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Abstract 
The Super SOR ring is a third generation light source 

constructed at Kashiwa Campus of the University of 
Tokyo. In this paper, we present the formalization of the 
circularly polarizing undulator and the scheme of beam 
optics correction. 

1 OVERVIEW OF THE RING 
The Super SOR ring [1] is a third-generation VUV and 

soft x-ray light source which has two modes of optics: the 
ultra-low emittance mode (1.0GeV, 0.7 nm•rad 
emittance), and the low emittance mode (1.0GeV, 2.2 
nm•rad; 1.6GeV, 5.6 nm•rad). The ring has about 250 m 
circumference and twelve straight sections, two of which 
are 29 m long. One of the 29 m long straight sections is 
configured as saw-tooth to use four undulators 
simultaneously. The main character of the ring is the 
realization of subnanometer emittance and the insertion of 
27 m very long undulator. That is, for ultra low emittance 
mode, its emittance is below the diffraction limit for the 

photon of about 100eV and the brilliance of the light from

 27m undulator is over 1020 photons/s/mm2/mrad2/0.1% 
b.w..  

We adopted 24 normal cells of the theoretical minimum

 type for the lattice design of the Super SOR ring, and then 
designed the optics of the straight sections so that each 
straight section inserted between normal cells looks 
transparent for the non-linear effects of sextupoles. To

 keep large dynamic aperture with the insertion devices

 and the magnetic errors, we make correction to maintain 
24-fold symmetry of normal cells and the transparency of

 long straight sections for on-momentum particles [2].

 Indeed for insertion devices, we correct the optics to keep 
the tune advance of the straight section constant by using 
the quadrupole magnets at the matching section. [4] 

The plan view of the ring is shown in Fig. 1 and the 
main parameters of the ring are given in Table 1. 

2 FORMALIZATION OF CIRCULARLY 
POLARIZING UNDULATOR 

The magnetic fields in the undulators are  

____________________________________________ 

†kentaro@issp.u-tokyo.ac.jp 

Table 1: Main parameters of the ring 

Figure 1: Plan view of the ring 
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B0x and B0y are the peak magnetic fields of the horizontal 
and vertical directions, k=2π/λu, λu is the period of the 
undulator, and kx, k’x, ky, k’y are the transverse wave 
numbers which satisfy kx

2+k’x
2=k2 and ky

2+k’y
2=k2 from 

Maxwell equation. Substituting these field equations for 
the equations of motions of the particle, dividing the 
motion of particle into rapid part (central orbit) and slow 
part (betatron oscillation), averaging along longitudinal 
direction, we finally get the equations of slow part of 
oscillations [5] as  
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Here, ρx and ρy are the curvature radius of peak magnetic 
fields. If we take the linear part of these equations, the 
equations of betatron oscillations are  

.
’

22

’
’’

’

22

’
’’

22

2

22

2

22

2

22

2

k

y
y

k

k

k

k
y

k

y
x

k

k

k

k
x

yxy

y

x

x

yxx

x

y

y

ρρρρ

ρρρρ

−









+−=

+









+−=

 

If the fields are upper concave in the horizontal or vertical 
direction, they act the focusing force on the beam. If the 
fields are lower concave, substituting imaginary wave 
number into all the equations mentioned above, they give 
the defocusing force.  

By using Laplace transform, the transfer matrix of 
linear equation above are as follows. 

( ) ( )L
b

L
b

M βα
β

βα
β

−++−= cos
2

cos
2

)4,1(  

Here, 

( ) .,
2

1
,

’

,
22

’
,

22

’

22

22

2

22

2

22

2

22

2

yxyx
yx

y

y

x

x
y

x

x

y

y
x

aabaa
k

y
b

k

k

k

k
a

k

k

k

k
a

−=++==

+=+=

αβα
ρρ

ρρρρ  

To derive the expression of M(2,*), we differentiate 
M(1,*) with respect to L, and to derive M(3,*) and M(4,*), 
we exchange x with y and b with –b. 

3 THE EFFECTS OF UNDULATORS 

3.1 horizontally polarizing undulators 
For horizontally polarizing undulators (B0x=0), from the 

field calculation result, the magnetic fields of the 
undulators have almost no wave number dependence in 
the horizontal direction and thus k’y=0 and Bx=0 (i.e. 
ky=k). No horizontal force exerted on the beam and the 
linear part (the vertical focusing force) only depends on 
the peak magnetic field B0y. This case is already treated in 
reference [3]. 

 

Figure 2: Magnetic field of U60N 
λu=60mm and B0x=B0y=0.39T. (a) is the field at z=15mm
(sin kz part), and (b) at z=0mm (cos kz part). 
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3.2 circularly polarizing undulators 
For circularly polarizing undulators (B0x=B0y), we 

adopted an Apple-2 type undulator [5] and from the field 
calculation, the magnetic fields have large wave number 
dependence in both horizontal and vertical directions. All 
of kx, k’x, ky, k’y are finite (non-zero) values and the 
focusing force depends on them. In order to calculate this 
force precisely, transverse wave numbers should be 
obtained by comparing the formulae (1) with the field 
calculation results (like Fig.2). The relation between the 
undulator gap and  wave numbers obtained are shown in 
Fig. 3.  

If we consider only linear effect of insertion devices, 
whether the magnetic field is upper concave (imaginary 
wave number and defocusing force) or lower concave 
(real wave number and focusing force), the dynamic 
aperture after optics correction is not much changed from 
that without insertion devices. With non-linear effect, 
describing the magnetic field as exponential function, if 
the linear optics correction is done, the dynamic aperture 
is decreased but as large as the physical aperture (see 
Fig.4 ). 

3 CONCLUSION 
In order to keep large dynamic aperture at the Super 

SOR ring, the tune advance of straight sections must be 
kept constant against the effect of the insertion devices. 
So we should precisely estimate the linear effect (focusing 
or defocusing force on the beam) from the field 
calculation, because the magnetic field of the circularly 
polarizing undulators are much different from the ideal 
case and has large dependence on horizontal and vertical 
wave numbers.   
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Figure 3: gap and wave number 
Imaginary wave number is showed as negative wave
number in convenience. kx is always imaginary and ky

becomes imaginary when the gap is larger than 42mm.
(Actually the minimum value of the gap is 20mm.) 

Figure 4 : dynamic aperture with U60N 
(a) and (b) show the horizontal and vertical dynamic 
apertures in the 1.6GeV low emittance mode with U60N. 
Nx and Ny are the emittance normalized beam size. (1) is 
for horizontally polarizing case with linear effect, (2) 
circularly polarizing case with linear effect, and (3) 
circularly polarizing case with non-linear effect. In the 
case (3), the magnetic fields are assumed to be 
exponentially increasing, and thus the dynamic aperture 
(about 8 mm) becomes almost the half width of the 
undulator gap (10 mm). 
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