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The theory of the interaction of a beam with 
transverse modes in a standing wave linear acceler- 
ator is summarized and applied to the design parsm- 
eters for recently proposed proton linacs. Approx- 
imate results are derived for the limiting current 
and these are checked and extended by detailed nu- 
merical calculation of the build-up of transverse 
fields. For the contemplated linacs, the current 
limit is of the order of 10 amperes, safely above 
the design values. 

Introduction 

High-current proton linacs are currently being 
designed for use both as injectors for high-energy 
synchrotrons and &s facilities for direct experi- 
ments with mesons and nucleons. Since high-current 
electron traveling wave linacs are known to exhibit 
the phenomenon of beam blow-up, we have tried to 
evaluate the interaction of high-current proton 
beams with transverse modes in a standing wave 
linac in order to assess the seriousness of this 
phenomenon. 

Theory 

The theory of the interaction of a bunched 
beam with transverse modes in a cavity has been de- 
velopedlJ2 in analogy with Wilson's description3 
of beam blow-up in a traveling wave electron linac. 
The modes of the first transverse bend of the cavi- 
ty are assumed to be oscillating with given ampli- 
tudes. The mth (narrow) beam bunch is then assumed 
to enter the cavity with,a certain initial dis- 
placement I$, and angle xm. This bunch interacts 
with the existing transverse modes which change its 
trajectory. The currents generated by this moving 
bunch will then feed energy into the transverse 
modes leading to changes in the amplitudes of these 
modes. If these amplitudes are able to build up 
sufficiently, the beam will be deflected into the 
structure and will be lost. 

If H m, is the appropriately normalized (corn-- 
plex) .mnp a itude of the magnetic field in the jth 
mode as the mth beam bunch enters, one can write 
for the change in amplitude per beam pulse 

H(mtl)e-iiuj't 
3 

- HP) = 1 Sk[WjkHp - GjkHp"l 
J 

k 

_ sjHlrn) - i(xm - iKjxi)eia:li2 (1) 

mu. 
Here ej= 2, 

(u Q. 
oJ 

The average besm current 's I,, the beam-bunch 
separation is At = */uo, t the quantity EoLRk2 is 
directly related to the r/Q for the cavity, and 

aj=(kj v - Y), (3) 

is the slip of the bunch relative to the traveling 
wave component of the jth mode. The quantity Bjk 
is defined 8s 

and K. is related to the relative amplitude of the 
tran&rse and axial components of the electric 
field in the jth mode. All other symbols are ei- 
ther obvious or are defined in Refs. 1 and 2. The 
assumptions made in the derivation of Eq. (1) are: 

1) The frequency separation of adjacent modes 
is larger than the natural width (related to the 
Q) of each mode. 

2) Only those components of the mode travel- 
ing with approximately the same velocity es the 
beam are important. 

3) Only those effects which are linear in 
the displacement end angle of the beam relative to 
the axis are retained. 

4) The beem bunches are narrow and are 
equally spaced. 

5) The energy gain in a tank can be neglect- 
ed. 

5) External transverse focusing is not in- 
cluded. 

Equation (1) can be solved only after further 
assumptions. However, the question of stability 
of the solution is related to the homogeneous part 

fThe beam bunch frequency mo/2rr is usually a sub- 
multiple of the frequency of the accelerating mode. 
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of Eq. (1) 
cifically, 
all of the 

which in principle can be solved. Spe- 
the solution will stay within bounds if 
eigenvalues of the homogeneous equation 

have a magnitude less than unity. This leads to 
a starting current, I,, below which the solutions 
will be bounded. 

Approximate Solution for Blow-Up 

In order to obtain the character of the so- 
lution of Eq. (1) we have assumed that only a sin- 
gle mode is important. This leads, for the homo- 
geneous equation; to the solution 

with 

A = Re[eie(l-s+SW)] 

f s21iG12 - 
2 

{Im[eie(l-s+SW)j (6) 

Here Bj = m.At to within a multiple of ;?rr, and all 
subscripts A ave been dropped. 

10-S. 
In the cases of interest s is of the order 

Since 

W=U+iV (7) 

is of order 1, the values of S which are of inter- 
est are also of order 8 or lower. If Id is much 
larger than E, the solution for h is 

IAl a Jeie(l - s + SW)/ *l - 0 + SU (8) 

and stability simply requires IAl < 1, or 

S < e/U, for 101 >> s. (9) 

If on the other hand 9 = 0 (resonance between the 
transverse mode and the beam frequency) one finds 

x=1- c + su + s Ja-Y:!. (10) 

Stability then requires 

s < E/U, 

and 

S < e/[U + /-F-F], for 8 = 0, 

Iwl ‘V, 

(11) 

(12) 
where we have combined the cases 
101 >> E in Eq. (11). 

8= 0 and 

Amplitude Growth 

In order to,obtain a simple guide for the 
amplitude growth we will neglect s3l modes other 
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than k = j in Eq. (1) as well as neglect the term 
ij compared with W. (This is not slwsys valid, but 
leads to quslitatively correct results ss can be 
seen frcm Eqs. (11) and (12).) In this case one 
has 

Jml)emie = Jm)(l-c+SW) - i(xm-iK xi)eioi2. (13) 

We will further assume that (at leyt for the 
first tank) sJl values of xm and xm are identical, 
so that one has 

,(m) = -i(x _ s x') 1l--Am eiai2 + ie, 
i-4 

(14) 

where 

A = eie(l - 8 + SW). 

The angular deflection a proton experiences in 
traversing the cavity can be shown to be given in 
general by 

3 
I.,&x~ = $& Im tl 

(m)e-ioj/2 
SjHj 

j 

In order to obtain estimates, one must assign 
a value to K. In the approximation of small cou- 
pling along the axis between adjacent cells it can 
be shown that 

Ko' C< L. (17) 

Since typical values of x' are of the order 2nx/\ 
where At, the transverse oscillation wavelength, 
is much larger than L, all terms in K msy be 
dropped, leading to 

L&c'=- - ?$ ti ,e{eie.@} *. (18) 
ct 

The most serious amplitudes are reached in the 
steady case for 6J = 0, but these are quickly re- 
duced once 161 > E. Since E is very small and 
since even a l$ variation in 0 will lead to vsri- 
ations in 0 of the order of 0. i rad, at most one 
or two tanks will be near enough to resonance to 
mske the amplitude growth serious. In this c8se 

L&&+x 3 A&yy&-&"&> (19) 
E- 

which implies that the fractional increase in sm- 
plitude is of the order of the ratio of the actual 
current to the starting current. Moreover the 
sign of the deflection is such as to increase 
rather than decrease the transverse focusing. 

Numerical Calculations 

The rough guides in Eqs. (ll), (12), and (19) 
have been obtained by assuming that only one mode 
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contributes to the beam growth. In order to see 
the effect of taking into account several modes, 
a series of numerical evaluations of Eqs. (1) and 
(16) have been performed to investigate the fol- 
lowing effects: 

1) Dependence of the starting current on E. 

2) Difference between narrow band and wide 
band structures. 

3) Effect of resonance (0 = 0) taking into ac- 
count several modes, and determination of 
the width of the resonance. 

Figures 1 and 2 show the growth of the de- 
flection (L&'/x) for a single mode, below and 
above the starting current defined in Eqs. (11) 
and (12). In this case the transverse band w&s 
taken to run frcun l..lw to 1230 Mc/sec which yields 
a value of 0 = 0.353. These results show the in- 
stability associated with currents above the 
starting value. (For sll cases depicted by the 
figures in this paper the following parameter val- 
ues were assumed: frequency of the T-mode = 800 
Mc/sec, beam frequence = 200 Mc/sec, e = 0.01, and 
number of cells per section = 40.) Figures 3 and 
4 show a corresponding calculation taking into ac- 
count 3 modes. In this case the starting current 
has been raised by about 1%. Further investiga- 
tion showed that in .sll cases tried the stsrting 
current for more than one mode was higher than 
that for a single mode, implying some draining of 
the field build-up into adjacent modes. Figure 5 
gives the explicit results for 1, 3, 5, 7, and 9 
modes. The variation due to the presence of other 
modes is not great, amounting to 10 + 8$ for those 
cases tried. 

Figures 6 and 7 are appropriate to the reso- 
nant case, r3 = 0, with a single mode and show a 
decrease in the starting current of 4416 compared 
with the non-resonant cases. This is consistent 
with Eq. (12). The width of the resonance is 
shown in Fig. 8 where the starting current is 
plotted against 8 in the region near 0 = 0. The 
width is clearly given by 0 - E, implying 

6f. 1 
- N -. 
fJ Q> J J 

The circles show computer runs which were made for 
various values of S/S, and e/o. The arrows show 
whether the value of S/S, was above or below the 
starting current and in addition indicate how 
close the run was to blow-up. The solid curve was 
derived from theory. 

Figures 9 and 10 depict the resonant case, 
B = 0, for three modes. As with the non-resonant 
case the inclusion of more modes raised the value 
of the starting current. The width of the reso- 
nance, shown in Fig. ll, is again given approxi- 
mately by t? - E, but here the pattern is unclear 
and further studies are being made of the depend- 
ence of starting current on 9 for more than one 
mode. 

Several runs were made with different values 
of E. In each case the starting current was found 
to be proportional to E. Numerical values were 
then obtained primarily for s = low2 rather than 
for the more appropriate E = 10-3 in the interest 
of calculation time. 

Several runs were made with different loca- 
tions of the transverse band and for different 
bandwidths. The starting currents obtained were 
insensitive to these chsnges, except for the ress 
nant cases described above. 

Conclusions 

1) A reliable guide to the current limit for 
transverse beam blow-up is given by 

so = qu - E = (TW~/UJ~Q~) 

where we have taken U to be of order unity. The 
corresponding current is 

e1 - J’ 
S 

L*( Zomj2)Qj 

If one defines a shunt impedance per unit length 
for a transverse mode as 

[(“bj) J” d4 aq/w .!2 
cos klizJ 

" 

L X Power Less 
, (23) 

Eq. (22) can eventually be written as 

7r3 Pc(c/u,) 
eIs = J 

2 (24) ,,r - 

2) Measurement of the fields in the trans- 
verse mode for the I&L cloverleaf structure leads 
to an estimate 

IS - 10 amp? (25) 

safely above the design value of 20 ma. 

3) The estimate in Eq. (24) was made assum- 
ing a single deflecting mode end is increased when 
neighboring modes are included. The results ap- 
pear to be approximately independent of bandwidth 
ss long as it is wide enough for the modes to be 
clearly distinct. 

4) In the unlikely event that there is a 
resonance between the deflecting mode frequency 
and a multiple of the beam frequency, the starting 
current is lowered by less than a factor 2. The 

"width" of this resonance is of the order 
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Fig. 1. Deflection after m pulsas for a single 
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Fig. 3. DeflectIon after m pulses for three 
non-resonant case, below starting current. 
fd T = 1190 M&x, fdo - 1230 Fc/sec, 
s - 0.0118Il = 0.9 S o. 
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Fig. b. Deflection aftir m pulses for three 
modes; non-resonant case, above starting current. 
fd"' ll90FC/SeC, fdo = 1230Fc/sec. S - 0.01711 
= 1.3 so. 
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Fig. 5. Normalized starting current. S/So 
xcrsus number, NM, of modes perm1tkd to 
take part in the intal~ackion. 
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Fig. '2. hflection aftxr TT, pulses for one p.ojE:; 
resonant case, below starting current. fdn' 
1178.I1308 Mc/sec, fdo = 1218.b308 Mdsec, 
s - o.ooL - 0.l.l so. 

PULSE NO. 

Fi.g. 7. Deflection after m pulses for one mode; 
resonant case. abow starting current. 
fdq' 1178.h308 Mc/sec, f&, = 1218.i.1308 MC/mC, 
s = 0.007 - 0.7 so. 
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Fig. 8. Normalized starting cxrrent, S/S,, 
versus rqsonane parameter, 9, for one morfe. 
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PULSE NO. 

Fi.g. 9. Dsflection after m pulses for three 
modes; resonant case, below starting current. 
fdw - 1178.4308 Mc/sec, fdo - 1219.4308 Mc/sec, 
s - 0.007 - 0.7 so. 
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Fig. 10. &fhction after m p'?s,is for thrr-e 
mocks; resonant case, ahowz starting c*urcn%. 
fdn - 1178.4308 Mc/sec, fdo - 1218.4308 Mchec, 
s - 0.011 - ?.? s,. 
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Fl.g. 11. Normaliwd starting current, S/S,, 
versus resonance paramtcr, 8, for three modes. 


