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Introduction 

The shcrtest :)ulse length of the beam extracted 
from the Zero Gradlent Synchrotron (ZGS) is of the 
order of 50 I s so that multiturn icjection into the 
stretcher ring ’ is needed. The conventional method 
of using a programmed dipole bumper magnet to move 
the equilibrium orbit aw-ay from the septum magnet 
results in a considerable dilution of the radial phase 
space. This dilution is very much reduced if a sextu- 
pole field is added to the perturbation. Because of 
this nonlinear field, the radial phase space is divided 
into hvo regions. The region inside the separatrix is 
stable. The extent of this stable region is determined 
by the strength of the dipole and sextupole fields. Ini- 
tially, the dipole field is large enough to cause this 
stable region to disappear completely. During injec - 
tion, the dipole field is steadily reduced so that the 
stable region reappears and increases in size. By an 
appropriately located septum magnet, the particles 
are injected in the neighborhood of an “incoming” tra- 

_1 ectory of the separatrix. Depending on the initial 
condi’iocs, the particles are captured in the expanding 
stable r.egion. 

Transformation Equations 

The perturbation magnetic fields can be written in 
zhe form 
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These fields occupy only a smal’ fraction of the 
ring cxrcumference (=ZnR) so that the effects can be 
expressed in terms of a periodic B Irlr,ction. ‘.li i th tl- z 5 I/ 
assumption, one can write the +quat:on of motion in 
the form 
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Ishere primes denote difierentiatlon with respect to 0, 
‘.;‘hr r ,- 0 .c / R, L = the I(! ::-tancc nloxf the cqullibr~i.;~~ 
.>rb;t i > :(O) = n periodic Dirnc deltn function with pcri- 
,-,r! 2:. \;,;tc :-!xt 0 = 0 i.5 cho~cn xt the center of the 
I’ s~3cI:lcc in~jPCtion I-“ag”et. Tht cil.lntitics 3 ,md f 
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where L = the effective length of the resonance injec- 
tion magnets, Bp = the magnetic rigidity of the particle. 
Equation (1) can be rewritten in the form of two simul- 
taneous first-order differential equations 

XI = y 

y’ = -k(O)x - (atL %x2) F(O) 7 . (2) 

It is convenient to examine the solution of Eq. (2) 
for Q = Zrn, where n is an integer. The transforma- 
tion equations are then given by 
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where u = the number of betatron oscillations per rev- 
olution. The quantities a and p are defined by the 
transformation matrix for the unperturbed motion. 2 
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the fixed points. The coordinates of the unstable fixed 
p3int are 

x =-. 2 tan ‘IT 
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The Computer Simulation and Discussion of Results 

The recursion Eqs. (3) have been programmed in 
the FORTRAN language for the SEL-SlOA computer. 
This has an 8000-word memory, teletype input, line 
printer output, a CRT display, and a 1, 000, OOO-word 
disc pack. The CRT has an 8 x 8-cm storage screen 
with a 256 x 256 matrix of points. Sense switches on 
the computer can be used to interrupt the program to 
change selected variables. 

The values of (xn+ 1, y, 1 ) are calculated for given 
values of the parameters BoL, ABL B”L, V, a, and 
p starting from the initial pomt (x0, ;,). The dipole 
field is programmed to decrease linearly with the 
number of turns n so that 

BL=BOL-nABL . 

Since the values of (xnfl, yn+l) are calculated at 
the center of the resonance injection magnet, another 

Point (Xn+l, 8’ yn+l, 0 ) is calculated for an angle 8 

from (xnflt yntl). The transformation equations are 
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for 9 equal to a multiple of the superperiod, because 
Q and p are periodic functions of 8. 

The point (xnTl, yn+l) is calculated and plotted on 
the CRT where the origin and scale can be easily 
changed. Subsequent points are calculated and pptted 
until one of the coordinates has a magnitude > 10 , or 
until the program is interrupted by setting a sense 
;witch. This causes the program to pause until the 
operator types in the newly selected input variables. 
Xny input variable not typed is not changed from the 
previous value. An option exists to print out the 
!X n+l r), yq+l ,e)va!ues on the line printer. The stable 
and &stab e flxed points can also be calculated and 
printed on the teletype. 

Starting at a point close to the unstable fixed 
point, successive points are calculated ,and plotted 
rhllndreds of machine turns) until a “solid” closed 
,curve LS produced ‘r.s the separatrix, ,as shown ;n 
F::;. 1. 

The tncoming” and “outgoing” parts of the curve 
,ire also plotted in this manner. The :ollowicg param- 
eter:; arc ronjt.lnt .-or ~11 of the fixTIres. 
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Fig. 1 Separatrix for 8 = 0.0 

Figure 1 shows the form of the separatrix at the 
center of the resonance injection magnet for two dif- 
ferent values of the dipole field. Figure 2 gives the 
same separatrix at the location of the septum magnet, 
90’ upstream of the resonance injection magnet. 

Fig. 2 Separatrix for 0 q 3~12 

Figure 3 shows the “jump” per turn as a function 
of the locatlnn of the partlclr ln the st~phlm rr:.~gnc~l .ii- 
ter the j,Jrnp. \Iote that ior a given Y, the ,,limp is in- 
dependent of the dipole fi,:ld value. This is .~I~ccss,rry 
for d successh~l injc:ction since the pJsit,ion of the in- 
.jected hcjm x the :+rptllm nagnt,t is fi:<<,rl. Fig,urc 3 
shows the max.m:~m .icccpt,ible divurgence ‘1s a L‘unc- 
t.on of Y for a I’ib ~lipolc field thar.gc per tnrn :rnd SPV- 

393 



era1 initial values of the dipole field. Figure 5 shows 
the required slope of the injected beam. This figure 
shows that the field of the septum magnet must be pro- 
grammed to follow the change of slope. Figures 6 and 
7 give the same results but for a dipole field change of 
270 per turn. Figure 8 gives the instantaneous accept- 
ance for Ax = *to. 5 in; x = 2. 50 in as a function of the 
initial value of the dipole field. 

Conclusion 

The ” strip” of injected particles is wound upon the 
emerging stable fixed point. Overlapping of the 
“strips” IS not possible since one fixed trajectory 
could not be obtained from two different initial trajec- 

tories. Therefore, the phase space density of the in- 
jected beam will be, at best, identical to the original 
density, but more likely smaller. However, the dilu- 
tion will be much smaller than in the case of the con- 
ventional multiturn injection. 
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Fig. 3 Jump Vs. Position 
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Fig. 6 

Maximum Acceptable Divergence 
Vs. Position of the Beam 
(.?“?I Dipole Fi,lld Change per Turn) 
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Fig. 4 
Maximum Acceptable Divergerice 
Vs. Position of the Beam 
(1% Dipole Field Change per Turn) 
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Fig. 7 

Slope Vs. Position of the Beam 
(2% Dipole Field Change per Turn) 
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Fig. 5 
Slope Vs. Position of the 
Beam (1% Dipole Field 
Change per Turn) 
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Fig. 8 

Instantaneous Acceptance Vs. 
Initi.rl Dipole ,S(reni;th 
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