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Summary

It is shown how a single beam space charge force
:an combine with a lattice design having large B varia-
ions, such as occurs in machines with low B insertions,
-0 induce resonance behavior. Although the single beam
ipace charge force may be highly nonlinear, it will, by
.tself, excite no resonances, since its azimuthal
tourier decomposition is essentially composed of Oth
ivarmenic., However, low periodicity, large B variations
ire harmonically rich and can provide the necessary
1zimuthal harmonics fer resonance excitation. The res-
ynance characteristics of this type of system are de-
seloped. A strength parameter involving the linear
:une shift and the 3,54 value is introduced. In parti-
:ular, two cases are discussed: (1) where the force
irises from the beam self-field and (2) where the force
is induced by images in the surrounding boundaries. A
romparison is made with the beam-beam force in terms of
soth the strength parameters (related to the linear
-une shifts), and the nonlinear resonance behavior.

1. Introduction

Particle behavior in acceleratcrs or storage rings
san be characterized by betatron oscillations about a
fixed equilibrium orbit.? Under certain circumstances,
sarticles will exhibit rescnance behavior or a growth
in these betatron oscillations, which are, in general,
induced by azimuthal harmonics of specific perturbing
field components® (i.e., derivatives of these perturb-
ing fields with respect to a transverse dimension, hor-
izontal or vertical). Thus, if the perturbation has a
(p~1)th derivative on the equilibrium orbit and this
component has an nth azimuthal harmonic, then for the
setatron tune near v = n/p, a resonance is excited with
strength proportional to the nth harmonic of the per-
turbing field. This is an incomplete description in
that particle motion in the vicinity of the resonance
tune is for the case of nonlinear resonances with px4
significantly affected by nonlinear detuning arising
from Oth azimuthal harmonics of all even ordered field
zomponents (i.e. even p), the lowest and in many cases
the most substantial component being the octupole term,
sorresponding to p = 4. Although this nonlinear de-
tuning may dampen a potentially explosive resonance, it
cannot altogether suppress the growth characteristics.
Particles whose tune is amplitude dependent can still
"lock-intc" a rescnance and be drawn to large betatron
amplitudes, although the time scale and amplitude gnmmh
are rather different from the case of explosive growth.”

There is a second aspect, in which the excitation
of a resonance deviates from the simple picture of ex-
citaticn through an nth azimuthal harmonic of a field
A strict analysis demonstrates that, rather
it is the

component.
than the nth harmonic of a field ccmponent,
nth harmonic of a field component weighted with ome
power cf the betatron amplitude function _i.e. gP/2(ey1.®
In physical terms, it is clear that for a given per-
turbing nonlinear field, if particles are constrained

to move at larger amplitudes, which results if the 8-
function is larger, then the resonance characteristics
will be altered. However, in accelerators with a high
periodicity, the 8-function is composed primarily of a

te
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Oth azimuthal harmonic, the next contributing harmonic
being related to the number of B-function oscillations
per revolution. Thus, if a machine has 60 3-function
periods, as in the Brookhaven AGS, then a Fourier de-
composition produces the azimuthal components 0, 60,

120 .... With such a large separation between harmon-
ics, it is not difficult to design a machine so that the
higher harmonics of the B-function play no role in res-
onance excitation. The simple picture therefore holds,
However, in machines designed with low symmetry,* as in
storage rings or high energy accelerators, where a small
number of specialized insertions are included in the
lattice structure, this situation does not necessarily
prevail and B-function variations must be dealt with.

There are 3 general features of the 3-function
influence on resonance excitation: (1) the f-function
periodicity or lattice symmetry; (2) the 3-function var-
iation in magnitude, determining both the size of har-
monic contribution and the richness in the harmonic con-
tent (i.e. the number of contributing harmonics); and
(3) the extent to which the B-function harmonics and
perturbing field harmonics are orthogonal, for it is the
harmonic content of the appropriate product of B-func-
tion and perturbing field which actually induces the res-
cnance,

All three of these features enter in a rather strong
way in the specific case of low per10d1c1tv, high current
storage rings with low £ insertions.* 1In particular,
the high current provides large nonlinearities of many
orders arising from space charge fields; the large B-
function required to obtain low § crossings provides
the richness in azimuthal harmonic content; while the
low periodicity makes the resonance tunes difficult to
avoid.

Now, it is important to emphasize that we are con-
sidering here the space charge fields that arise from
the self and image-fields of the beam itself. 1In other
words, it is primarily a single beam phenomenon in the
sense that the interaction of the two colliding beams
does not produce the resonance excitation. Note the
significant distinction. The beam-beam interaction is
rich in azimuthal harmonics and rich in nonlinear field
components. One does not need the B-function variation
to provide the azimuthal harmonics. The beam-beam in-
teraction, occurring essentially at one point in the
azimuth provides this itself. 1In general, the single
beam space charge forces are dominated by the Oth azi-
muthal harmonic, Thus, to induce acnlincar rescnance
behavior, it is the B-function variation which is re-
quired to produce the azimuthal harmonic content. It is
this that is the basic substance of our model of reso-
nance excitation: large B variations of low periodicity
coupled with intensity induced single beam space charge
fields.

We will apply our theory to the case of a periodi-
city-one lattice. The extension to higher symmetry is
straightforward. Another simplification is the assump-
tion of only a single excitation region in the lattice.
In this regard, we may note that symmetric low 2 inser-
tions®* have two identical high B regions separated by
a betatron phase of m. This implies that for even-
ordered resonances, the strengths simply add--i.e. it
is as if we had a single high B region of twice the
strength, Note that for a perfectly centered beam in
the high B region, only even-ordered resonances are ex-
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cited by the space charge force.

0Odd-ordered resonances can be excited if the beams
are not centered in the vacuum chamber at the high 8
regions, The excitation strength is then related to
the precision of quadrupole placement relative to the
equilibrium orbit in the high B regions. We will not
consider such error-related excitation terms, restrict-
ing ourselves to the ideal situation of a centered beam
excilting only even-ordered resonances. Similarly, we
will not treat resonance excitation by errors in the
quadrupole fields at the high B regiocas,
of these resonances imposing limits on the allowable
field errors in the quadrupoles.

tha gtrength
tne strengin

There are two classes of nonlinear forces elicited
by the space charge of the beam; namely, the force
caused by the beam self-field and that induced by the
images formed in the surrounding walls., The important
distinction between the two is that the former is a
strong function of beam size, while the image field is
essentially independent of the beam distribution.®

Consider the impact of the self-field on resonance
excitation. In a manner similar to the beam-beam reso-
nance analysis,6 it can be shown that the quantity
determining the regonance characteristics in this case
is also proportional to the B-function and inversely
proportional to the second power of the relevant size
dimensions. In the beam~beam case it is found that the
strength is proportional to B (interaction point)/(beam
area), and for round beams is thus independent of B.
However, the azimuthal harmonics of the force necessary
for resonance excitation is still present for the beam-
beam force since it is the beam-beam space charge force
itself that is the source. Using a simple exten51on of
the methods used in analyzing beam-beam resonances,” we
find that in our case (i.e. the beam is large in the
dimension where the resconance is potentially excited),
the quantity determining the resonance excitation is
proportional to 3/(beam size)®. This is independent of
B, which means that the azimuthal variation of the
structure function, B(s), is exactly cancelled by the
azimuthal variation of the self-field space charge
force. But there is no other azimuthal variation. The
effective force, after incorporating the structure func-
tion of the lattice, is azimuthally constant. Thus, no
resonance excitation can result, Note that we have ne-
glected lccal size variation due to energy dispersion.

On the other hand, the space charge image field,
being egsentially independent of the beam charge dis-
tribution, has no azimuthal variation. It can there-
fore be anticipated that azimuthal harmonics introduced
by the variation of the structure function can induce
resonance excitation. In Sectlon 2, we develop the
resonance characteristics of such a system. In Section
3, we compare this type of resonance with beam-beam
resonances.

2. Resonance Excitation By
Single Beam Image Force

Space Charge Image Force

To be gpecific, we consider a parallel plate geom-
etry. We restrict ourselves to an infinitely conduct-
ing metallic boundary, causing an image component of
the space charge electric field. We do not include
image contributions to the magnetic field, although we
admit that they are not a priori negligible. It is pre-
sumed that such magnetic forces will not significantly
affect the conclusions arising out of our rescnance
model. For beams not close to the boundary, the image
fields for the assumed parallel plate geometry are
somewhat insensitive to the transverse density distri-
bution of the beam, We can therefore approximate the
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beam by an "infinitesimal wire", This simplification
would not be possible with a circular geometry where
the image field would vanish for an "infinitesimal
wire" at the center. 1In this case, the image field i:
only non-zero for a beam displaced from the center
(even if it is infinitesimal in extent) or for a cen-
tered beam with finite size. 1In the latter instance,
the image field is, of course, sensitive to the trans-
verse density distribution. To elucidate the princi-
ples implicit in the model proposed here, we will con-
sider the simplified example of a symmetrically placec
beam {with respect to the image boundary) of infinites
imal transverse size. In this limiting case, the cir-
cular geometry leads to no effect and we are left with
the parallel plate geometry.

It can be shown® that for an infinitesimal wire
beam symmetrically placed between two infinitely con-
ducting parallel plates placed in the horizontal-longi
tudinal plane a distance 2h apart vertically, the ver-
tical force at the horizontal position of the beam and
within the plates, written as Fy, is given by,

(e (1 21
y  \&heg / \sln(ny/Zh) ry/ O’

(2.1

where y is the vertical coordinate with respect to
the beam position at the center of the two

plates,
h is the half-distance between the plates,

A = eN/C is the average linear charge density
along the beam axis,
N is the total number of particles in the beam,

C = 2R is the ring circumference, R is the
average radius,

and ¢ 1s the free space dielectric constant.

[¢]

One Dimensional Equation of Motion

To cbtain the one dimensional vertical equation
of motion for a particle in the presence of the image
force, we simply include that force, given in (2.1),
in the equation for vertical betatron motion character-

ized by the lattice structure for the ring. Thus, we
have*
v+ K(s)y = FV/m‘Yc:‘ , (2.2)
where  K(s) is the gradient forcing function for the
lattice,

m is the particle rest mass,

Yy is the total energy of the particle in units
of its rest mass, we have taken the par-
ticle velocity to be close to ¢, the vel-
ocity of light,

s is the distance measured along the lattice
equilibrium orbit from some reference
position,

and y is the vertical particle displacement from

the equilibrium orbit.

To describe the unperturbed motion, we introduce’
an "amplitude function", E(s). Introducing a tune, <,
a phase for the independent variable, %(s)= Sd s/ (B (e))
and a new displacement variable t—y/hL% whefe we have

defined v(s) = E(s)/pav, with p v R/v, then Eq. (2.2),
using (2.1) for the force, F,, transforms to
t + ¥t = - ZvL:IM ¢ECHQL%t) . (2.3)

Here, fUpy 1s just the tune shift caused by the image
space charge force,

= - ﬁNrOR/(QBYth) s (2.8)

AUIM
where r_1s the classical radius of the particle
(=e®/4mEgme®). With z = wt/2, H=(6/2) 1/sinz-1/z].
Differentiation is with respect to the betatron phase



angle 6, which is similar but not identical to the azi-
muth, Sz, and @ is considered as a function cof 8(s).

Fourier Decomposition of B(8)

In an alternating gradient structure with many
cells, the amplitude function modulates with a high
periodicity. The harmonic structure is therefore wide-
ly spaced. In looking for resonance effects, this
rapid modulation is of little consequence and the B-
function in these parts of the azimuth can be replaced
by its average value, B,,. 1In the insertions, however,
the variation of B(D) is of a much larger magnitude.

In particular, in low B insertions for storage rings,*

f may reach values many times larger than 8, However,
these regions where B rises to large values cccur in
only short azimuthal extents. We therefore can approx-
imate this effect with a ¢-function in azimuth,

We will require various powers of the 8-function.
With th bove d scussion in mind, we write for the mth

e a
power of w(8) =B (8)/Bzy, in the case of M identical
large fluctuations,

o 2ar §
w = 8 (0 -
w (8) 1+ m / (® Gi) . (2.5)
i=1
We obtain [ by integrating over 8, resulting in
A£/2
- B syt
T c Jo [e(s)] ds , (2.6)

where A is the total length over which the B-function
modulation extends: A/C << 1.

Notice that the power of w is reduced by one.
This arises from the fact that in terms of the betatron
phase, which is the relevant "time" variable, the ef-
fective "length" over which the fg-function rises and
falls shrinks. This contraction in the effective azi-
muth results in a diminution of the factor Tos i.e. the
strength of resonance excitation, by one power of w .=
Bmax/2ay- In fact, it is clear that for wpay >> 1, we
will have an estimate for Iy of the order of [,
Mo(wrax)™ */mC, roughly independent of the detalls of
g-function shape. For w(s) linear in s, [, approaches
precisely this value, wh11e for a quadratic dependence
on s, we have 7 ”(M "/ C) *nax/(zm 1)]. We will use this
latter value as an approximation tc the actual value of
I'y» which can be obtained from the complete expression,
Eq. (2.6), for any given s dependence of w(s). A Fourier
expansion of (2.5) in terms of the "effective azimuthal
variable'", &, results in -
o <

w (8) = 1+ T+ 27

m oz

1=1

where we have chosen the coocrdinate zerc such that 8.=
2m(1-1)/M. For I >> 1, (2.7) can be written w™(8) =
Tau(®), with u(9) defined through (2.7).

cos M8 , (2.7)

Resconance Equations and Invariant

To obtain the equations of motion under resonance
conditions as well as the resonance invariant, we trans-
form to amplitude and phage variables, I and ¢ respec-
tively, related to t and € by t = /T cos 2, £ = - »/I
sin ¢, The resulting equations for I and ¢ are
i = 26(E + vPE)/u®, 3 = pecosE(t + v t)/q/I or,

™ »? sin2¢ HCL%t) s
. 3 (2.8)
¢ = v+ 2 v «® cos®p H(L L) .

M

T =21 s

It can be shown that an approximate expansion for H in
powers of z yields,
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o
- -1
~ 12 ¥ p-1 1" n-2
H=1+-5 - (4) cos ® . (2.9)
o
n=2
Defining a new strength parameter T = 'y, where

FZ (MA/BC)(EmaX/BaV)’ and introducing a new amplitude
variable, o = w 1/4, we can obtain phase and ampli-
tude equations from (2.8). The detuning term is ob-
tained by averaging over phase and azimuth, while the
resonant excitation term is obtained by neglecting
rapidly oscillating terms. If we introduce the slowly
varying phase variable ¥ = ¢ - (4M/p)8, where p and 4
are integers such that & = p + 1M - M/p is small,
than we can write the resonance equations,

e
#

=& 4+ . [F(e) + cos p¥ v ()]
and m P (2.10)
¢ = Tpy P sin p¥ v (@) ,

where the detuning and resonance functions are
=]
— -1
_120T @l @achit
Flo) = o= 2o+l (2Zn)t! ’ (2.1
n=2
2 1
12 ¥ o 1 2
T = 3
2O rF L Geh el Capiz . B0
n=p/2
and
<
12 % Q" 1 _2a
' = . i — ————
V. = ZF ;. oD 2n1 Coepy2 (2.13)
n=p/2

rc is the usual bincmial coefficient. Note that V;(a)=
vV (&), as required for the existence of a resonance
invariant. We can relate the variable & to the stan-
dard emittance parameter (Area = T X emittance):

o = Bpax €/4h". Defining ¥y by v = efeyng, where €,

is the beam emittance, we have that & and v are con-
nected by

v/ 4h®

Q’:P‘y:ﬁ
ma* rms

(2.14)
In graphs depicting the various resonance and detuning
functions, we use as independent variable, <, the rms
displacement in units of rms beam size, related to vy

by o = /2Y. We have assumed previously that Ty >> 1,

We can extend cur analysis to include the casebfzfg 1

by a simple modification cf (2.10). 1In a manner simi-
lar to the analysis for the case ['; > 1, we obtain in
general,

¥o=¢& 4+ (r YT
+ (’IM+“’IM)F(Q)+11MVP(Q) cos pY (2.15)

3, Comparison With Beam-Beam Resonance

Becaugse of the large detuning characteristic of
space charge forces, and this includes the image force,
the nonlinear resonances excited by these forces in-
fluence particle motion primarily by the lock-in pro-
cess.® The resonance behavior of such systems is
characterized by three amplitude functions,® (1) the
detuning function, (2) the adiabatic boundary function,
and (3) the instantaneous trapping function. The de-
tuning function is related to 7 the distance of the
tune from the rescnant tune (URES4~ n/p):

o,

b= dle) = (5D, (2),2 (Tt &3y (3.1
where £ is the beam-beam strength parameter (roughly
the linear tune shift), the factor of 2 corresponds to
there being two high B lengths for every one beam
crossing, (c) is the detuning for the beam-beam in-
teraction ang is given in Ref. (8),D{(c) = - (F(2) + 1).
Equation (3.1) defines the amplitude of the lock-in
iglands for a given ture, The adiabatic boundary func-



tion determines whether or not particles will be trap-
ped. The trapping criterion can be written as an upper
limit on the speed of tune variation,

bo__ < T(0) = [EPR20(), 4rp, (Tt Avr IR ()] (3.2)

rev p M IM ™M p *

where Rbb(c) is the adiabatic boundary function for the
beam-behm interaction, given in Ref. (8), and R (o) is
the corresponding function for the image field Bffect,
R (o) = |2mpv (c)F'(c)‘. The function B’ is derived
tPom F by dif%erentiation with respect to o. The in-
stantaneous trapping function is just the total number
of particles engulfed by the islands at a given o as
the islands pass through the beam. It gives the number
of particles that potentially can be trapped at a given
instant., 1If we approximate the instantaneous islands
by a ring in betatron phase space, we have for the in-
stantaneous trapping function at some amplitude o,
=Y. _e"Y.g.

P, = e (3.3)

T
where are the upper and lower bounds pf the ringF
and functions of g: v, = vy % 2/m)v /F1 [1+AUIM/F ]'%.
We obtain PT for the beam-beam interaction from Re??(&).

We compare the functions d(o), r(c) and PT(G) for
the beam-beam and image resonances in Figs. 1,72, and
3 respectively, taking as an example, the 6th order
resonance (p=6). For the strengths, we use typical
high energy storage ring parameters. Taking R = 1000 m,
v =40, h =3 em, ¥y = 400, and an average current I =
10 A, we have from (2.4), Av.,, = 9.2 X 107, For the
lattice parameters, Bpa.y = 16%0 m, Byy = R/v = 25 m,
M =1, and 4/C = 0.016, and therefore, Iy = 1.94 x 1073,
Also, taking a beam emittance, € . . Y = o x 107% rad-
m, we have T = 4,17 X 107, For purposes of comparison,
we take a beam-beam strength, £ = 1 X 107%, wWe also
show the impact of decreasing the beam energy to y=100,
Note that the quantities bopyy T and T are all in-
versely proportional to y and go increase by a factor
of four with this energy change.

From the curves we can see the following: (1) The
detuning function for an image-P resonance is a much
weaker function of amplitude than for the beam-beam

Tesonant tune, the trapping islands will move much
further in amplitude in the image-B resonance case.
(2) The amplitude boundary function for the image-B
resonance is very sensitive to energy and does not
level off with amplitude up to 0=5. The meaning of
these curves is that tune rates (per revolution) slow-
er than r(c) allows lock-in or particle trapping at c.
Thus, compared to beam-beam resonances, trapping for
image-f resonances is less likely. (3) For image-B
regonances, the fraction of particles that can be ia-
stantaneously trapped, Pp, is smaller by an order of
magnitude than for beam-beam resonances.

Note that in the lower energy case (+=100), the
filling of the aperture is ~ 50% at the Bpa, location.
In fact, it is clear that an increase in the chamber
radius, h, at this location will decrease the strength
of the image-B resonance, since Av e Time and T all
vary as 1/h®. However, it should ge kept in mind that
it is precisely at this location that we must have
quadrupoles to focus the rvising £ function. In order
to achieve the required field gradients, to accommodate
high energy particles, and to accomplish this while
constrained to a maximum quadrupole pole tip field, we
are driven in the direction of smaller, not larger,
chamber dimensions.

4. Conclusions

We have considered the effect of large, low peri-
odicity B fluctuations. When coupled with the space
charge fields of an intense beam, we have concluded
that resonances can be excited by the image field but
not by the beam self-field, The comparison of one-di-
mensional image-B rescnances with beam-beam resonances
suggests that they should not be ignored in the design
of storage rings.
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