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In a multiparticle variable energy cy- 
clotron there exists a unique sector shape 
which will provide optimum focussing and,iso- 
chronism for the full range of particles to 
be accelerated. To generate this shape, gen- 
eral aard edge equations for the orbit pro- 
perties are presented. The equations for the 
betatron frequencies hold for the case when 
i) the entry and exit spiral angles are un- 
equal ii) the hill and valley fields vary 
with the radius and iii) for separated sect- 
ored cyclotrons also, with the valley field 
equal to zero. ii series of mc" type spiral 
sectored electron cyclotron magnets have been 
constructed and the hard edge equations have 
been evaluated against orbit integration re- 
sults in the measured fields. 

I. Introduction 

In the hard edge approximation, the 
equilibrium orbits consist of circular arcs 
of radii of curvature P and p 
to the hill and valley Fields 

?il 

corresponding 
and a as 

shown in Ei::.l. p is the radiu of thk! cir- 
cle passing througfi the points of intersec- 
tion of the equilibrium orbits with the sec- 
tors. When the entry and exit spiral angles 

~&.ZdaE$ 
at radius p are equal, there must 

radient in given 
by 

tffe hill angle rlo 

dTi 0 -2 (tan ~2 - tan cl) = 0 (1) 
5 PO 
In the hard edge approximation, the average 
field over the circle of radius p,ia 

a0 = N[3$1~+~f~1/2 (2) 

In the case :,lhen n 
ctions of the radifi:, 

B and 
$he tot t 

are all fun- 
1 average field 

index p,) is obtained by differentiatin;; Eq.2 
i.e., 
pi,= p dB 

0 
= (tan E2 - tan +-t4 + 

*odpo NrloPH + 11 - Nq,& (3) 
2n ZT- 

H4 =~~oCl+2nBV/no~03R-BV~l 

where we have made use of Eqs. 1 and 2 and 
introduced the partial hill and valley field 
indices 

PH = ~~4% and pv= ~~2% (4a,b) 

B. bpo no ape 

A comparison of n: 
edge 39.3 and JL' eb~~E,a~d"'~y"~'~~u~~~r"~~- 
lysis in the measured field of an N=3, E=+mcL 
electron cyclotron magnet is shown in ?i;.2. 

t On the staff of the Nuclear Physics Divisi- 
on 

II. General Deskn Eauationo for Orbit 
Properties 

l!o obtain the general expressions for 
the betatron frequencies v,andv,in the hard 
edge ap roximation, when E 
B are P unctions of the ra&ius, we'may"begin 

~2, n , B- and 

w Y th the analytical expressions for the beta- 
tron frequencies in terms of the ma,meticl 
field coefficients (e.g. Smith and Garren ) 
u:= -~'+F'+~ a' '+b' '+(1-3u' ) t a' 2+bt ' 

I* 2 A$-+ 

+&[2-d/dx-d'/dX'lf af2+b' 
I+ 4 

(5) 
IL 

2 
lJ;= l+~'+$~n~-:)(n~-4) (a:+":)+ (6) 

p1 is already given by Eq.3. To obtain the 
radial derivatives of the Fourier coefficie- 
nts a' and b' in the hard edge approximation, 
we Foarier aRalyse a step wave at radii P 
and po+ APO* With reference to Fig.3, th& 
sectors will be displaced by Ai1 andA9 due 
to the spiralling at radius po+dpo(showH by 
the dotted wave) thus 
p,(p,+ Apo)-pn( &,)=N (Bh-Bv). 

[AG2Cos n(igfto)- Ael Cos nfio] 

where p is the cosine coefficient of the nth 
Eourier"harmonic. Obtaining the correspond- 
ing expression for q,(P,+Ap,)-qn( p,) and re- 
membering that 
tan E z p. dtl, and a' 

df0 

n 'POdPQ 

Bad PO 

(7a, b) 

and takini:; limits Ap, -+ 0 
, 2+bf nzi(2 

"N N ;;' 
[s-SJ' [tW12Ei+tan2 E2 - 

BO 2 Cos Nno tancl tanc,l$) 
Subotituting from Eqs.3 and 8.in dqT5 and- 
retaining only the first three terms, gives 
the general hard edge expression for ur 

zJz= -( tane2- L tanel)/R4-Nno~H/2x-~l-Nrlq~uv 

+F'+hz[BR-BV12 [Sltan'sl+S2tanQXe2 
x 

BO 

L 
-2S3tan Ed tan ~~3 (9) 

w.iere S =S 1 2= $1/K' and S3=Q2 CosKNno 

The flutter F' and the time averaged field 
B over the orbit are ;:iven by 
F'=(Bfl-B)&E -B& B = [a(& -A )+A 3-l 

B 2"%i?, Bv 
From Eqs. 3 and 6, the corresponding expres- 
sion for ur becomes 
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Uvz=l+( tane2- tanEl)/~i4+~1-rH+[l-~JIV (10) 
2n 2x 

omitting the third and other terms, which 
are only significant, because of the l/N' 
dependence, when B is low. 

Each equilibrium orbit in Fig.1 cor- 
res_oond to a.value of y given L;r. 
V( (11) 

where n, the turning angle in the hill sec- 
tor is related to qo by 

cot J-ql=cot ~r/N+R~.(Cot~~~-':otn/N)/~~ ('2) 

If 7 be the time period in an orbit corres- 
pondin? to y at p, and 7 and Y correspond- 
ing values for a refereAce or&t (e.C the 
first orbit), then we have 

L 
Tl 

= ~h@+$$+~ ~1 kT 
v~l~,(~-~I~~ %I 

(13) 

For isochronism, we require that the ratio 
t/71 be constant with the radius. 

The Eqs. 9, IO and 13 are valid for 
homogeneous field sectors and $ve the orbit 
properties directly in terms of the sector 
geometrg. Eqs. 9 anti 10 are vnlid for in- 
homo.rreneous 
case, 3 

field sector also. Since in this 
and P 

&e (X9.1) Eq'il 
will vary with the orbit an- 
13 may be used only as a 

first approximntion if BR and BV do not vary 
appreciably over the e,quilibrium orbit. For 
a separated sectored cyclotron, Eqs. 9, 10 
and a modified form of 3q. 13 may be used 
with BV=O. 

III. Scheme for arriving at the Optimum 
Sector shapes 

The sectors alone cannot be mxde to 
provide the isochronous field for ::11 the 
particles. They may however, be shaped to 
provide the isochronous field (i.e. 'C/T, = 
constant) for a' reference particle' lyfn:; 
in between the extreme cases such that the 
load on the trim coil currents is a minimum. 
Due to the different isochronous PCuidinrr 
fields under operatin,; condi:ions, the ilVTy) 

curves for each particle !,rill be different 
on the (XV.) granh. This familv of tunes for 
all the~p&-ClciesAof interest must be kept 
away from a resonince region. Thus qn opti 
mum (U,v,) curve exists for t:ie riference 
particle which will keep the tunes of all 

.- 

otiler particles within the oper?,tin,; regi.on 
on the (v,v,) graph. 'Thus the optimum sect- 
or shupes mu:;t provide for the reference par- 
tic1e, simult:meously, i) a specific ( lJ,Zrz ) 
cu,rve on the (vrl), ) graph, and ii) z/~l = 
constant with the radius. 

Case ci^ homo,geneous field sectors 

In the case 0-O homoljenecus field see- 
to.3. the optimum values of the >arnmeters X, 
BR and $ must be fixed. 
Qlnce s and. 4, 

Also, pH=pv=o. 
are constant llith the radius 

an increase In the averaTe field must be ob- 
tained by 'flaring' the sectors. The rate 

of flnrinz dn /dp can be obtained through 
Eqs.11, 12 an8 130for the condition 71'~. = 
constant and connected to the spiral a,n,les b 

el' E2 through Eq.l. 

Further, assuming circular equilibrium 
orbits, we have approximately, 

+ y*=1+ po2/(p 2- PO') 
C 

where p = cyclotron radius for the reference 
particlg. Eq. 14 can be used in conjunction 
with the required (v,Vz) curve for the ref- 
erence particle to obtain the radial depen- 
dence of vzJ &(pO). i'he Eqs. 1 ,lnd 9 may 
now be solved simultaneously at several 
radii to obtain the E (c ) 
will provide the u,(p,)aRd T/T 

and E ( f,) which 
= c 

the reference particle. Iflthis 
t3 nstant for 

is done, 
and making use of Eq. 7 , the optimum sector 
contours are given by 
e,(f,i= 1 

I 2p0 

[K12-4R2 ]'dp,-+n,(P,)+@, (15) 
2R3(Sl-S3) 

(16) 
where Rl= podno/dpo, R2=(SlR31:12+F2-Rl/R4-Y,Z) 

R3= L&]3H-Bv12 
x 

BO 

L 

In practice, de /dp may be calculated at a 
few radii, fitt&d to 3 polynomial in radius 
and integrated. 

Case of inhomorreneous field secu 

In this case, tne parameters BR and 
BV may also vary with the radius and 
p f 

~1 f 0, 

‘IF 
0. 'Thus the choice of the vari:ible g is 

n t restricted to E: and E only as in the 
case of the homogen&ous fi&d sectors. A 
scheme similar to thut discussed for the 
homo:;eneous field case may be followed, de- 
pending upon t:ie _sarticular choice of the 
variables used. 

Separated Sectored Cyclotrons 

The above Inethods :ay '~'e used, :ritn 
av=o, yo. 

IV. Comnarison of t&?l.ard edge, equations. 
with orbit inteRration results 

A sA,ries of mc 2 type spiral sectored 
electron cgclotron ri:nC<nets were cnstructed 
in order tb st:ldy the-validity of the h,lrd 
ed.:e eauations 9. 10 and 13 anainct orbit 
ingegration resuits for a wide ran.;e of para- 
meters. I'he followinr. three cases were con- 
sidered: i) A three secto:~ed, .&&rnc' elec- 
tron cyclotron ma!;net, ii) 2n eicl?t sectored 

electron cyclotron 12;~ pet:m.1 iii) an 
separated sectored cvciotron configura- 

tion. 

lypical hard ed;e sector parameters 
obtained afte:* :r.ztchill<n,: and assembly on the 
pole pieces are shown in Table I. i+,netic 
field measurements were lilade in the median 
plane on a polar Lrid B (r,8). a. ,lnd B 
refer to the measured :.;,ixima zr.:i dinima 'I it 
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each radius. pH, pv and p' have been calcu- 
lated using Eqs. 4a, 4b and 3 respectively. 

The expected hard edge values of VZ, 
v, and T/T for the three cases were obtain- 

ed by subst l tuting the sector parameters (e.g 
Table I) in Eq. 9, 10 and 13 respectively. 
The corresponding equilibrium orbit proper- 
ties v=',u,' and %'/'c' in the measured fields 
were computed with &he equilibrium orbit 
code, ORBIT. A comparison of the hard edge 
v,and the corresponding orbit integration v,' 
is made for the three cases in Fi . 4a, b 
ma C. A typical comparison of 7 7 
T'/T' is made for N=3 in Fig. 4d. 

z1 and 

are Eompared for N=8, 
U, and Y: 

and for X=8 (separated 
sector) in Pigs. 4e and f. 

The hard edge values expected from 
Eqs. 9, 10 and 13 agree reasonably with the 
orbit integration results. Thus, Eqs.15 and 
16 may be used to obtain the preliminary op- 
timum sector shapes. Once a scale model and 
orbit integration results become available, 
the exact optimum shape can be obtained by 
a differential corrective procedure using a 
modified Newton-Rhapson method of successive 
aoaroximations using the hard edge equations 
9;'lO and 13. 
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Fig. 1. Section of an equili- 
brium orbit in the hard edge 
approximation. 

b a poLo 12 

Fig. 2. Comparison of p' ex- 
pected using Eq.3 (dashe F curve) 
with that obtained by a Fourier 
analysis in the measured field. 
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e--r 

Fig. 3. Step wave approxima- 
tion B(0). 

For homogeneous field sectors, an alt- 
ernative expression for&when E # E has al- 
so been derived using the'impu*se ipproxi- 
mation' approach of Richardson. Eor the 
special case of homogeneous field separated 
sectored cyclotrons, expressions correspon- 
ding to Eqs. 9, 10 and 13 derived by G. 
Schatz, using the matrix method, have been 
compared with the present set. These and2 
other details will be available elsewhere . 
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Table I 

PO q, El E2 % BV CL, h pi - .-- 
cm 

_____ ~ ____ 8--lo ____ - -_____-____ -__---- 
. . . . . . . . . G i; - - - 

-_-_--___-_---~--~-~--~-~~--------- ---_-..._-_--- 
Ii=3 
---.--- ____-- ---- ----- --------_----------- 

7.0 26.5 30.3 42.5 252.9 79.9 .Ol-.03 .24 
12.0 51.9 36.2 69.5 256.5 84.1 .09 .32 1.10 ____________________-------------------- 
N=8 ______-- ----- - -----_-_ - ________________ 

8.0 12.2 35.9 42.2 257.8 94.5 .Og-.05 .37 
11.0 17.8 45.9 57.6 256.3 105 -.05 .83 l-10 
_________________-__---------- -e----e-- 

N=8 Separated Sector 
-______-_-________-------------------------- 
8.0 1; 8 34 140 2 274 5 90.5 .86-.20 
11.0 1615 44:6 55:O 287:4 97.3 .19 .60 1% 
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Fig. 4. 
the mc2 

Variation of the orbit properties with the radius of 
type electron cyclotron magnets. The dashed curves 

indicate values expected if the hard edge equations are used. 
The solid curves represent corresponding values obtained by 
orbit integration in the measured fields. 


