changes will modify the 
cross sectional charge distributions and the betatron 
frequency distributions with them. They may also mod- 
ify details of the stopband pattern because part of the 
pattern is generated by the beam itself via image ef- 
fectss in azimuthally non-uniform structures close to 
it (e.g. injection and extraction magnets, ferrite 
structure of bump magnets, pick-up electrodes, varia- 
tions in vacuum chamber cross section). 
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The betatron motion of a test particle in free space 
(no image effects) follows from 

Applying the method of Krylcv, Bogoljubov and Mitro- 
polskii one finds for the frequency shifts to first 
order: 

It appears that maximizing the accelerated inten- 
sity depends on several factors: Control of injection 
and rf capture to minimize the peaks in the density 
distribution, reduction of stopband widths and horizon- 
tal/vertical coupling to reduce growth rates, control 
of acceleration such that a maximum number of particles 
survives the process. 

References 

1. J. Claus, “AGS Injection with 200 MeV Linac”, BNL 
Inf. Report 15646, Jan. 12, 1971. 

2. J. Claus et al., “Multiturn Injection Into the 
Converted AGS”, IEEE Trans. Nucl. Sci. Vol. 3, 
NS-20 342 (1973). -) 

3. L.J. Laslett, “Intensity Limitations Imposed by 
Transverse Space-Charge Effects in Circular Parti- 
cle Acceleratord’, Proc. 1963 Summer Study on Stor- 
age Rings, Accelerators and Experimentation at 
Super-High Energies, BNL Report 7574, 324 (1963). 

4. I.M. Kapchinsky and V.V. Vladimirsky, “Limitations 

1928 

ru x = A”xo L 
l-~~(~,~)“+-t(l+:cos(2(~x-~y)~e)~.(~)~~~~ 

x 
. 2.u - 

nu 
Y 

= ~~~~l-T~(j.:f)^+i;-(l+;cos(2(_ -<y)p)l-(t) ipi 
x , .‘+ - 

Y 
? 

where iv =-:+. 
x0 7EF &+k 

= - Ai >>L 1 1 R2 
L-Jyo .- .- 

7EF“ - @’ ‘f E, :, 
Y 

represent the zero amplitude shifts and where 

u =UX+,“; X i x0 

.J = t; + ” 
Y Y ’ ‘yo 

2r;R is the circumference of the accelerator, ‘:)( and 7 
Y 

Appendix A 

Betatron Tune Shifts in Cylindrical Beam 
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its unperturbed betatron frequencies, p, y the usual twice the difference in betatron frequencies. In the 
relativistic velocity and energy and p the velocity of 
light. 

extrema and with Au0 << u : 

AU 
It may be seen that the space charge induced octu- x = &gxo [l-g G/p)” + k (1 * 4) (TlF)2) v,z 

pole causes the betatron frequencies for most particles, ^ 
(i.e. those with x # 0 and Tr i 0) to be modulated with AU 
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