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EFFECT OF RANDOM FLUCTUATIONS ON SYNCHROTRON PHASE MOTION

S. C. Snowdcn
National Accelerator Laboratory?*
Batavia, Illinois

Summary
Previous treatment of this subject has Eq. (4) may be put in the form
been given by Hereward and Johnsen.l 1In this
note a unified presentation is made of the s g
growth of longitudinal phase area occupied by n = V2EW s4n J ?? + v (6)

the beam due to random fluctuations of the
magnetic field, radioc frequency, and cavity
voltage. The description is characterized by where B is the amplitude function satisfying
a linear treatment of the synchrotron motion, 2

introduction of an envelcpe function similar S gg" - g7 ¢ g%k = 1.

to that used in betatron motion, and the use 2 4
of Nyguist's theorem to obtain power spectra.

Application is made to the NAL booster.

(o]

Since the constants of the motion (W,y) are
canonically conjugate one has for the phase

Linearized Unperturbed Phase Motion area
If one uses canonically conjugate varia- E = f[ dpdn = [[ dwdy = 27w, (8)
bles (P,n) to express the longitudinal motion
of a particle relative to the synchronous or where the last equality is true if W is inter-
reference particle, one has in the linear preted as the boundary curve of a group of
approximation 2 2 particles
h"w,K
s _ _ Vv . RR _ 1 2 1 2
P = -5 006¢RW n ——EE—— P. (1) W = §~BP + aPn + 5 yn”. (9)
Here

The peak voltage per turn is V, ¢r is the
reference phase, h the harmonic number, wg _ .1 L = 1 2

the angular frequency of the reference parti- @ =-5F r= §(1+a ) (10)
cle, ER the total energy of the reference

particle, and Perturbed Phase Motion
Y% - Y; If the reference motion is perturbed such
Kp = 3773 . (2) that V+V+AV, wprwrtAwgr, and wrF*WrptAwrp where
Yo Yr~L wgrp 1s the angular frequency of the rf, then

Egq. (4) becomes

Here yg is the kinematical gamma of the ref-

[ I | J—
erence particle and yp is the transition J' = -Kn + F n J o+ G (11)
ganma.
where
In the following it is useful to change ERAVALH¢R
the independent variable from time to s using F = ——5—5—
£ 22 2Th WKy
[~ hfuqkgn . 7 ‘ (12)
s = l ——EE——-dt. [(eV-sec) ] (3) . - Ep hwg B, .
n2.2. |42 B “RF
R°R \'T

The mctional equaticns become

It will be noted that Awg has been expressed

= -K ''= P, X ; :
i K " (4) in terms of AB the perturbation in_the magne-
. tic field. The units are (eV-sec)?2 for F and
where
eV-sec for G.
EV ,
K = R cos 4 [(ev—sec)z] (5) Our only concern will be with the change
2wh3‘2' “R” in the invariant W due to the perturbations.
®OURTR Thus using the solution of Eg. (1l) substi-

and prime indicates differentiation with res- tuted into Eq. (9) one has

pect to s. In this form cne sees by analogy -1 2 1 .. 2

with betatron moticn that the solution of w 2 (X1+Hl) t3 (K2+H2) ’ (13)
where

*Operated by Universities Research Association % 0= ml(O)P(O) - P {0)n(0)

Inc. under contract with the United States (14)

atomic Energy Commission. X, = nz(O)P(O) - PZ(O)H(O),
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and

(15)

5 f nZFds - I PzGds.
o 0

jas}
It

Here (Pl,ql)
solutions of

and (P3,np) are two independent
Eg. (4) such that noPq niPy = 1.

In terms of these independent solutions
o gonoaral calission AfF Ty {7y i —_
410 Hdlo LA LR S T e R L u\-i- N7 LiiQ .LCLJLC
ents the motion of a group of particles
matched to the small amplitude bucket shape

is

oot

%. (16)

From Eq. (10) one then finds

- o 2 2
0= (anl + n2P2) v o= Pl + P2. (17)

Statistical Treatment of Fluctuations

Fh:nﬂrnchol(::v-4

tribution p(W,t) in which
governed by a random walk
Fokker-Planck equation
bp _ B { 1 3
ECE I R L)

shows
S

4OWS

+that a
that a

the variable
process obeys t

densi

(Dﬁp)]
“« 4

a2
<AW/AV Dy = 3¢ ((&W) >Av (19)

brackets represent ensemble averages.

1 at
where the

By associating AW with W(s) - W(0) and
invcking the ergodic theorem which asserts
that ensemble averages and time averages are
identical, Egs. (13) and (19) give for Eq.
(18) :

o o [L (x2,42)] . 2 [0
t [Zt (H1+H2ﬂ oW (Waw)'

that a new independent

(20)

[s%)

In this form one sees

variable is useful. Namely,
et
w = ;-J E-L?+H \ at (21)
2 ) e\l 2
i
Then Eg. {20} becomes
- . ¢ -
se _ 2 (i) (22)
W dW \ oW/
whose fundamental solution is
W
5= LeW, (23)

from wihhich w is seen to be
of W cver the distribution.

the average value

ha individual contribution

s
2 m A e o A e ~AYe: maAa
a

are indaepenaentc,

(‘
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each one in turn and add. 1If, on the other
hand, feedback is employed to correlate Aupg

with Awgpp, the problem is more complex and is
not considered here. The contributions to
H? + H} are
‘2 o t a£n2¢R
(H1+H2) =1 | —55 8 (Mdt, (29)
N ‘cav J. 4nr"h
o
(2. 2 " nfug
H1+H2)M~~ =7 T2 Y JMa (Q)at, (25)
Mag lg YopB
rt
wl+u2) = | v g (2 at (26)
1 72 RF
RF ~
0
where by Nyguist's theorem the spectral
densities are
3 oy = 2 XT R (a PN
cav* m cav '/ ted)
o) = 2k |2 §
JMag(“) = T ' (Q)] Real ZMag(J) (28)
2 t |2
Q) = = Q
Jpp(®) = = kT ‘TRF(Q)l Real Zp. () (29)
and @ is the synchrotron frequency
Q= g . (30)

My mde b o gz e 3 LT Lo I U, e o A i A
Lile Lol jualitlileds are DU.LLLllldllll S5 conscantc

k, the absolute temperature for the unit
under consideration T, the transfer function
between magnetic field and volts across mag-
net Tg in G/V, the transfer function between
the angular rf frequency and the low level rf
voltage Trr in 2mHz/V. The impedances in
Ohms are: Rcgy for the shunt impedance of rf

cavities around the rinc Zmag the total mag-
Cavitles aroun the ring, 2Zmag T LoTal mag

net impedance, and Zgryp the impedance of the
low level unit driving the low level fre-
guency changing circuit.

Results for NAL Booster

Only the random fluctuation Awgrp is sig-
nificant in producing a growth in the longi-
tudinal phase space area associated with the
beam. The function v (t) characterizing the
beam bunch :uayc is peaked at transition.
Equation (21) gives the average value of
W = E/27 to be expected at any time during
the cycle due to random fluctuations. Using
XT = 5 x 107213, TRrp(0) = 27 x 7.5 MHz/V and
Zprp(0) = 1 MR one finds at transition

AE = .006 eV-sec (one bunch). (31)
This is to be compared with an initial keam
area of

E =

.02 eV-sec (one bunch). (32)
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