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Abstract 
The values of orbit functions for accelerator lattices as 

computed with accelerator design programs may differ 
between different programs. For a simple lattice, 
consisting of identical constant-gradient bending magnets, 
the functions (horizontal and vertical betatron tunes, 
dispersions, closed orbit offsets, orbit lengths, 
chromaticities etc.) can be evaluated analytically. This 
lattice was studied with the accelerator physics tools 
SYNCH [1], COSY INFINITY [2], MAD [3], and 
TEAPOT [4]. It was found that while all the programs 
give identical results at the central design momentum, the 
results differ substantially among the various lattice tools 
for non-zero momentum deviations. Detailed results and 
comparisons are presented.  

1 INTRODUCTION 
The neutrino factory or muon-collider project requires 

very fast muon acceleration due to a short muon lifetime. 
The non-scaling FFAG: fixed alternating gradient field 
synchrotron in recent analyses has been shown to be a 
promising solution [5]. The lattice design of such a 
synchrotron requires coverage of a very large range of 
momentum in the fixed magnetic field (δp/p ~ ± 40%). A 
simple test case was used to compare various lattice 
design codes. For this case the Courant-Snyder lattice 
functions can be calculated analytically, and the results 
compared to results obtained using the accelerator physics 
codes SYNCH, MAD, COSY, and TEAPOT over a wide 
momentum range (δp/p < 40%). We use the equations of 
particle motion as presented, for example, in the first 
lecture in the 1981 accelerator physics school [6]. In the 
third section, we show the results for the dependence on 
momentum of the lattice functions. The fourth section is a 
summary of the results. 

2 A SIMPLE CYCLOTRON 

2.1 Accelerator physics relations 
The equations of motion [2] are: 
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We take the magnetic field to be: 
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Where ρo is the central radius, B0 the central field, and we 
assume the field depends linearly on the radius with 
gradient G = −n0B0/ρ0, with no nonlinearity. The central 
radius is equal to ρ0 = p0 / eB0. With a momentum offset δ 
defined by δ=∆p/p0, the closed orbit is a circle of radius 
ρ0+x0, where the magnetic field By equals B0 + Gx0; we 
have the equation: 

 ( )( ) ( )δρ +=++ 100000 pxxGBe                (5) 
To simplify the equation (5) we introduce a new variable 
u= xo/ ρo and define λ =(1 - no)/ 2no. We obtain the 
equation: 
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The solutions of which are: 
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(The minus sign should be chosen) The two transverse 
equations of motion for oscillations about the circle of 
radius ρ = ρo + xo are as usual: 
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The condition for stable solutions is 0 < n < 1. The 
analytical solutions for the Courant-Snyder lattice 
parameters like horizontal and vertical tunes νx and νy, 
amplitude functions βx and βy, are:  
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The horizontal and vertical chromaticies ξx, and ξy, are 
defined to be the derivatives of the tunes with respect to 
the relative momentum offset δ: ξx=∂νx/∂δ and ξy=∂νy/∂δ. _____________________  
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The dispersion Dx, and the momentum compaction 
factor αc are: Dx=∂ x0/ δ  = ρ /(1− n)  (as ∂ x ≡ Dx δp/p = 
Dx δ ) and αc = Dx /ρ = 1/(1 – n). 

2.2 The test case-cyclotron 100 meters long 
To make the easiest comparison for the large off 

momentum offsets we used a ring with a circumference of 
Co=100 m, made up of five combined-function constant-
gradient magnets, each 20 m long, with the central 
rigidity of Bρ=50 Tm, and with the field index n0=0.5. All 
other ring parameters like the central bending radius ρo, 
the vertical bending magnetic field Bo follow as  ρo = Co 

/2π and Bo=50 /ρo. The betatron functions for the central 
energy are calculated correctly in all of the codes  (MAD, 
SYNCH, COSY, TEAPOT).   

3 RESULTS 
A few details of use of the accelerator physics codes 

should be noted. The COSY INFINITY code was set up 
to do the transfer matrix calculation with an 8th order 
polynomial expansion in momentum. MAD was used in 
the version MAD8c as implemented on the BNL 
computer system. The magnets are defined as sector 
dipoles with gradients. TEAPOT is a thin element 
approximation code, so the 20 m long dipole was divided 
into 8000 pieces. The SYNCH code was used with a 
sector dipoles definition with gradients. The analytical 
results for various parameters as a function of 
momentum, together with results from the four different 
codes are presented in Figs. 1. to 7. Note that all the codes 
agree for –0.08<d<0.08, but only SYNCH agrees with the 
analytical results over the whole range. The orbit offsets 
(xo=ρ − ρo) as a function of momentum are shown in Fig. 
1. 

 

 
Figure 1: Orbit offset dependence on momentum. 

Fig.2 shows the change in circumference; this should of 
course be just 2π xo, but comparing Fig.1 and 2 we see 
that MAD has a discrepancy. 

 
Figure 2: Change in circumference vs. momentum. 

 
The results for the horizontal and vertical betatron are 

presented in Fig. 3 and Fig. 4. 

 
Figure 3: Horizontal betatron tune vs. momentum. 

 

 
Figure 4: Vertical betatron tune vs. momentum. 

 
The betatron functions βx and βy vs. momentum are 

presented in Fig. 5 and Fig. 6, respectively. 

3486

Proceedings of the 2003 Particle Accelerator Conference



 
Figure 5: βx vs. momentum. 

 

 
Figure 6: βy  vs. momentum. 

 
 

One of the most important parameters for the large 
momentum offsets in the lattice design is the dispersion 
function. The analytical prediction for the dispersion 
function, defined as Dx=ρ/(1−n) in this example, together 
with the code results is shown in Fig. 7. The momentum 
compaction αc = Dx /(ρo+ x) in this example divided by 
the horizontal tune should be equal to αc /νx  = one. This 
was confirmed by SYNCH and within a limited 
momentum range by the other codes. The dispersion 
function dependence on momentum calculated 
analytically together with the codes results is shown in 
Fig. 7. 

 
Figure 7: Dispersion function vs. momentum 

 

4 SUMMARY 
Large momentum offset calculations occur in some 

applications such as the Fixed Field Alternating Gradient 
synchrotron (FFAG). There is a concern with the 
accuracy of the existing codes for the large momentum 
offsets of the order of ±33 % and more. An easily 
analytically calculable example, made of five combined-
function magnets, shows limitations in the momentum 
range of codes like MAD, TEAPOT, COSY INFINITY.  
The SYNCH code has shown perfect agreement between 
the analytical predictions and the code results for every 
lattice function examined. 
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