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Abstract

In this paper we present a 3D simulation study of the
emittance growth in a mismatched anisotropic beam. The
equipartitioning driven by a 4th order space-charge reso-
nance can be significantly modified by the presenc of mis-
match oscillation and halo formation. This causes emit-
tance growth in both the longitudinal and transverse direc-
tions which could drive the beam even further away from
equipartition. The averaged emittance growth per degree
of freedom follows the upper bound of the 2D free energy
limit plus the contributions from eqipartitioning.

INTRODUCTION

Emittance growth is one of the most fundamental issues
in accelerator beam dynamics studies. In a constant focus-
ing channel (smooth approximation of the real machine),
the energy anisotropy of the beam is defined as the ra-
tio of the longitudinal temperature to transverse tempera-
ture, Tz

Tx
= εzkz

εxkx
, where z is correlated to the longitudi-

nal direction and x is the transverse direction. For a col-
lisionless anisotropic beam in the accelerator, the nonlin-
ear space-charge forces coupling the longitudinal and trans-
verse directions cause emittance exchange among different
degrees of freedom when the internal resonance conditions
are satisfied. This will be further enhanced by the collective
space-charge instability which can grow out of the noise in
an anisotropic beam. In this case, the emittance grows in
a plane that receives energy, and decreases in a plane that
loses energy. A major fourth order difference resonance
band in the vicinity of the symmetric focusing has been
identified and studied [1, 2, 3, 4]. It was found that within
this fourth order resonance band, the anisotropic beam will
approach to equipartition within a few betatron oscillation
periods. Outside the stopband of the coupling resonance,
the emittance exchange is small. An initial anisotropic
beam can remain anisotropic for a long time without pro-
gressing to an equipartitioned beam.

On the other hand, in accelerators, the change of focus-
ing lattice can cause the mismatch between the input beam
and the transport system. The mismatch will result in the
oscillation of beam envelope and excite the envelope eigen-
modes. These envelope modes possess additional free en-
ergy compared with the stationary distribution. Individual
particles with right oscillation frequency can resonate with
these envelope modes through the so-called parametric res-
onance, e.g. 2 : 1 resonance, and attain large amplitude to
form halo [5, 6]. These halo particles extract the energy
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from the envelope modes and convert the free energy from
mismatch into thermal energy, which causes beam emit-
tance growth.

In recent years, studies have been focused on the un-
derstanding of the emittance exchange of an rms matched
beam with initial energy anisotropy [2, 3, 4, 7, 8] or the
mismatched halo formation without the presence of energy
anisotropy [9]. For a mismatched anisotropic beam, the fi-
nal rms emittance growth is more complicated depending
on the longitudinal to transverse tune ratio and the longi-
tudinal to transverse emittance ratio of the beam. In this
paper, we have carried out a detailed parameter study of
the final emittance growth in a constant focusing channel
as a function of longitudinal to transverse tune ratio for
two longitudinal to transverse emittance ratios. The sim-
ulations have been done using the 3D particle-in-cell code
IMPACT [10]. In the simulations, which include a self-
consistent space-charge calculation, we used one million
particles on a 64 × 64 × 64 Cartesian grid. We have as-
sumed that in the 3D simulation the initial distribution in
y is identical to that in x. The numerical convergence of
the simulation has been checked using a larger number of
macroparticles, more grid points, and a smaller step size.

SPACE-CHARGE DRIVEN EMITTANCE
GROWTH

We first discuss the emittance growth without the pres-
ence of the major fourth order coupling resonance in a mis-
matched beam. In this case, we have chosen εz/εx = 1,
kx/k0x = 0.6 and a symmetric mismatch factor of 1.3 in
all three directions. The emittance exchange around the
fourth order difference resonance 2kz − 2kx ≈ 0 is negli-
gible since there is no free energy available to transfer for
a beam with equipartitioned temperature ratio Tz/Tx = 1.
Fig. 1 shows the final relative rms emittance growth as a
function of kz/kx for fixed transverse tune depression. The
simulations were done through 100 zero current betatron
oscillation periods to reach saturated amplitudes. The ini-
tial distribution is a 6D Gaussian distribution. For 0.56 <
kz/kx < 1, the relative emittance growth in the transverse
direction is larger than that in the longitudinal direction.
Above kz/kx = 1, the emittance growth in the longitudinal
direction becomes dominant. In both cases, the emittance
growth is predominately in the direction with stronger fo-
cusing. Such anisotropic emittance growth could make the
beam move further away from equipartition. It has been
shown by Franchetti et. al. that around kz/kx = 1, with
stronger focusing in that plane, the fixed point in that plane
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Figure 1: Final relative rms emittance growth in the
longitudinal direction, transverse direction, and averaged
per degree of freedom as a function of tune ratio kz/kx

(kx/kx0 = 0.6, εz/εx = 1) for an initial mismatched
(M = 1.3) Gaussian distribution.
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Figure 2: Final relative rms emittance growth in the
longitudinal direction, transverse direction, and averaged
per degree of freedom as a function of tune ratio kz/kx

(kx/kx0 = 0.6, εz/εx = 2) for an initial matched Gaussian
distribution.

for the typical 2 : 1 parametric resonance moves closer to
the core [9]. This results in more particles being involved
in the parametric resonance in that plane and larger emit-
tance growth. Additional final emittance growth in the lon-
gitudinal direction is observed for 0.2 < kz/kx < 0.56.
The large final longitudinal emittance growth is associated
with the contributions from the halo formations and from
the equipartitioning driven by the higher order modes.

Next, we are going to discuss the emittance growth of
an anisotropic beam with the presence of the major fourth
order coupling resonance. Within the resonance band of
2kz − 2kx ≈ 0, there will be pronounced emittance ex-
change between the transverse direction and the longitudi-
nal direction even though the beam is initially rms matched.
Fig. 2 shows the final relative emittance growth as a func-
tion of the longitudinal to transverse tune ratio for an ini-
tial rms matched Gaussian beam with kx/kx0 = 0.6 and
εz/εx = 2. Within the resonance band 2kz − 2kx ≈ 0,
the maximum longitudinal emittance decreases by about
26%, while the maximum transverse emittance increases
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Figure 3: Final relative rms emittance growth in the
longitudinal direction, transverse direction, and averaged
per degree of freedom as a function of tune ratio kz/kx

(kx/kx0 = 0.6, εz/εx = 2, and M = 1.3) for an initial
Gaussian distribution.

by about 34%. The energy anisotropy Tz/Tx has dropped
from initial 2.3 to 1.1 at the peak of resonance.

With the presence of initial mismatch in above
anisotropic beam, the final emittance growth within the
fourth order resonance band 2kz − 2kx ≈ 0 for the rms
matched beam is significantly modified. The mismatch
causes the envelope oscillations and halo formation in both
transverse and longitudinal directions. As a result, the
emittances grow in both directions even with the pres-
ence of initial emittance exchange. This process pushes
the final state of the mismatched anisotropic beam away
from equipartition. Fig. 3 shows the final relative emit-
tance growth as a function of kz/kx for an initial Gaussian
distribution with a fixed kx/kx0 = 0.6, εz/εx = 2, and
an initial 1.3 mismatch in all three directions. The mis-
matched anisotropic beam shows both equipartitioning and
anisotropic emittance growth. Comparing with the case of
emittance growth around 2kz − 2kx ≈ 0 (0.6 < kz/kx <
1.4) for a mismatched beam with εz/εx = 1, there exists a
regime of equipartitioning (0.97 < kz/kx < 1.24) for the
mismatched beam with εz/εx = 2. Comparing with the
matched anisotropic beam with εz/εx = 2, the peak of the
resonant emittance exchange occurs at the same tune ra-
tio. However, the range of tune ratio for the final emittance
exchange has been reduced from 0.8 < kz/kx < 1.45 to
0.97 < kz/kx < 1.24. Within this range, the fourth or-
der resonance driven equipartitioning is stronger than the
halo driven emittance growth. There is a net final emittance
exchange between longitudinal direction and transverse di-
rection. Outside this range, the opposite is true. The emit-
tance growth from the mismatched halo overcomes the ini-
tial equipartitioning process. The final state of the beam
can be driven further away from equipartition.

Even though the emittance growth along the transverse
and longitudinal direction shows strong dependence on the
longitudinal to transverse tune ratio, the averaged rms emit-
tance growth per degree of freedom, is found to be rela-
tively insensitive to the ratio of the tune within the range
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Figure 4: Relative averaged rms emittance growth with
εz/εx = 1, εz/εx = 2, and compared with free energy the-
ory, as a function of mismatch factor for Gaussian beams
(kx/kx0 = 0.6, kz0/kx0 = 1.0).

0.6 < kz/kx < 1.4 as shown in Figs. 1-3. This makes
it feasible to estimate the average emittance growth and
to compare with the ”free energy” limit derived by Reiser
for symmetrically focused beam [11]. The latter is a “2D”
approximation understood as the maximum possible rms
emittance growth, if all of the energy added to an axially
symmetric beam by radial mismatch is “decohered” and
a new matched uniform beam is obtained - regardless of
the actual driving mechanism. Fig. 4 shows the averaged
rms emittance as a function of mismatch factor for an ini-
tial Gaussian beam with kz0/kx0 = 1, εz/εx = 1 and
2 together with the emittance growth calculated from the
free energy model. The emittance growth using the 2D
free energy model includes the contributions from the ini-
tial charge redistribution of the Gaussian beam and from
the initial envelope mismatch. For εz/εx = 1, the aver-
aged emittance growth per degree of freedom from simu-
lation rises slower than that from the free energy model as
the mismatch factor increases. For εz/εx = 2, the aver-
aged emittance growth from simulation is larger than that
from the free energy model for mismatch factor less than
1.15. This extra-emittance growth is due to contributions
from equipartitioning. For mismatch factor greater than
1.15, the emittance growth calculated from the free energy
model quickly takes over. The general function depen-
dence of the averaged emittance growth on the mismatch
factor for εz/εx = 2 and εz/εx = 1 is similar except an
upshift for the εz/εx = 2 case due to the equipartition-
ing within the coupling resonance. The smaller averaged
emittance growth from simulations is due to the fact that
there is an incomplete transfer of free energy of envelope
oscillation to the emittance growth. The free energy model
tends to overestimate the emittance growth since it does not
take into account the field energy associated with nonuni-
form density in the final stationary distribution. Including
the contributions from the energy anisotropy, the 2D free
energy model represents an upper bound for the averaged
emittance growth per degree of freedom in a mismatched

anisotropic beam.

CONCLUSIONS

In summary, the final equipartitioning state of an
anisotropic beam within the fourth order coupling reso-
nance has been significantly modified with the presence of
the rms mismatch. The anisotropic beam within the reso-
nance band can be pushed further away from the equiparti-
tion by the mismatch halo induced emittance growth. For a
mismatched anisotropic beam, the emittance growth shows
a superposition of the contribution from the equipartition-
ing and from the mismatched halo formation. Even though
the emittance growth along the transverse and longitudinal
directions shows strong dependence on the longitudinal to
transverse tune ratio, The averaged rms emittance growth
per degree of freedom is relatively insensitive to the tune
ratio and follows the bound of free energy model plus the
equipartitioning contributions.
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