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Summary 

The position of the equilibrium orbit in 
the NAL synchrotron is measured by sensors 
i:;Eediately downstream of ring quadrupoles. 
The orbit distortion is corrected at low mag- 
netic field by dc correction magnets located 
adjacent to the sensors and at high field by 
transverse displacements of the ring quadru- 
poles. The inconvenience of moving quadrupole 
magnets has favored making the minimum number 
of moves necessary to obtain adequate reduc- 
tion of the maximum orbit distortion. A few 
familiar mathematical techniques have proved 
adequate to calculate the correcting moves, 
but the combination of these techniques is 
data dependent. A computer search program 
invariably gives a solution, but it has been 
useful to experiment with weighting and smooth, 
ing of the data and to compare alternative 
calculations to insure that the solution is 
cptimum with respect to our priorities and 
constraints. 

Introduction 

The failure of the high-energy equilibri- 
um orbit to pass through the centers of all 
the quadrupoles is due primarily to transverse 
errors in the Fosition of the quadrupoles. 
Y,'ertical orbit distortion is also caused by 
roll of bending magnets about their longitud- 
inal axis. If the radio frequency and bending 
magnet excitation do not track perfectly the 
horizontal closed orbit contains an additive 
part oroportional to the off-momentum orbit 
fuilct~.on v,, which must be subtracted out to 
isolate ti&t part of the magnetic field error 
caused by misalignment. From measurements of 
the closed orbit one can calculate compensa- 
tory displacements o f the quadrupoles to 
reduce the distortion and thereby increase the 
usable aperture. This paper is specialized to 
+..ye r.: .q"-Fj,!? rc!F$pe frr \yjTj.C'r. ib.e nrz=rt; CA] L LIILI^. 
d:fEiculty in executing the corrections, i.e. 
in movir,g ri2g quadr-Lpoles, places a Fremiun 
on cidcquato correction 2rom the fewest moves. 

The :I;;L main ring has 168 electrcstatic 
be,.~rn F#osition detectors in each plane or about 
5 pc- r tiJt,ltrcn wa~r:!lcngt:l. Operaticg exper- 
it.nzt is tiiat mc:asurtiment accuracy is about 
-05" vcrtl.c:ill:l an3 . 1" hcrlzcntzlly ;Ind that 
.3 '. zxy txm 1 cr 2. cf the dotcctors may bti 
xlcpirdtl~.‘~!. Eec2iu.z~ of onzcing activities in 
the: tunzc,l thhz closed-orbit distortlcn ccin 
:;i:3w ;igniflcant chsngc.~ in a few days. 
Bc.sid(:s installation of new equipment <lnd in 
occjsicnal ~::uadrupolc rcplacemcnt we still 
have some iiffcrential settling of the tunnel 

. Idcic;fCr.L, we >, &3 T,*c ;-, 0 t 
L;ou,j;1t a si:l*3li-st<> solution for cloned-orbit 

*3pc~rai:t:d by UpAiver:;it:cs Ri:i;e.-lrch Bssocistion 
I l-1 c . i.m,rier contr;ict with thr, IJ . S . Atomic 
.Xr,crgy Commis:5ion. 
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distortion but instead a tolerable method to 
cope with frequent approximate adjustments. 
Our basic strategy has been to seek a minimum 
number of quadrupoles which will reduce the 
maximum orbit distortion by a factor of two 
to three. We observe as constraints that the 
vertical closed-orbit distortion be less than 
l/8" at the extraction septum, that displace- 
ments not be so large as to require realign- 
ment of bending magnets or other devices from 
their surveyed positions, and that available 
quadrupole travel not be exceeded. After 
each set of moves the remeasured orbit is 
used to calculate the next step of correction. 
A rather limited set of analytical tools suf- 
fices, and it is reasonably straightforward to 
select the proper ones for a specific set of 
data. 

Corn utational Techniques 

The high-field closed-orbit distortion 
Xi measured at the itiz sensor is a sun? of 
contributions proportional to quadrupole dis- 
placements 5s: 

where to better than 12 

a 
i7 

= d!!!iF& cc.J (li.-;1 ,-a.“) 
2 bill TV 13 ' 

(11 

(2) 

In this formula, $i and &j are the Courant- 
Snyder1 amplitude functions at the sensor and 
displaced quadrupole, respectively, ‘Ji and pj 
are the corresponding betatron phases, 'I is 
the betatron oscillation number, and Kj is 
the strength of the j2h quad. 

T&,zst s--ares c-1 uticn A a..v.B. 

Because of tile unct?rtaint:; in the d,:to, 
X' i, and the desire to keep the nz&er of cz-- 
rzcting mows much snallcr than th,2 number of 
sensors, it is nat.;ral to regard Eq. (1) as 
the equation of condition on the fitting CT 
t?.,2 closed orbit. Our ~articul;lr intszest Lr 
the distortion at the extraction se>ta and in 
the maximum rather than just the rm:j distor- 
tion leads us to ;2rovido for placir.,g extra 
-deight on chosen sensors. This provision 
must be utied car:f;lly to ;i.roid u:;d.ai5 ~ffect:i 
from sensor errors. The r,ormal ctquation:; wit:? 
arbitrary weights art conve2nicntly ex:;resscd 
in the miltrix form 

T A G!'LI. T _ - A GX I?\ <Ji 

wilc?re X is tht, column vector of clcs~d-orbit 
measurements, A is the matrix of the coeffi- 
cients aij, L is the solution vectcr of fitted 
. dnd 3 is the di,igonal matrix of the 
,it!!ights squared. The basis functions, C,:l. (2), 

892 

© 1973 IEEE. Personal use of this material is permitted. However, permission to reprint/republish this material

for advertising or promotional purposes or for creating new collective works for resale or redistribution to servers

or lists, or to reuse any copyrighted component of this work in other works must be obtained from the IEEE.



are far from orthogonal, but even in hundred- 
fold fits there is generally no difficulty in 
solving the normal equations to useful pre- 
cision. 

Harmonic Analysis 

The circular harmonics are ar. crthoq- 
onal basis with snecial usefxulness in inter- 
pretation cf the Eata. By expressing the 
closed-orbit distortion x as 

x=3 l/2 f 
cne 

in4 
(4) 

n=-m 

where r; is the Courant-Snyder 3 function and 

0 i $ rz 
I 

ds i 27 
G-g 

one can derive from& the differential equation 
for the closed orbit an expression for the 
field error 

(6) 

Although the lumped OB is treated formally 
like x, a variable continuous in 5, we have 
position values sufficient to carry the sums 
only through about fiftieth order. The spa- 
tial resolution in a plot of AB is therefore 
inadequate to localize the errors precisely to 
individual quadrupoles. However, a sinyle 
displaced quadrupole shows up as a CB symmet- 
rical about the quadrupole location. Figure 
1 shows (a) the orbit distortion 6-1/2x, 
(b) the thirtieth order Fourier fit, (c) the 
corresponding e3/2;1B/B~: from Eq. (6); and 
(e) the clcsed orbit obtainad using this :B 
to give the qundrupclc moves. Although Eq. 
(6) is not a practical solution to the closed 
orbit problem because of the large number of 
q;uadrupole moves it involves, a plot of LB/B 
gives a way to select promising quadrupoles 
for a least squares correction according to 
Eq. (3) * 

Eq. (6) shows that Fourier components 
of the closed orbit data having frequencies 
very different from the L value of about 20.3 
5re Froblbly the result of SenSGr CY;CGL^S. 

Random arror in the orbit aeasureAnents wiii 
con=rLbutc ccnparable amplitudes in all 
2rdr:s, a+-* rJ "-:". CL c:ffect of ti?ecp -?rroi-s can 
uI: iri.ti~;atcd by rcp1;lcin.g 1; ,--1/2x with its 

T ouzi'2r S'aTL to, 5 .,*1 i i , tiiir'riet:: crdc_r. I'ur- 
t::rrnore, dai;a points with large: residual:; 
12 SGCh i fit hrr. FrGbSdbly in i:Iror; a bztter 
crb:t cor;ict;on Z,in be ob,tiinid Ly exciudinq 
t;len:. 

St arch Al~:crithm 

All th,it is nc2cdLJd to get ;hi: solution 
,:ccording to Ey . (3) is a way to chcose a set 
'3f i;UddS :G l-tlO”C’ fcr the ccrrcction. xe ::axrc 
fr,und riost generally c;c"Eul r2 sy:;tcmatic 

tri.11 an,:! error se,3rcll 1iXe that used at the 
,,'>J ISi-:. 2 'The nil: stzp, of ti:is iteratiL.e 
Cl .;ltr fi i-3 ';ht2 c:o.;es c;rbik ;;;+-, ,2.vrcry rL-fcld 
,yGnbir. Itll;n of .zu..l,ls consisting of the n-l 
selcct:?d in tlli: prior ;i:s;,s ,tnd one of those 
no': selected. me n- tup1tst which reduces the 
1iL.S orbi: LiiLiLCrtion by the largest X:our,t is 

the optimum set for this step. Thus, the 
first step, for example, finds the single 
quad which generates the closest fit to the 
observed distortion. On the second step that 
quad is paired with every other to find the 
optimum twofold fit, and so on. This algo- 
rithm creates a considerable amount of nuner- 
ical work and is thereby limited for our most 
readily available computer3 to about twelve- 
fold fits. "ypically, this search algorithm 
selects quadrupoles located near the middle 
of the peaks in the LB plot calculated ac- 
cording to Eq. (6). The accuracy with which 
the peaks are found improves with increasing 
number of search steps. 

Typical Results 

The closed-orbit distortion shown in 
Figure 2 has standard deviation of .6" and 
maximum of lW; it is a test case generated 
by the displacement of all ring quads by ran- 
dom amounts with standard deviation .Ol". A 
12-quad correction was found by the search 
algorithm for these data and the same data 
with . 3" standard deviation of random noise 
added in. For both the perfect and noisy 
data, the calculation was made for the data 
and its 27th-order Fourier sum. The effect 
of the calculated moves in reducing the true 
orbit distortion is given in xhe following 
table. 

12-Quad Correction of 
rms and Maximum Orbit Cistorticn 

rms Maximumi 

Before Correction .59" 1.04" 

Corrected from Perfect Data .04" .li" 

Ccrrected from 27th-order Fit .05" .li" 
to Perfect Data 

Corrected from Perfect Data .14" .62" 
Plus I = . 3" Random Error 

Corrected from 27th-order Fit .li" .45" 
to Sum of Data and Error 

One sees ii1 this i;;:c?imple I;sefui correction 
when the rms noise is ccmparabie to the rms 
orbit distortion; the eliminaticn of higher 
i:armonicc in the dard improves !Lhc: calculuttd 
ccrrcction slightly. 

^ '7 
Figure 3 iS a plot of :5'iAE/3,: calcu- 

ldte6 from t1:2 27th order fit tc Lit? nciss- 
less data. The pcsitions cf the q.;drupoles 
select:-:d by the tcarch al<;orithm arc3 indi- 

,2‘3=,2rJ by nuntiers *liicii y;IF-je the :;rier ‘7if 

selection. The ;ibility of the al,gorithm to 
lcc.rte t:le ‘.B pea:is i:; evident, pLirticdlarly 
after a couple of earlv misses. 

In the last year ye;<: ha~re made five sets 
of qusdrupole mov;Js involving a total cf 36 
n:.l~jn~ ts . The imprcvement factor was been 
bctwcen two and three. The current closed 
(orbit 3i stortion (vertical: .l" rms, .2" .::,lx; 
horizontal: . 3" rms, . 8" mxj is roughly h 
factcr cf fine larger tiia:> T.q!lJt :*',J C&n c:.:pi2c t 
tc cbtai;l from the <lvdil~ible :;eniors ;Ind 
tcchnirrui s. we kslve yet to take advantage of 
t11c improvc:cl mcasurc of field errcr to be 
czb-c;llndd i:.f Lntantionally 1owi:ri::y the tunes 
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toward the integral value to increase the 
orbit distortion. Although the quadrupole 
moves we have made differ only slightly from 
those calculated by the trial-and-error compu- 
ter search of the raw data, there have been 
important benefits from a broader approach. 
Among t:lose have been the maintenance of 
acceptable error at the extraction septum by 
data weighting, the smoothing of data and 
elimination of bad data values by harmonic 
fitting, and the avoidance of extreme quadru- 
pole displacements by substitution of a nearly 
equivalent move or moves fcr an excessive one 
chosen by the computer. The additional cal- 
culations have also helped in estimating the 
overall reliability of the data and the degree 
oi: correction attainable from it. 

(a) Beam sensor data (il) divided by‘. 
:?l/*(-10) and 27th order Fourier 
fit. 

1 i? 

(b) s-" &'IB/Bc calculated from Fourier 
coefficients. 

.5” 

0 

1 
I 1 5” -. 

(8:) ?uadrupole rnGVCS ca!.nll?+ed fin?!? 
above LB. The largest moves are 
the defocusing quads adjacent to 
t,lc displaced quad. 

0 

I ’ -.4 
id) Closed orbit divided by I: l/2 after 

correction by above quddrupole 
moves. 

,* : 27. 1. Closed-orbit di.r:tortior. in one 
:; ‘-1, ylsc.~ricd c.i-u:;cd I,:7 1" 61iL;1-laccn!~-nt 
c,i a focusii;g quadrupoha. 
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Fig. 2. Closed-orbit distortion (Max = 1" 
o=. 6") from random quad displacemen; 
(a = .Ol"j. Pure data=; data plus u 

= .3" noisea; curves are 27th-order 
Fourier fits. 

AJ -J 

n 
’ v7 

A !+ 
V ‘LJ 2 :~-~Td~ 

Fig. 3. i: 3‘12 LB/B: from clcscd crbit data 
shown in Fig. 2. Order of ~~elcction 
of 12 quads by search alyorithm is 
indicated. 
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