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Summar

A narrow parallel beam of electrons from an
accelerator is commonly spread over a useful area
by multiple scattering in a thin foil for applica-
tions such as radiation therapy and bubble chamber
experiments. If the intensity at the edge of the
resulting useful field is a fraction x of that in
the center, then only the fraction l1-x of the inci-
dent beam is used., A secondary scattering foi}l
which intercepts electrons outside the useful field
redirects some of these into a distribution which
complements that from the primary scatterer,allow-
ing the use of a thinner primary scatterer. The
resulting distribution function is developed, in
a small-angle approximation, and integrated for
annular secondary scatterer elements as a double
series which is evaluated by a computer program
in terms of the thickness and dimensions of the
annulus. Results are discussed and limits of
applicability of the theory are pointed out.

Mathematical Model

Definitions

eferring to figure 1, the radiation at a distance
r from the axis of the electron beam can be given in
terms of the projected distance s of the secondary
scatterer element under consideration from the beam
axis and the projected distance t from the point being
evaluated, to a good approximation when the projection
distance is large compared with the separat1on of the
two scattering foils so that D = D' and 8¢ = 8', the
the scattering angle between the ray from the primary
scatterer and that to the point r from the secondary
scatterer element.

To a good approximation the small-angle multiple
scattering of electrons results in a two-dimensional
Gaussifn distribution, or a radial probability distri-
bution

-(s/<s>)?

P(s,<s>) = 25 e
<§>2

with the intensity distribution

={s/<s>)?
I(s,<s>) = § P(s,<s>) = ¢ e
21<s> N<s><
so that and

ZdS(P(S.<S>)) =1 st(ZﬂsI(s,<s>)) =4

Thus the contribution at a distance t from a secon-
dary scatterer element at projected radius s is
-(s/<s>)2 «(t/<t>)?
§I(s,<s>,t,<t>) = ¢ e . €
N<s>2 N<t>2

where <s> and <t> are the rms scattering radius of
the primary and secondary scatterers respectively,

To sinplify notation we introduce the relative
parameters

R=r/<s> , S = sf<s>, X =z (<t>/<53)
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where X is the ratio of thickness of the two scat-
terers and

(t/<t>)2 = R2/X + S2/X - 2RScosw/X

Then the relative intensity becomes

-52 - (R2452-2RScosw )/X
1=1I(R fdszsg ce

<s>) S1 X

where 1{0,<s>) = ¢/m<s> 1is the intensity on the axis
of a distribution from the primary scatterer alone.

Series Inteqration
We can rearrange terms to get

—R232 -s2(14X)n  +2RScosw/X
I =2eX [dS|Se X édm e
X 51

where the last integral bscanes a Bessel function with
the series representation

L 2RScosw

; -7 k
gdw e X = Iy(2Rs) = kZoEE%4£) J2

X

Using a series representation of the exponential tem
in S and factoring out terms in (R2/X)K we get

P o SZ
Z 4 0k Tentasol fds sek+21+1
= 20 T N +1 él

With term by term integration this becomes
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Fig. 1. Annular scatterer geometry.



Evaluation

The result of this integration is an expression
whicnn contains a negative exponential factor times
a series of positive terms in R with coefficients
whicn can be evaluated by summing the series in S.

An interactive program has been written which
evaluates these terms for given values of S and X,
reporting the number of iterations required to reach
convergence and listing the terms on request, and
then sums the series for a given range of R to pro-
duce a list or plot of the relative intensity as a
function of radius measured in terms of the projected
jnner radius S; of the annular secondary scatterer,

The result is subtracted from the corresponding
values using the outer radius S, in the determination
of the series coefficients, do Setermine the intensity
distribution from an annular zone between Sy and Sp,

or from -R?
I e /{1+X)

to get the intensity at various radii R from a sec-
ondary scatterer extending from S; to Sp>><s»>,

Figure 2 shows a typical plot of intensity dis=
tributions from primary and secondary scatterers sep-
arately and combined, and figure 3 shows a typical
plot of an actual radiation therapy field using the
annular scatterer,

Discussion

e mathematical model of multiple scattering has
been and will continue to be a great help in exploring
the possibilities in electron beam spreading systems,
even though it is based on an idealization of the phys-
ical phenomena involved, By comparing the results with
measured values one can distinguish when other phenom-
ena than multiple scattering become important, for in-
stance the contribution due to bremsstrahiung from the
scatterer at energies above 30 MeV or the divergence
due to air scattering below about 10 MeV in the geo-
metries typical of radiation therapy installations.
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