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1.1 Between Scylla! and Charybdis?

1Scylla (Greek: YxvAla) — was a monster representing fractal
phase space and threatening the dynamic aperture

2Charybdis (Greek: XaprBdic) — was a sea monster (whirlpool)
representing collective instability
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1.2 Accelerators, Maps & Puzzles

m Repetitive nature

q = d'(q,p)
/

p' = p'(q,p)

m Symplectic structure

= Invariant curves (if any)

K(q,p) = K(d',p')
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1.3 Hénon map:



2.1 McMillan map

Canonical McMillan map

Canonical biquadratic

B(q,p.K) = q°p* + T (¢° + p°) +2eqp+K

q2 1 0 T p2
=1|q 0 2¢ 0 p| =0
1 r o K 1

Tim Zolkin®, Sergei Nagaitse\/l'2 Analytical theory of McMillan map



2D optics

2D magnetostatic Electron lens
lens (unstable?)
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2.2 Bifurcation diagram for canonical McMillan map

Fixed points
and 2—cycles
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Elliptic integrals and Jacobi elliptic functions

t dr
0 V(1 —72)(1-k272)

k/2 k2 2
B(t, k) — / 1t727 dr

F(t,k) =

) _ dr
”(t,a ,k) - /0 (1 _ aQTQ)\/(l — 7_2)(7,2 _ k/2)

SRCUI Ja- - k)
cn_l(t,k) = /tl \/( dr k/: /1_k2

1- ) (k2 + k272

1 _ ! dr
k) = /t JA )2 k7
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Plot of Jacobi elliptic functions
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Elliptic Lissajous curves for SN and CN (m=n=1)
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2.3 Normal forms (A. latrou and J. Roberts)

a,p — q,p/~+/|K| & —=el/VIK|

q2p2+r(q2+p2)+26qp:|:]_:0, forlC%O

G = a(n)  q(t) = YT F(k, K ef (o + 7, K)
pn = p(n)  p(t) = V/IK[f(k,K)ef (uo+n(t+1),k)

al a'l a3, a'.3 a3, a3 b.1, b1
Ke (—o0;0] <0 (—o0;0] <0 [[);u,‘_r)'-’] >0 [D:U'H'F)z] >0
[ EoOR 1 ' 1 .
Fil F—?E[ﬁ F—yeﬂi P—LzQ I+&22
K(B) A, B 1. B VB - IWVE- VB -1 B- VB -1
v\ VBEAa I\ T VB vz 2
n arcds “ L arcds ’U‘ L arces "Iﬂ arcns [=
VR V VIR Ve V
g arcen —2_ 'E arcen —2_ E arcdn M arcsn q”J
ARG ARV VK VivE
e [k [k T
a/ VK] V‘ P [ug — ny] V‘ T [up —ny) V‘ ¥ dn [up — ny) vk sn[ug — n)
p/ VK| "‘Tcu [ug = (n+ 1)) ""Ecn [ug — (n+ 1) "fz(lu [ug — (n+ 1] VEsn [ug — (n+ 1))
(Y V W ) V W VE 0 l
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3.1 The discrete Theorem of Liouville

If a symplectic map ® : F?” — F2" has n independent integrals in
involution K1, ...,/C,, then any compact non-singular level M is a
disconnected union of tori, on which ® defines a collection of shifts.
The angle variables are constructed in the same way as in the usual
Liouville theorem related to the family of integrable Hamiltonian
systems with Hamiltonians Cy, ..., Cp.

K(a,p) = inv M(q,p;K) Hklp.ait]
P P

[EN
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3.2 Action variable

k Sen
1 K K
s= 5 fpda= " fpag= L0 g,
21 21 2
Ls
K’ 2dn

where So¢ = j{ef(t + n; k)def(t; k) is the area of corresponding

elliptic Lissajous curve with commensurate frequencies, m/n = 1.
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3.2 Action variable

k Sen
1 VIK VIK
J= 5 foaa= L fpag= LS g,
2w 2 2w
%Sdn

where Sy = fef(t + n; k) def(t; k) is the area of corresponding

elliptic Lissajous curve with commensurate frequencies, m/n = 1.

4 1 7
S = g |~ MK+ s B enydn®y (ks o)
4 dnn 1
S = oy _K —sn?n B — en?n N(k%sn®y, k)]
S_2CH77'2 d2 K_ZE_d2|'|k22k
dn = sn3n_(snn+n77) sn) n°n N(k“sn"n, k)
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4.1 Angle variable

Fourier series

q(t) = /K| f(k, k') ef (uo+nt, k) gn=q(n)

o -
s TK'] . 7
snny = mgcsch [(2n+1) 2K sin [277(2n—|—1) K ]
cnn = iisech (2n+1) Gy cos [2m(2n+ 1) ./
kK — 2K | 4K
o0 K/'
dnn = % %;sech [m}r{ | cos [27rn % |
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4.2 Danilov Theorem

Let D : R? — RR? be the area-preserving integrable map which has
an invariant of motion K(q, p) = K(¢', p’) where (', p’) is an image
of (g, p), then frequency for every trajectory can be calculated as:

NN |
q (oK
L — ‘fq (0p> dq

$ (?T’,f)ildq |
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4.3 Frequency-amplitude dependence, || =1

0.5

0.4

0.3

Tim Zolkin®, Sergei Nagaitse\/l'2

Analytical theory of McMillan map

0
0.2
0.1
075 05 025 2/m
J

0 0.10203040.50.6



e Application of most general 1D asymmetric McMillan map for
accelerator physics (1- and 2-cell lattices)

e Solutions for all finite trajectories of canonical McMillan map via Jacobi
elliptic functions; normal forms

e Analytical expressions for mechanical analogies of action-angle variables

e Description of horizontal and vertical planes of 2D magnetostatic
McMillan lens and any plane with zero total angular momentum for
axially symmetric electron McMillan lens

e Proof and check of Danilov Theorem
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