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swmary 

The transverse and longitudinal effect in short 
high current RF buckets of cylindrical geometry and 
uniform charge distribution are considered in free 
space. Two cases are examined (a) The beam is rad- 
ially constructed (magnetically) and (b) The beam is 
free bcth radially and longitudinally. 

Transverse expansion of a beam in space with a 
non-symmetrical cond;lcting boundary is presented. 

Introduction 

In contrast to other writers that solve the pro- 
blem in the stationary frame and then transfer these 
results to the laboratory frame ending up with un- 
realistic beam conflguratiocs,we prefer to transfer 
the electric and magnetic fields of a charge element 
and solve the problem in the laboratory frame where 
we can use the beam geometry we deem realistic. 

The electric and magnetic fields due to volume 
charge element Pdcp (where p = Ne/aolume) may be ob- 
tained ir the laboratory frame by a Lore&z trans- 
formation from the Coulomb field of the statlionary 
volume charge element od(P and are given by: 

G, 2 ucit vectors 

and the force element d? acting on_Stn+electron at 
any point in this field is & = e(E+@v&) or 

zF = epdrp g&$&$” 3 
0 

(1-132)cose 

(l-S2sjn2e)3/2 
"x (1) 

Longitudinal space charge effects for a radially 
restrained beam 

The d$ component of the force element dF is 0. 
Equatin (1) becomes 

b-L *I 

&a - epdcp (l-B2)cose * 

4neoR2 (l+*sin @) 
2 3/2 

Consider a cylindrical beam of 
volume2charge density P = 
Ne/ r. L. 

The longitudinal force Fx on an end electron at point 
0 in the laboratory frame is 

coserdrdcpd 

(l-S2sin2e)3'2 R2 

and taking the volume integral 

m;;; (l.zo+Ro) 

The differential equation of motion is: 

$$TI-& = mo$ d2L = 
dt2 

Fx or 

d2L 2 

-= z&Y- dt2 0 0 0 

Substituting x=tcp and cp = PC we arrive at the 
differential equation of motion that was used for our 
computer program (Fig. 1) 

d2L 1 1 -= 
at2 moc227T&oY2(4-1) r:Lo 

4--k,yL, - 

(%o-ro) (3) 

Since F, = Fxe the electric field F that an end 
electron will be subjected to is E = FJe(4) in 
computer calculations shown on (Fis. 2) based on (4). 
The energy spread was computed for very small inter- 
vals and the change in charge density of the bunch as 
the packet was expanding longitudinally was taken in 
consideration. 

Transverse Space Charge Effects 

d?(l) 
When we investigate the transverse effects of 

due to symmetry the x component becomes 0 and 
we have 

For a cylindrical besm of 
total radical force Fy on 
from the axis is: 

length Lo and radpus r. the 
a 3rticle of r distance 

(1-S2)sin 0 
(1+2sin2e)3/2 rdrdwe m = / s [+eel ep 

1 41JCoR2 
and 

r 
($)'+$ ($4- $g ($ +.. . ] 

The alternating series converges fast when p>l. N3W 

the radial motion of the particle is given by 
d2r/dt2 = Fg/n;aY. Here the assumption is made that 
the charge density is not so high that the peripheral 
electrons acquire relativistic velocites in the radial 
direction. 

Changing the independent variable from t to x by 
noting that x = tv and v = SC 

l-4 - 
+ (2, -... (5) 

Equations (3) and (5) solved simultaneously for very 
small increment of x by a computer program yield the 
results of the radial and longLtudina1 expansion of 
an RF bucket. 

Some of these results are shown in Figs. 3,4,5,6* 
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The Effect of lion-Symmetrical Conducting Boundary 
on th.e Transverse Expansion of the Beam. 

In examining the transverse effect of space 
change it is sometimes convenient to use the expres- 
sLcn of the continuous current with good accuracy. 
A h3llow circular conductcr due to symmetry has co 
transverse e:'fect an6 the equatlsn of mction Is 

d2r _ eIn l-p2 
- (1) 

po 
",Y - - E 

clt* 
p n= F 

0 

Eowe~~er in a bending ma&net the beam Sri.11 be between 
parallel plates and the magnet poles and the image 
charyes and currents will effect the beam in the trars- 
verse direction. 

i&e to the energy spread the cross section of 
the I:eam in the magnetic field will be eliptical and 
the equation of motion: 

-7 
d-k eIn 

moY 3 = qyg 
dtL - 

21 "2 
+b(T+f?) 

h g 
2:z - .zeam width, 2b - tea% height, 2h - ?racu\27? 
chamber height, 2g - magnet gap. 

The term b(Cl,h' f &2/g2) gives the effect of image 
charges and currents. 

Derivation of 4 Co. and The beam is of elip- 
tical cross section with major axis 2Q and minor 2b 
%e electric field at a point on the envelope &e to 
a line change dl = Prdrd~ is dE = prdrdO/2~Cor 
()KS systac)snd the field -3ue to the tctal beam is 

E= odQdr _ 
"'i - - ZTE: rldcr 

0 -T 2 % 

from symetry E, = 0 SC: 
+* ; ‘. 

E = j 
Y -7i zzy cOsp dm 

2 
Tke equation cf :he -earn sliptical envelope in polar 
coordinates is + (r sin q/a)2 = 1 and 

+pT2 E = J 
Y 2r;E 

-72 0 02czs2w?2sin2'C‘p 

27KXb P h 2 3 = 
Y zz-pg=2-E GtT 
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In the same way the ma,;netlc component 
Ll .‘JP ~_VX 2 Ex = -(i i’ ’ 2T eliptic 

i;,rf&- = - J 
2ir ab 

and the fcrce 

r eT F =e ,“, *TX = - 
” .y i l?lT LT3 

-& k - ; ,;Ty 
0 

eIn l-13 2 2 
F=, -- y ;'J .&2 

C :yciiierin i 7F.e II r-f:‘r-c +, ,;f the il:.n.ze charges %'e 
n'lt? tnni ,,rhehi:n i;he l-,rar cenl;er is <at x = '?, jr = 0 the 
cer.:er z 1‘ j.ra;e ctinr jr-5 we zt x = 7, y = c 2y, y = 
c ICh P'X. nr.d Zy 8.!iir: t 3 irzi;e chur. -is :..s 

.q]~~*-,> ',< $S t:]‘:, ,: ;lc! 2 1 iIt> ~~A:ir- 
c ;:r-:ir;kt,es ix-,-i 1 In this csordinzte 
"7i;';i.q -i,;..,, c q.:i,d:<:r ; ~ 'ire, -- 

‘2 2 aq 
r1,2=a 'I= 

cosqe 

(acos$C)2 + (b2sinmp)2 

E h 1 = 
Y 'rEo um 

9 +c P 
The image charges above the medim plane are L1 = 2r~h- 
b and fir those b'elow q = 2nh+b. They ha-:e the 
cpposite sign for odd values 'of n and the same si,sn 
as the beam fcr even values. The y c;mponer.:; +.hen 
35' the field at a point P(fob) due t,: all the charges 
is 

E = 
Y 

1 

J(2nhtb)Fic242nhst J 
n 

F =I 
' %&oh2 

plus z term of the srder of (F:2h)< or 

smaller and 

fl (-I-)" !I J ') 
1 

'"1= I 
5 

n'+(c, 2ilpn2+(c! :7hy 

In calculating the effects [of the irEge cllrrerLts 
we no:e the images are now with respect to the pcle 
-chases and that all image currents have the same 
direction as the beam current. 'Therefore, 

v$&)2&'&~-b ~ - 

J 
IJ-I b 

3 2. -E =o 
x 2 -r 5 

Co where 
2 

E. = f 21 3 
n=l i-l Jr? +(c/2g)L+n2+(c/2g)2 

F3r (1 ?zeam qf +ni%i?.l ra;iiils 1-f 2 = 0.3 Cm 

y l/m = 2c ra.nd 3 = 2cn, ?; = 0.75 cm, h = 1.5 0: 

6 = 2 cm, Cl = 0.33 a-d s = 0.75 the +, czar,:- 
nent of' the space charge force is 4': timlzs the f:rce 
the 'ceap. wiuld be subjecte'd if it 7,s travel.ing ?n- 
side a circular pipe. 

F’eferezcec 

- -. -~~q.~r~~~.:~ and L;.!-:,h;ts, “_i;<. \;>‘i!7s:c: -;.I-~*.‘; .:’ 

:‘;clla ) ‘,P, I’ a* 
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FlG.1. PULSE LENGTH IS INCREASED BY THE 
LONGITUDINAL SPACE CHARGE EFFECT, 
BEAM IS RADIALLY CONSTRAINED TO A 
DIAMETER OF Icm. 
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FIG. 3. PULSE LENGTH IS INCREASED BY THE LONGITUDINAL 
SPACE CHARGE EFFECT; BEAM IS RADIALLY 
EXPANDING. EFFECT iS ENERGY DEPENDENT. 
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FIG 5. ENERGY SPREAD INTRODUCED BY THE LONGITUDINAL 
SPACE CHARGE EFFECT; BEAM IS RADIALLY EXPAND- 
ING EFFECT IS ENERGY DEPENDENT. 
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FlG.2. ENERGY SPREAD DUE TO SPACE CHARGE FOR A RADIALLY 
CONSTRAINED BEAM. EFFECT IS ENERGY DEPENDENT. 
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FIG. 4. RADIAL DIMENSION OF THE BEAM IS INCREASED BY 
THE RADIAL SPACE CHARGE EFFECT 
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FIG 6. ENERGY SPREAD INTRODUCED BY THE LONGITUDINAL SPACE 
CHARGE EFFECTi BEAM IS RADIALLY EXPANDING. EFFECT IS 
DEPENDENT UPON THE NUMBER OF ELECTRONS IN THE 
MICROPULSE. 
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