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Summary 

,A j~Illlll~tIiC inseretion containing an unusually long un- 
obstructed drift space is dcscribrd.’ .\ consequence of its 
identity transfer properties in the radial plane (?n betatron phase 
advance) and its transverse reflection properties in the vertical 
plane (n betatron phase advance) is its invisibility, neither disturbing 
the betatron oscillation in either plane for particles of synchronous 
cncrgy nor disturbing the closed (equilibrium) orbit properties for 
particles of different energy. Because of the different phase 
advances in tile two planes, the insertion can be designed so that all 
of its six quadrupole magnets lie at the estreme ends of the insertion 
This leaves ‘111 of the drift space. excepting only that portion 
required for coil terminations, etc., in a single unobstructed drift 
space. A thorough parameter study with linear and aberration 
properties through third order is reported. 

Introduction 
The 71-3~ invisible long straight section insertion differs 

previous long straight section insertions in two significant ways. 
It is syrr~~ctrit’irl with regard to component placement relative to 
the midpoint whereas the other insertions are antisymmetrical. The 
K-2n insertion is nsyml>lefrical with regard to the betatron phase 
advance m the two transverse planes. Because of this latter property, 
it is possible to place all of the quadrupole magnets at the ends of 
insertion, leaving all of the drift space-icniliternipted-in the center 
of the insertion. ‘The insertion consists of two symmetrically 
placed asymmetrical quadrupole triplets designed to provide an 
ldentitv transfer matrix in the radial plane, including the relative 
displnc~ment of the off-energy equilibrium orbit, and a reflectio? 
matrix in the vertical plane (a phase advance). Given these condo- 
Cons, there are, in addition to the lengths of the quadrupole 
magnets, three free parameters. These are best defined as (1) the 
total lcnrth of the insertion, (2) the lecgth of the unobstructed 
central &ift space L,. and (3) the radial magnification m at the 
c-ntiir of the insertion. In this study we treat a fixed total length of 
lj.736 meters with quadrupole gradients appropriate to 800 F&V 
protons. For purposes of brevity, the effective lccgth of the quad- 
rupole magnets is fixed at 0.3048 meter (12 inches) although 
different l-npths, including unrqual lengths, have been studied. 
The task is then to describe the insertion as a function of the para- 
meters Lc and m. We restrict the discussion to the normal permrr- 
r~lri~j~~ which is defined as that possessing symmetry about the 
midpoint and for which the length of the central drift space exceeds 
twice that of the end drift spaces. Elements of such insertions may 
IX permuted to provide nonsymmetric s-?n Ion; straight sections 
tliat may be more approprintc for matching into a particular ring 
lattice. 

Certain Properties 
;\t the midpoint of the insertion the radial and vertical 

jraii>l‘-i Iliai!‘ilt‘s ,lre 

Ilcrz “;: ii t&2 focal length in tl:e v-criicol plane of one of tlir triplets. 
Let I) IV tl:2 .iapc;t ratio of the hcam at a waist: i.e. (3 is the ratio 
cf the m~lxmium ilisplaccmcnt to the maximum slopz. (This is 
:qui>alent to the Twiss p fucction when the waist is m a closed 
lattice.) Let the subscript c denote a condition ,It the midpoint. 
1.~1 tl:c subscript 0 &note a condition cntcring the in5crtion. Then 

fi =ms/30 (radial plane); (2) 

/%$P= I=’ (cL%rtical plane). (3) 

Optimal Matching 
Let i’ be rhe transfer matrix from point 0 10 SOIIIC 

;lrbitrur\ point whl.re the Twiss c function is to he minirniied. We 
11i1ve 

(4) 

The con,lition on Pp that minimiLcs p is 

I- \+,,I h ai,p,,u, t<d I>> :IK Inil~d Siat~.\ .\l<~inir: l21rc1gq C’<>in~i~isaivn. 

Pa = l-12 /-Tl 
The minimum value of p is 

p = zT,T,z C.6) 

In a well-marched insertion with long central drift space, the maxi- 
mum aperture occurs (neglectin, 11 the finite quadrupole length) at 
ends of the central drift space. This maximum /j is minimized when 
there is a waist at the center of the insertion with PC =‘IL,. 
Then the maximum p =Lc. From e . (2). we find the condition 
at the end of the insertion to be p,= &/m2 = Lc/?-m’ This is the 
general optimum radial matching condition. Because this represents 
a stationary condition, actual failure to match by as much as a factor 
of 2 will result in only a I _ ,( Y’ increase in radial aperture. 

Where we are attempting to obtain a large central drift length, 
the end drift lenrths are relatively short. Thus, assuming equal 
quadrupoie apert~,=~ $ninij;;i;z;r$z,is obtained wz 

Another int%esting case is that where the radial waist at 
the center is identical to th‘at at the ends: i.e. m=l 

Vertical Plane 
The previous remarks apply only to the radial plane. The 

maximum vertical aperture occurs in the second and fifth qusdrupole 
magnets, From numerical work we find that both the optimum 
initial and thz corresponding maximum value of pv are nearly 
indenendent of m and decrease slightly with mcreasing L,. r 

Two-Parameter Study 
Based on the above observation. a number of ~-21 jnszrtions 

with four different values of m and with increments of 0.5 nleter in 
the length of the central drift space have been studied. The para- 
meters of interest for this study are contained in Table I. l‘hree of 
these insertions are sketched in Figure 1. ltcre the radial b?:!m profile 
is shown above the center lint whereas the vertical beam profile i< 
shown below the centerline, The insertions would fit well at the F-F 
symmetry point of an FDDF type lattice. 

Maximal n-21 Long Straight Sections 
W’e see from Table I that the objective5 of both !nnximiring 

the length of the central drift $yace while minimizing the ccntrsl 
radial magnification arc constrained by the length of the drift space 
bctwcen the second and third quadru~oles. It ii therefore instmcti\e 
to set this parameter at some minimum acceptable value and then 
study the insertion ah the single independent variable (which ma> IX 
taken to be either Lc or m) is incremented. Such a xtudy is aho\sn 
in Table II where this critical drift length has keen fixed at 0.3 meter. 

As Lc bcreisas t:iC sdj;iitkl;;cC LCiiiLtjS: !!I? ~d::lItt~RC~S 

shown arc based on having identical quadrupoles with pole-tip fields 
equal to 10 kG. The product of the square of the magnetic field 
cyrsdient and the p function is rabulatetl in colu~tlr~~ 10 alid i i. 
This indicates what is possible if one allows the quadrupole apertures 
to differ. Although the gradient of the first quadrupole gets 
enormous, the actual pole-tip field of a rninirllum-apertllre quad 
increases only slightly with increasin: L,. 

Rigorous analytic rclationshlp: for this inbcrtion liavc been 
dsrivcd bv Reecnstreif.’ _ - 

Aberrations 
The prticular 21 ;nnii.try of tkc ~-7n inwrtion clin:in:ltls h,llt 

of the normal aberration terms.’ There are no g<nerah/ed distot-tiorl 
nor coma terms in the JisplacCnlrnt nor are there Feneraliz~cl \phcrical 
aberration nor aztipmatism lrrms in the slopc‘s. ‘l’hcre are no \iCCOlld- 

order chromatic aberration corrections to the JiaFonal terms of the 
transfer matrices. The aberration corrections to the 12. matrix 
clcments range from 5 /111/p meters to 40 ap,‘p meters. The smaller 
ahcrrations are associated witl: larger in and larlicr I.,. 1.hc rrns 
gcn!nct&: uhermtion tli\!~I:li.t’rllCilt lit\ I,ctw~cn 0.0: 111111 :!lld 0.2 Illm 

for the insertions shown. 
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Fig. 1. Typical Beam Profiles for the n-2~ insertion 

TABLE I. Parameters of Selected n-2r Long Straight Sections 

lnsrrtion length is 15.736 meters; Quadrupole gradients for bO0 Me\’ protons with 0.3048 meter effective length quadrupoles. 
I I I I I I I I I 

End Dnft 
meters 

Q I -Q2 Drift Q2-Q3 Drift Center Drift Ql Gradient Q2 Gradient Q3 Gradient F Beta y-max 
meters meters meters kG/cm kG/cm kGicm 

Beta y-end 
meters meters meters 

2.531 
2.193 
1.85b 
1 .S 11 
1 .I 54 

2 

091ni -1 1.2660 .2570 g / g ( g 1 ;:.;‘1’y;lr3yi6 , -1.2683 
-3036 

1.4589 
0.779 7.531 0.394 h.500 0.7158 -1 .4984 1.5981 
0.382 1.865 0.207 7.000 0.6773 -1 .7482 1.8579 
0.047 3.090 0.067 7.500 0.6889 -2.1195 2.225 1 

2434 
24.28 
2393 

23.30 
22.39 

3.42 
3.18 
2.93 

2.68 
2.41 

2.13 21 .lS 
19 54 1.84 

1.53 18.04 

2.556 1.027 1.371 4.000 
3309 1.179 I.116 4.500 
7.057 : ,336 1.061 5.003 
1 .7’N 1 .A97 0.907 5suu 
1 .S36 1.665 0.753 6.000 
1 .x,ti 1.812 0.596 6.500 
0.9h7 2.030 0.437 7.000 
0.698 2.234 0.272 7.500 
0.396 7.461 0.096 8.000 

1.0584 
1.099 1 
1.1475 
I.2065 
I .2807 

24.09 3.41 
24.01 3.32 

m=l 
1.1596 -1.2812 
I .I097 -12720 
1 .Oh71 -I 2778 
1.0300 -1.2997 
0.9973 -I .3412 
0.968 1 -1 .A094 
0.9417 -1.5191 
0.9175 -1 JO63 
0.8953 -2.0877 

3.144 

13780 
1.5142 
1.7155 
2.1291 

0.8764 
0.9212 
0.9723 
1.0315 
1.1014 
1.1859 
11916 
1 .A303 
1.6263 
1.9415 
2.4651 

1.4118 -1.221 5 0.7264 
1.4085 -I .‘23X 0.7687 
I.411 I -1.1r3-19 0.8 lb4 
1.5192 -1.3552 O.b70’) 
I.4326 -I .‘ShO 09340 
I.4511 -1.3291 1.0080 1 ! .1:4’? I -iv-T- -I__“,<, : .o?(. 
1.5040 -I .466b 1 lo;; 
I .5390 -I .5?60 1.3453 
I.5806 -1.7320 I .:3x 
1 .h3’ -I .4-v / / l.blO8 

/ 11nc3r piogximmir:g rox<,tiiint 

t 

- 

1 

3.154 
3.147 
3.123 
3.080 
3.016 

24.09 2.94 
24.00 2.74 
23 JO 1.52 
??.I6 2.30 
73.37 7.0b 
‘130 1.84 
19.91 159 

1.929 
2.814 
2.666 

0.945 
1.051 

1.614 4.000 
1.142 4.500 
I.274 5.000 
1.104 5.500 
0.04 6.000 
0.789 6.500 
0.631 7.000 
0.476 7.500 
0.320 8.000 
O.lh2 8.500 
0.033 9.000 

m=v’i’i 

1.2964 -1 2609 
1.2699 -1.2571 
1.2495 -1.1-o-18 

1.19 
3.03 
2.87 

2.70 
2.53 
2.29 

2.10 
1 .Y2 
1.72 

1 Sl 
1 .3l 

2.395 
I.‘Otj 
3.017 
I.823 
I .h25 
I :!I!3 
l.‘i$ 
1 SIOR 
cl.734 
0.573 
u.;(ih 

3.113 
3.126 
3.126 
3.113 
3Ll84 
3.0<:7 
2.982 
2.905 
2.807 
2.664 
2.534 I 

- 

74.11 
74.31 
24.35 
24.21 
24.20 
24 10 
23.82 
2334 
72.63 
21.67 
‘0.57 

.I63 

.772 
3 1 
,497 
.60-t 
.il') 

i 2341 -1.2545 
1 .I231 -1 .3178 
1.2157 -1.3680 
1.2118 -1 .I41 1 
1.2109 -1 .54x2 
1.2130 -1.7132 
1.2180 -1.9980 
1.2565 -2.500q 

I h-IO 
1 .069 
2.003 

- - 

1 

Ill=2 
- 

2.117 
I .‘,;-I 
I h24 
IDXI 
I .fil 

3.037 
3047 
3.048 
3.038 

14.35 
14.62 
1.lh7 
1-l .‘I’) 

13x 
2.7h 
2-h.! 
2.48 
23-l 
219 

K947 
1 .O?_N 
1.106 
l.lSl 
1.754 
1.324 

l.S90 4.000 
I.702 4.500 
I.513 5 000 
I.347 5.500 
l.lb’l 6.00’J 
1 .OOl 6.500 
I) ‘;_17 ‘I!00 
o.h7: 7.500 
0.521 b .ooo 
O.?bX 9.500 
0.2lh ~.OOO 

3.017 24.47 
T9h-l z4.m 
133’) :4,,s 
‘.SYO S4.54 
1807 :4 26 
?.:I;> 23 :ii; 
2,607 2.3 14 

1 .3x 
! “5 
I ,009 

! :y 

I ..lSS 
1 .V’ 

1 .Z,Yf. 
1 .hi 1 

; ‘j.j 

1.84 
I .hX 

i 53 
I .35 

ii.91 I 
0 ;‘:I 
:).:ST 

-1 

T \BLE II. Parameters of Extreme ;r-2* Long Straight Sections 

02-03 Dtlit -0.200 meters(the conblr:linl):’ 
A 

QI-Q? 
Drift 

n:l‘tcrs 
,e: 

md gradient\ arc a\ in Tshic I 31 iengh ; 

be13 x 
nuximii 

miters 
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Il:;IXll,lil 
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