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Abstract

A bunch length monitor for very short charge bunches
based on microwave spectroscopy has been conceptually
studied. It consists of a coaxial cavity coupled to the
beam pipe through four symmetrical apertures. This sig-
nal excited by the bunch can be collected by a small an-
tenna connected to a coaxial line transporting the signal to
the measurement device. By frequency domain analysis
of the measured signal it is possible to obtain the bunch
lenght. The analytical frequency response relating the pri-
mary field radiated by the bunch in the beam pipe and the
measurable electromagnetic field has been determined.

1 INTRODUCTION

A number of bunch lenght monitors exist either in the
time domain either in the frequency domain. Time do-
main methods need a complex hardware, greately disturb
the beam and have a low resolution. We particularly in-
terest in microwave spectroscopy based on the analysis of
the RF spectrum of the bunch. Different techniques have
been proposed to couple the field radiated by the bunch in
a transmission line leading the signal to the detection sys-
tem.

Here we present a bunch length monitor based on a coax-
ial resonator coupled to the beam pipe through four sym-
metrical apertures.
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Figure 1: Structure geometry.

2 DESCRIPTION OF THE METHOD

According to the diffraction Bethe’s theory [1] a hole
in a perfectly conducting plane screen hitten by an elec-
tromagnetic field is equivalent to a combination of electric
and magnetic dipoles. The electric and magnetic dipole
momenta P and M are proportional to the normal electric
field and the tangent magnetic field at the aperture respec-
tively, through the electric and magnetic polarizability co-
efficients αe and αm.

According to the modified Bethe’s theory [2] the electric

and magnetic dipoles are:

P = ∓εαe · [E0p + Esp − Esc] (1)

M = ∓αm · [H0p + Hsp − Hsc] (2)

where E0p, H0p is the primary field radiated by the beam,
Esp, Hsp is the field scattered in the circular waveguide
and Esc, Hsc is the field in the coaxial cavity.

The scattered field in the circular waveguide can be ex-
pressed as a sum of modes propagating in both longitudinal
directions:

Esp =
∑
n,m

[anmE+
sp(n,m)θ(z) + bnmE−

sp(n,m)θ(−z)]

Hsp =
∑
n,m

[anmH+
sp(n,m)θ(z) + bnmH−

sp(n,m)θ(−z)]

where E±
sp, H±

sp are the modal functions and θ(z) is the
Heaviside function. The expansion coefficients can be de-
termined applying the Lorentz reciprocity principle which
relates the fields to the electric and magnetic sources Je,
Jm:

anm =
1
2
jω(µH−

sp(n,m) · M − E−
sp(n,m) ·P)

bnm =
1
2
jω(µH+

sp(n,m) · M − E+
sp(n,m) ·P)

The field excited in the cavity can be expanded in terms
of complete orthonormal functions:

E =
∑
n

enEn

H =
∑
n

hnHn

where En, Hn are the electric and magnetic solenoidal
modes. The coefficients en, hn can be obtained manipu-
lating the Maxwell equations [2].

Either the coefficients anm, bnm either the coefficients
en, hn are function of electric and magnetic dipoles so sub-
stituting their expressions in the (1)-(2) we obtain a system
for P and M.

For the simmetry of the structure only quadrupolar
modes propagate in the pipe so, assuming that the oper-
ating frequency is belowe the cut-off frequency of the first
quadrupolar mode, there will not be propagating modes in
the circular guide. The (1)-(2) then become:

P = εαe · [E0p − Esc]

M = αm · [H0p − Hsc]
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We just have to determine the field in the resonator and the
corresponding coefficients en, hn:

en =
−kn

∫
V
jωµM ·HndV − jωµq̃

∫
V

jωP · EndV

k̃

hn =
kn

∫
V
jωP ·EndV − jωε

∫
V

jωµM · HndV

k̃

where:

q̃ = 1 +
1 − j

Qn
; k̃ = k2

n − k2q̃

and Qn is the quality factor of the cavity. Supposing only
TEM modes are resonating in the cavity at ω� = �cπ

L we
find that the field excited in the cavity is:

Etot
scr(r, ϕ, z) = 4

k2q̃

k̃

αeE0rE�

1 + 4αeq̃
k2

k̃
E2

�

E�(r, ϕ, z)

Htot
scϕ(r, ϕ, z) = 4

jωk�

k̃

εαeE0rE�

1 + 4αeq̃
k2

k̃
E2

�

H�(r, ϕ, z)

for odd � values, and:

Etot
scr(r, ϕ, z) = 4

jωµk�

k̃

αm⊥H0ϕH�

1 − 4αm⊥ k2

k̃
H2

�

E�(r, ϕ, z)

Htot
scϕ(r, ϕ, z) = −4

k2

k̃

αm⊥H0ϕH�

1 − 4αm⊥ k2

k̃
H2

�

H�(r, ϕ, z)

for even � values. Finally we achieve that the electric dipole
excites frequencies that are odd multiple of the resonator
fundamental frequency ω� and the magnetic dipole excites
even multiples.

The signal excited in the resonator can be collected in-
troducing a small loop normal to the magnetic field lines.
In order to have an efficient magnetic coupling the loop
will be positioned where magnetic field is highest. If the
loop is small compared with cavity dimensions, the mag-
netic field may be assumed constant over its area and the
induced voltage is:

V = jωµHSl

where Sl is the loop area and H is the average magnetic
field that in the vicinity of the n-th resonance is approx-
imately given by hnHn. The signal will be finally trans-
ported by a coaxial cable to the measurement device. The
analytical transfer function for a TEM mode resonating in
the cavity is:

Vo� = jωµSlAcoax·


−4 jωk�

k̃
1

bπL ln( d
b )

εαee−γsE0r(r=b,z=0)

1+4αee−γsq̃ k2

k̃

1
b2πL ln( d

b
)

sin(k�z)
r odd �

4k2

k̃
1

bπL ln( d
b )

αm⊥e−βsH0ϕ(r=b,z=0)

1−4αm⊥e−βs k2
k̃

1
b2πL ln( d

b
)

cos(k�z)
r even �

where Acoax is the coaxial cable attenuation.

3 A NUMERICAL APPLICATION

A coaxial cavity for measuring bunch lenght in the range
1 − 5 mm has been dimensioned for a circular pipe with
b = 1 cm, d = 2 cm and a cut-off frequency of 8.79 GHz.
We considered only TEM modes resonating at f i = if1,
with f1 = 2.9 GHz and i = 1, . . . 5; these frequencies
are all below the cut-off frequency of the first quadrupolar
mode TE21 (14.58 GHz). The parameters of the rectan-
gular apertures having the longest side in the longitudinal
direction are reported in table 1.

Table 1: Some cavity parameters
L 5.2 cm
Wa 2 mm
La 5 mm
α̃e −5.76 · 10−10 m3

α̃m 9.29 · 10−10 m3

Assuming f1 as referring frequency we calculated the
analytical expressions of detected powers ratios:

Pi

P1
= i2(

Qi

Q1
)2

∣∣∣∣∣
Λ̃(ωi)
Λ̃(ω1)

∣∣∣∣∣
2

·

· (b2πL ln(d
b ) − 4α̃eQ1)2 + (b2πL ln(d

b ) − 4α̃e)2

(b2πL ln(d
b ) − 4α̃eQi)2 + (b2πL ln(d

b ) − 4α̃e)2

for odd i values, and:

Pi

P1
= i2(

Qi

Q1
)2(

α̃m

α̃e
)2

∣∣∣∣∣
Λ̃(ωi)
Λ̃(ω1)

∣∣∣∣∣
2

·

· (b2πL ln(d
b ) − 4α̃eQ1)2 + (b2πL ln(d

b ) − 4α̃e)2

(b2πL ln(d
b ) + 4α̃mQi)2 + (b2πL ln(d

b ))2

for even i values. where Λ̃(ωi) is the bunch spectrum [8].
The bunch length σz in the range 1−5mm can be obtained
from the curves in figure 2. We considered both cases of
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Figure 2: Dependence of bunch length on powers ratio.

a single bunch with gaussian (solid lines) and rectangular
(dotted lines) distribution. It can be easily argued that the
highest frequencies f4 and f5 can be used for measuring
bunch lenghts in the range 1 − 5 mm.
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4 CONCLUSIONS

We studied a new bunch lenght monitor consisting of a
coaxial resonator coupled to the beam pipe through four
symmetrical apertures. The system presented is simple to
realize; it does not disturb the beam and it may be used for
both linear and circular accelerators. The analytical trans-
fer function has been calculated so that a calibration pro-
cedure is simplified. This method is also intended to deter-
mine transverse beam position by means of asymmetrical
modes TE, TM .

APPENDIX

The resonant modes of a cavity can be determined from the
modes propagating in a coaxial waveguide with the addi-
tional condition of null tangential electric field on the end
plates. From these expressions it is possible to obtaine the
coaxial resonator eigenfunctions [4]:

TE modes

Enm� = Cnm�·

[−n

r
[Jn]TE

{ − sin(nϕ)
cos(nϕ)

}{
cos(kz�z) odd �
sin(kz�) even �

}
r̂+

+kt(n,m)[J ′
n]TE

{
cos(nϕ)
sin(nϕ)

}{
cos(kz�z) odd �
sin(kz�) even �

}
ϕ̂]

Hnm� = Cnm�
kz�

knm�
·

[−kt(n,m)[J ′
n]TE

{
cos(nϕ)
sin(nϕ)

}{ − sin(kz�z) odd �
cos(kz�) even �

}
r̂+

− n

r
[Jn]TE

{ − sin(nϕ)
cos(nϕ)

}{ − sin(kz�z) odd �
cos(kz�) even �

}
ϕ̂+

−
k2

t(n,m)

kz�
[Jn]TE

{
cos(nϕ)
sin(nϕ)

}{
cos(kz�z) odd �
sin(kz�) even �

}
ẑ]

TM modes

Enm� = Dnm�
kz�

knm�
·

[kt(n,m)[J ′
n]TM

{
cos(nϕ)
sin(nϕ)

}{
cos(kz�z) odd �
− sin(kz�z) even �

}
r̂+

+
n

r
[Jn]TM

{ − sin(nϕ)
cos(nϕ)

}{
cos(kz�z) odd �
− sin(kz�z) even �

}
ϕ̂+

+
k2

t(n,m)

kz�
[Jn]TM

{
cos(nϕ)
sin(nϕ)

}{
sin(kz�z) odd �
cos(kz�z) even �

}
ẑ]

Hnm� = Dnm�·

[
n

r
[Jn]TM

{ − sin(nϕ)
cos(nϕ)

}{
sin(kz�z) odd �
cos(kz�z) even �

}
r̂+

−kt(n,m)[J ′
n]TM

{
cos(nϕ)
sin(nϕ)

}{
sin(kz�z) odd �
cos(kz�z) even �

}
ϕ̂]

TEM modes

E� =
A�

r

{
cos(k�z) odd �
− sin(k�z) even�

}
r̂

H� = −A�

r

{
sin(k�z) odd �
cos(k�z) even �

}
ϕ̂

where:

Jn(kt(n,m)r) −
Jn(kt(n,m)b)
Yn(kt(n,m)b)

Yn(kt(n,m)b) = [Jn]TM

J ′
n(kt(n,m)r) −

Jn(kt(n,m)b)
Yn(kt(n,m)b)

Y ′
n(kt(n,m)r) = [J ′

n]TM

The normalization coefficients can be found from the con-
ditions: ∫

V

| Enm� |2 dV = 1
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