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Summary 
In PM I we derive equations for the matched bet&on 

phase space acceptance polygon for the rlth turn and for the phase 
area swept out by the septum. X variable rate of shifting of the 
equilibrium orbit past the septum is considered with the object 
being to mauimire the acccterated charge subject to 3 conatmint 
on the perriiisaibte beam cross section at full energy. In Part 11 ue 
&scribe ipiral rtac+ing--a method of systematic laying of successivc- 
turn phase space ellipses along a logarithmic spiral in matched radial 
phase spats: this results in uniformly dense packing of the beam with 
losses. l‘hi: beam is injected above the median plane and ptaccd 
along the spiral through d programmed tune shift ;rnd a prograntmcd 
cl~sptacrmcnt of the equilibrium orbit. 

Introduction to Part I 

Here we analyze the process of multiturn injection into radial 
betntron phase space by obtaining simple e?cpressions for that region 
of phase space An that can be filled on a particular turn n and 
will survive all subbequent apertures. The apertures considered are 
obtained by mapping the location of the septum for a11 future turns 
back to turn n. At the same time we obtain expressions for the 
phase area lost to the sepfum sliadow, during turn II. The object is 
-of course-to determine how to inject the beam in order to achieve 
the greatest brightncTs. 

Geometry 

The discussion is restricted to considering injection at a radial 
ualst only. The geometry of radial phase space at the time the rlth 
turn is injected is shown in Fis. 1. Here the :lhscissa is the displace- 
ment from the instantaneous equilibrium orbit whereas the ordinate 
is fix’-the product of the Twiss function with the slope relative 
to the equilibrium orbit. With these choices, motion from turn-to- 
turn is represented by a rotation about the instantaneous equilibrium 
crhit bq an angle 0 =?nV where 3 is the radial betntron frequency. 
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Fig. 1. Determining the Partial .\cceptance for the ,ith Turn. 

,\t tarn n the inner cdgc 01‘ the scptunt curresponds to a 
line parallei to tit2 fix‘ asis at :L tli5tancc rn l’ioril the in~tantancous 
rcluilibriurn orbit. We restrict the discu~kri to constant betatron 
I‘rcut~cnc~. amI 5at2cil‘) ttl;ct rn+I >, tIi for all n. 
s Tl,c uurl, m I’d I was iiipp~~‘c i !q, ttlc N.ltional l<wa 1 f)f Sf.ir~iia:il\. 
/ TI:u wrh in i’~rl II wa:, ~uppwed by th2 Ci. 5. Alom~c l.:wrgj (‘~mirriiauo~i. 

Let the fractional part of the radial ketatron frequency bi: 
the reduced fraction i/m: that is. after m turns the septum will once 
again be parallel to its position at turn n. Further let h bcthc 

smallest positive solution to 
i k MOD m = 1 (1) 

With the exception of the iirst few turns and M ith exception of very 
large iii , the acceptance polygon is the intersection of the septum 
at turns n n+k. n+m-k. and perhaps ntru-mapped to the phase 
plane at turn 11 The partial acceptance A, is an isosceles triangle 
esccpt for I:irge II where the septum .It turn n+m truncates it to a 
trapezoid. Let ($=Zr/rn, then the equation for the vertex of the 

y, =yn+k51n~ -[x,+r,-r,,~O~+h =-‘ntm-h~ln~+ixfr~-mm-~i5d;~~( 3 

The so1ution is )(,‘p+k+Y,,,-k) 5ec M -v, 
(3) 

Y * =$%tm-k -+&I csccx 

Septum Shadow 

The area removed from ph~;e spncs by the scpt~un at turn il 
LS 

S”=t~(r~+,,+~CM-~~CSrOL--2r. -b-!-j (5) 
The remainder of the septum lme is not removed from phase space 
at turn n. To obtain the in!egrafed sep.+lir?~ .rhadow we sum these 
contributions for all tums through turn N and rewn.te th: sum as 

This is tb be compare?!l*kith the emit&L;’ generated through turn N 
which is WN=~W’. 

2 Simplification 

TO pr~cced further, It will be convenient to write 

rn = Cr X (7) 

We obtain the usual constant rate of shift of the instantaneous 
equilibrium orbit for Y =l. Now rewrite the above equations... 

X,,w Ar set DL (fi~w)” (4’) 

zztbr K 
s,--7z- m NY+’ 16’) 

.\nd add 1’. the fraction of the generated enlittance lost to the scptunt 
shadow: 

$ t z..- g-y 
-$G Y+I 

Observations 

In general the centroid of the partial .lccept:mce Yn is not 
parallel to the equitibriurr orblt but may lie at a relative a~i$te that 
exceeds the divergence of the injected beam. The licit injection 
clTiciency is obtained when the cllipsc is dispklcrd by Yn. The 
ccntroid shift is constant uith turn number for $‘=I. It is ~matle~t 
whrn turn n+k is about half way hctucen turns n and n+m. 
For y =1 . the fraction lost to the septum 1s constant :. :iccc!itsllcc 
arca is generated in proportion to n2. The ir.lction lo&t to tl!e 
can only be reduced by &creasing the ratio of the septum width to 
w=mfi.r. the distance between homologous locations of the scptiml. 

8ow wtidu Y-!,2; ;rcci2piance is gcnsrarcci 31 3 constant rate. 
IIis is desircabte: trowcver, the centroid shift Y,, and lhc polygon 
radial width now change w~tk turn ntllilbcr. Thus the Llcllcctin: ;nc: 
I’ocusing magnets of the injection line nrust 1~ l~rograrnmcd to acliicvc 
optinlal filling. IZn ,llternate bchcrc toss3 arc acccptablc ii to choorc 
%r small (ant1 N Iargc) so ab to colllptctcty iat:ur:itc the p;irti:ki 
.tsccptanccs. WI, sw from i’q. (3) tli.lt thl5 will IIlirixx! tI:c i‘r:icti~in 
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of the generated acceptance lost to the septum shadow. Thus one 
compromise between having excess voids due to excess partial 
acceptance area and having an excessive fraction of the acceptance 
lost to the septum shadow. 
---- - 

Introduction to Part II 

The usual process of multiturn injection into betatron 
\pace of a synchrotron ij accomplished by moving the instantaneous 
equilibrium orbit past the inflector at a constant rate and choosing 
the betatron frequencies so that most of the injected beam misses 
the inflector for a number of turns adequate to shift the equilibrium 
sufficiently away from the inflector so no possibility of further loss 
exists. Two consequences of this method are that a large fraction of 
the beam is lost during the first several injected turns whereas 
during latter turns the dilution of betatron phase space is large. To 
minimize radiation-inducing losses is necessary where high-intensity 
beams are used. A means of reducing phase-space dilution is 
dkreable. The proposed system meets both of these objectives. 

A specific method is here proposed that accomplishes both 
high-density packing and minimal losses. The method is to inject 
along a logarithmic spiral in matched radial betatron ph;ise space 
(coordinates xv’pand x’iLifi) with an ellipse of constant dimension 
as shown in Fig. 2. The spiral is generated so that area is swept out 
at a constant rate. This is achieved by varying the rate of shift of 
the instantaneous equilibrium orbit relative to the septum and by 
also varying the radial betatron frequency, which determines the 
rate of rotation about the equilibrium orbit. This is accomplished 
by pulsed deflecting magnets and pulsed quadrupole magnets. 

Fig. 2. Normalized Betatron Phase-space Diagram Showing Spiral 
Injection Scheme. 

1‘11~ t,f?tical comfwnents of‘ tiw c\;t<xx31 injection line do not vary 
bitf, time. E~llipscs representing the lrijecled beam are laid in 
bequcncc around the spiral with turn I*; lying between turns N-1 
3nd %+I, Xs is seen from the iigure. most of the previous turns 
~LIXII~ he lort on the sptum were it not for an induced cohcrcnt 
$i,rtiC.il betation osCillntion that safely carries the prebious turn 
iindcr the corni’r \cpttIn:’ 711~ vcrtic:il lietatron frequency may 
\ary \,lliG:~ntialI): as it matters only during the I‘jrht turn. The 
vertical tunp is near a half-integral value-the actual distance depends 
ii,10:1 the iwI$t of tti c corner septum above the median plane. 
One cfuadrupolr would sul‘ficc to provide the required skft in 
radi:lI tune were it not for wonant ot’t.ccts. l’hc pulsed cfiwIrupolt3 
ark’ placid ;it three locations such that perturb the radial hctatron 
?‘rcq~nc\~ v ithoat opening up the half-integer htol? fT:mds. I-IlCFC 

pcri~.rhaiions drive the vertical bctatwn I‘r~cluency near a half 
integer value LI tllch ii required for the rni55inf the septum after the 
I’ir\t turn. 

Spiral Generation Equations 

To meet the objective of constant rate of dilution, partial 
acceptance must be made available to the injected beam at a constant 
rate. Let r and B be polar coordinates in the matched radial 
phase space shown in Fig. 2. Let the equation of the spiral be 

r = a( 8 f7r) [II 

Here a is the pitch of the spiral which should be chosen large enough 
to accomodate the beam plus septum width in addition to allowing 
some room for jitter. The rate of generation of partial acceptance is 
given by 

gj = 47ca*e [‘I 

We introduce the constant k that determines the rate of generation 
of partial acceptance, writing 

A = 47rkt + AO, 

IIere t is the time measured from some to. and to > 0. 
From equations [Z] and [3], we fmd 

13] 

which then determines the mdial betatron frequency to be 
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with C? being the orbit period. This determines the rate of change 
of the pulsed quadrupole. The rate of change at the start of injection 
is rapid, slowing down as the injection progresses. 

The separation between adjacent turns of the spiral is 

Ar = 2aa. j61 

From equations [ 11 and [4] ) we obtain the rate of shifting of the 
instantaneous equilibrium orbit relative to the septum; this is 

r=& f7ra. [71 

This determines the rate at which the pulsed deflecting magnet is 
turned off. 

Two constants have been introduced; k depends upon the 
injected beam emittance as it determines the rate partial acceptance 
area is generated. The width of the septum and that of the beam 
determine a. Tolerances on both the deflecting magnet and the 
pulsed quadrupole are obviously eased if these constants are increased 
somewhat. 

Some Problems 

This method requires that the radial tune approach an integer 
resonance. It will be necessary to be very careful to avoid opening 
up the stop band and destroying the stability of the equilibrium orbit. 
On the other hand, the tune does not stay near the resonance very 
iung. 

Similar comments apply to the vertical tune which must lie 
near a half integral resonance. To avoid large swings in vertical 
tune while shifting the radial tune according to 
pulsed quadrupole magnets must be placed where 
/3 y is small. 

It is to be expected that in the process of perturbing the 
radial tune , the radial bctatron cnvclope will also bc perturbed. 
For example. using a Qngle quadrupoic to force a chit? .10. 
the radial amplitude function is pcrturbctl accordmp to 
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For the SC mnc shown in i’ip. 2. thi5 ~orrc\ponds to :Ibout a 15’ 
change in the bctatron arnptitudc; such a changs must obvioubl> 
bc retlected in the drawing of the spiral. 

The t‘ast rate of change rcquircil from tliz l~dscll qu.~drupole 
at the I:cginning of the injection ma> pose cktrcmc clsctricat power 
difficulties.’ IQrhap\ p~ilsed elrctto\tatic ~lu:~dnlyol~r c~xild lx 
used to provide: the tune pcrturhation. 

No mention has I~cn ma& rclativc to off*ncrgy jX?rtiCli’:,. 
They should follow their own spmils about their instantaneous 
0luilibrium orbit provided the ~hromaticity is >uch that tlir 5pir;ll 
Cquations (above) .iri’ sati&d. 
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