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Abstract
A muon accelerator is required to have very large ac-

ceptance and very quick acceleration. Recent studies
show that a Fixed Field Alternating Gradient (in particu-
lar a non-scaling FFAG) is one of the most promising
candidates for a muon accelerator as a building block for
a neutrino factory. There are, however, some unresolved
problems which should be studied in more detail. We will
talk about why a FFAG draws more attention than other
types of accelerators such as a linear accelerator or a RLA
as a muon accelerator. Present R&D status and beam dy-
namics issues will be also discussed.

INTRODUCTION
Both a muon collider and a neutrino factory require ac-

celeration of a muon beam. Since a muon beam has a
short lifetime of 2.2 μs in the rest frame, acceleration has
to be quick as possible, especially at the early stage where
the Lorenz boost is relatively small. Although cooling of
a muon beam is anticipated right after the production tar-
get, the emittance of a muon beam is still large: a few tens
of thousand  mm mrad, compared with a conventional
beam in an accelerator such as an electron or proton
beam: normally of the order of one to hundred  mm
mrad. This is because a muon is a tertiary particle. There-
fore, a muon accelerator has to have a large acceptance.

For the last few years, intensive efforts have been made,
first in the US and later worldwide, to design a machine
complex for a muon collider and a neutrino factory.
Among them, the so called Feasibility Study II [1] and
Study 2-A [2], and most recently the International Scop-
ing Study (ISS) [3] specifically proposed a detailed ma-
chine complex of a neutrino factory.

At the beginning, the muon accelerator part comprised
a linear accelerator (Linac) and a Re-circulating Linear
Accelerator (RLA) because it seemed that they were the
only available options that satisfied the above require-
ments. Then, the use of Fixed Field Alternating Gradient
(FFAG) accelerator as an alternative was suggested in the
US [4,5,6] and later a whole machine complex with sev-
eral FFAGs was proposed by a Japanese group [7]. Since
then, the R&Ds and design work on FFAGs became one
of the major activities in the accelerator community. We
will describe the progress of muon acceleration design
and related developments on FFAGs.

FROM FEASIBILITY STUDY II TO 2-A
As shown in Fig. 1, the accelerator complex described

in Study II comprises RLA as a main accelerator and Li-
nac as an injector. It could be all Linac to the final energy.
It is, however, more expensive because the rf acceleration
system dominates the cost. The specifications of the rf

cavity are a gradient of 15 MV/m and an acceptance of
7,500  mm-mrad normalized. Multiple use of the rf ac-
celeration system with beam transport which make a
beam back to the same rf system is one solution to mini-
mize the cost, i.e. a RLA. In addition, a later study shows
that phase mixing in a RLA turns out to be advantageous
over a Linac (and a FFAG). This will be discussed later.
The cost of the muon accelerator was, however, still the
major part of the machine complex.

Figure 1: Acceleration scheme in Study II (from ref. [1]).

The use of a FFAG had been proposed as an alternative
to a RLA in the US in 1997 even before Study II [4,5,6].
In fact, it was not the conventional type of FFAG (in-
vented in 1950’s [8,9,10]). The basic idea here was that if
one could make an arc with a very small dispersion func-
tion of the order of a cm, one could replace the multiple
arcs of a RLA by a single arc. That could be made possi-
ble by strong quadrupole focusing in a high periodicity
lattice. The rf cavities would then be distributed all
around the ring instead of being lumped together in a
RLA. From the accelerator point of view, that is nothing
but an ordinary storage ring. It has, however, rf cavities
and a particle will gain net energy. This was the origin of
what is now known as a nonscaling FFAG.

Figure 2: Acceleration scheme in Study 2-A (from ref.
[2]).

It seemed that the idea of using a FFAG as a muon ac-
celerator was not much appreciated until a Japanese group
demonstrated proton acceleration by a conventional type
of FFAG [11], which we call a scaling FFAG, and a neu-
trino factory proposal solely based on a FFAG appeared
[7]. It is also interesting that the US and European groups
started the development of a nonscaling FFAG from the
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beginning although the demonstration in Japan was on a
scaling FFAG.

As shown in Fig. 2, the high energy part of the accel-
erator was replaced by FFAG in Study 2-A. The Linac
and RLA were retained, but output energy of the latter
was reduced to 5 GeV. In any case, it showed the shift of
interest from RLA to FFAG.

NONSCALING FFAG
FFAG adopted in Study 2-A was not the conventional

scaling FFAG. It consists of dipoles and quadrupoles just
as in an ordinary synchrotron. In fact, there is no ramping
of magnetic fields so that it is nothing but a storage ring.
The distinguishing feature from a storage ring is, however,
that the dispersion function is kept small and therefore the
machine has a large momentum acceptance, typically +/-
33% or more [12,13]. In that way, acceleration in a “stor-
age ring” becomes possible. The ratio of injection and
extraction momenta can be a factor of two.

Since there are only linear elements, namely dipoles
and quadrupoles, dynamic aperture is expected to be large,
which satisfies one of the requirements. The magnetic
fields are constant and acceleration is only governed by
the rf voltage so that the quick acceleration is possible,
which satisfies the other requirement. Acceleration of
muons with a few to 10 turns in a FFAG seemed the most
economical way of using the rf system compared to a
Linac and a RLA.

Acceleration was, however, an issue. In a RLA, the
path length of each arc transporting fixed momentum
beams can be adjusted so that the rf wave has the right
phase when a beam comes to the entrance of a Linac. In
addition, the phase relation between a beam and the rf
wave is independent of momentum since a beam traverses
Linac with the speed of light. In a nonscaling FFAG,
however, there is a finite though small dispersion function.
That introduces a variation of revolution frequency or a
variation of time of flight from cell to cell which depends
on beam momentum. What is worse, it is not possible to
modulate the rf frequency in a time scale of 10 turns, es-
pecially considering a high Q cavity with frequency of a
few hundreds MHz.
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Figure 3: Time of flight as a function of momentum in 10
to 20 GeV muon ring.

One solution is to make the lattice as isochronous as
possible [14]. That is in fact the same requirement as that

of a smaller dispersion function. Revolution time scales
with the total path length since the beam always travels
with the speed of light. Thus, when the variation of revo-
lution time is minimized, the variation of the path length
is minimized as well. Therefore the overall orbit deviation
which depends on momentum, which is nothing but the
dispersion function, becomes small. Figure 3 shows the
revolution time of the 10 to 20 GeV muon FFAG as a
function of momentum. It has the minimum value at the
middle of acceleration and become longer on both injec-
tion and extraction sides.

Now, suppose that the rf frequency is fixed to the in-
verse of the minimum revolution time (times harmonic
number in practice). Then a beam at injection momentum
experiences a slight phase slip with respect to an rf crest.
That continues until the beam gets to the momentum
where the revolution time is minimum. Around that mo-
mentum, the beam is almost synchronized with rf and its
phase stays constant. As the beam is further accelerated,
the phase slip gradually increases in the same direction as
before. Therefore, if the total phase slip is less than  and
one chooses the initial phase such that the beam reaches
at the top of an rf crest at the middle of acceleration, al-
most isochronous acceleration can be achieved. That is
called an out of bucket acceleration or “gutter accelera-
tion” because a beam follows a flow between two rf
buckets in longitudinal phase space.

Actually, the rf frequency is not necessarily fixed to the
minimum revolution time. If the frequency is slightly
lower, phase slip disappears before a beam reaches the
middle momentum and then the beam phase moves in the
opposite direction. Since the time of flight has an almost
symmetrical parabola shape, phase motion freezes once
again before the beam is accelerated to the extraction
momentum and starts moving in the original direction. In
that case, trajectory in the longitudinal phase space has a
serpentine shape. From the phase slip point of view, the
lower the frequency, the smaller the phase slip will be.
The rf voltage can be, however, higher with a higher fre-
quency. The time structure of the beam created in up-
stream components should match the rf frequency of the
FFAG, too. The baseline frequency is determined at 200
MHz in Study 2-A.

DEVELOPMENTS IN JAPAN
In late 1990’s, a successful development of a new type

of rf cavity with Magnetic Alloy (MA) [15] enabled Mori
and colleagues to start the design and construction of a
FFAG accelerator in Japan. That was just right after the
idea of using a FFAG as a muon accelerator was proposed
in the US. The machine that the Japanese group chose
was a conventional, scaling FFAG, because their aim was
not only a muon accelerator, but a high intensity proton
driver and accelerators for other applications.

A scaling FFAG uses a magnet that has the field profile
of,
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where k is the field index and F describes the azimuthal
dependence. The magnets occupy the same fraction in
azimuthal direction independent of radius. Either by
switching the sign of the field alternately from magnet to
magnet or by introducing an edge focusing for the vertical
plane by a spiral shape magnet, alternating gradient fo-
cusing is realized [16]. Also, orbits of different momenta
have a similar shape though they lie on different radii. A
major advantage of this focusing structure is that the
transverse tunes are constant throughout acceleration.
That follows from the fact that orbits are similar and focal
length is proportional to the radius. In a accelerator termi-
nology, chromaticity is corrected to zero in the whole
acceleration range by the nonlinearities of the field profile.

Success of a 500 keV proof of principle (POP) model
[11], which was the first proton FFAG with a MA cavity,
initiated many programmes aiming at applications of a
scaling FFAG. A muon accelerator was among them. A
neutrino factory proposal in Japan uses only a series of
scaling FFAGs from the beginning to the top energy
without a beam cooling section [7]. That is possible be-
cause of the large acceptance both in the longitudinal and
in the transverse planes. Although there are nonlinear
forces from the field profile, dynamic aperture is still
huge and, for reasons unknown, comparable to that of a
nonscaling FFAG. Another interesting feature is in the
momentum compaction factor. Because it is exactly
1/(k+1) and the slippage factor only depends on a kine-
matic term 1/ 2, the rf bucket can be made as large as the
rf voltage allows. Accordingly, acceleration of a muon
beam in a large fixed frequency bucket was proposed. A
beam is injected into the bottom side of a bucket and ex-
tracted from the top side of a bucket after less than a half
synchrotron oscillation [7].

Figure 4: Beam signal of 150 MeV FFAG with 100 Hz
operation (from ref. [19]).

Apart from the application to muon acceleration, there
are several construction projects going on. One obvious
target is a medical use with high intensity operation and
high repetition rate. That makes a new form of treatment
possible, namely spot scanning. The same Japanese group
started construction of 150 MeV FFAG as a prototype for
medical use [17]. In 2005, beams were extracted with an

efficiency of more than 90%. The repetition rate of 100
Hz was also demonstrated as shown in Fig. 4 [18,19].

BEAM DYNAMICS ISSUES

Transverse Tune Excursion
Although the lattice of a nonscaling FFAG is designed

such that the orbit excursion becomes minimum for the
whole momentum range, there is no chromaticity control
of transverse tunes. As a result, transverse tunes decrease
significantly during acceleration as shown in Fig. 5.
Although the use of nonlinear magnets to correct chro-
maticity was studied for some time, it turned out that dy-
namic aperture decreased considerably, becoming too
small to accommodate the large muon emittance.

As shown in Fig. 5, transverse tunes are in fact care-
fully chosen so that the structure integer and half-integer
tunes will not be crossed. Integer and half-integer tunes
that may cause resonances with random misalignments
and fabrication errors of magnets are, however, not
avoided in the course of acceleration. One plausible ar-
gument is that the crossing of those tunes is not a problem
if the tune change is very fast. In fact, the 10 to 20 GeV
muon ring, for example, is supposed to finish acceleration
in 17 turns. Within one turn, the total tune changes an
order of one and a particle may not even see the periodic-
ity of a ring. With tracking simulation, we studied distor-
tion of orbit and optics due to alignment and magnet er-
rors.

Figure 5: Cell tune diagram of 10 to 20 GeV FFAG.

As shown in Fig. 6, alignment errors introduce orbit
distortion all the way from injection to extraction. We
have alignment errors of 0.1 mm (rms) and the maximum
errors are twice as much. It, however, does not show any
structure that depends on the total transverse tunes. Dis-
tortion is not necessarily excited when the tune cross inte-
ger values.

Figure 6: Horizontal (left) and vertical (right) orbit dis-
tortion as a function of total tune.

A similar exercise has been carried out for optics dis-
tortion. We prepare a beam with emittance of 3  mm
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mrad (horizontal only) and introduced gradient errors of
1x10-3. It is matched to the optics calculated for injection
momentum. Without gradient errors, optics function 
and  calculated from the ensemble of macro particles
vary over the tune range with no oscillations. With errors,
those functions start oscillating because of beam tumbling
as shown in Fig. 7. The modulation, however, does not
have any explicit correlation with integer and half-integer
tunes.

Figure 7: Distortion of  (left) and  (right) functions as a
function of total tune.

These results suggest that distortion is not due to a
crossing of integer or half-integer “resonance”. Rather, it
is caused by random error kicks of dipoles and quad-
rupoles [20]. The question is, then, the magnitude of dis-
tortion when there are realistic errors in a lattice. By using
random seeds, we tested 501 different error patterns and
calculated the amplification factor, which is defined as the
ratio of maximum and rms orbit distortion vs. rms align-
ment errors. They are 143 and 53.3 for the horizontal
plane and 110 and 40.9 for the vertical one, respectively.
Similarly, for gradient errors, a growth factor, which is
the growth rate of maximum single particle emittance is
defined. It becomes 0.2 when the rms gradient error is
1x10-3. Both factors scale linearly with the magnitude of
errors.

Path Length Dependence on Amplitude
In a FFAG, the path length changes as a beam is accel-

erated. In addition, the path length also depends on beta-
tron amplitude. Suppose that there are two particles with
zero and finite betatron amplitude. A zero amplitude par-
ticle follows a path determined only by momentum,
whereas a finite amplitude one takes a longer path to
complete one revolution. In fact, Berg pointed out that the
path length difference is proportional to chromaticity and
betatron amplitude [21]. Therefore it is only a problem in
a nonscaling FFAG.

Figure 8: Longitudinal emittance evolution without (left)
and with (right) finite transverse amplitude.

Figure 8 illustrates the longitudinal emittance evolution
with and without finite transverse emittance. We assume

that the 100% transverse emittance (normalized) is 30,000
 mm mrad for the right-hand figure. Large transverse

amplitude particles have more phase slip and result in a
larger spread in phase space. Some particles even get to
the deceleration phase and cannot be accelerated to the
top energy. That can be cured partially by applying higher
voltage or making an rf crest flatter with higher harmonic
rf components. The former simply finishes acceleration
before large phase slip occurs and the latter gives more
uniform energy gain for extended phase area. These
remedies work well if there is only a single FFAG. As
shown in Fig. 2, however, the baseline scenario of Study
2-A was a FFAG cascade and we need to find the opti-
mum solution for the cascade system. Figure 9 is the best
result we have achieved to date [22].

Figure 9: Longitudinal emittance evolution of a two
FFAG cascade with 100% emittance of 30,000  mm
mrad. Left figure uses nominal rf voltage and no higher
harmonic rf. Right one uses second harmonic rf with 10%
increase in fundamental rf voltage.

FROM STUDY 2-A TO ISS AND BEYOND
Those beam dynamics issues have been studied during

the ISS period. Basically, problems are all related to the
finite chromaticity that a nonscaling FFAG possesses.
Therefore, replacing a nonscaling FFAG by a scaling
FFAG is one solution. Although there are other new
problems in a scaling FFAG such as the requirements of
larger magnets, choice of rf frequency, etc., a study in this
direction continues [23].

On the other hand, it is interesting to see if similar
problems exist in a Linac or a RLA, especially path length
dependence on amplitude. A Linac should have the same
problem and this has been confirmed by tracking simula-
tion [24]. Fortunately, a RLA has an additional knob that
can be used to cure the problem, at least partially. In a
RLA, in each arc a desirable value of m56 matrix element
can be set (coefficient relates time of flight with momen-
tum). This means that a large transverse amplitude parti-
cle that has a larger phase slip can catch up with an rf
crest after going through the arc. In other words, syn-
chrotron oscillations wipe out the undesirable phase rela-
tion. Although a realistic design of the arc is not yet done
from this point of view, an optimization with this knob,
m56, improves the beam behavior as shown in Fig. 10.
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Figure 10: Bunch shape at the top energy of RLA. With
zero transverse emittance (red) and finite emittance of
30,000  mm mrad (green). Upper figures shows when a
beam is on a crest and m56=0. Lower figure shows when a
beam is off crest and m56=1 [m].

According to those findings, the accelerator complex is
slightly modified in ISS report as shown in Fig. 11. The
importance of the RLA is increased and only a single
FFAG with a possible extension to a second FFAG of
higher energy remains. Further optimization study contin-
ues.

Finally, no nonscaling FFAG exist. Feasibility and also
its beam dynamics issues have yet to be demonstrated
experimentally. The project of constructing an electron
model has been approved and started this year at Dares-
bury Laboratory in U.K. [25].

Figure 11: Acceleration scheme in ISS (from ref. [3]).
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