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BI-COMPLEX TOOLBOX APPLIED TO 
GYROMAGNETIC BEAM BREAK-UP 

A.V. Smirnov, RadiaBeam Systems Inc., Santa Monica, CA 90404 USA  
Overview 
Transverse instability of a multi-bunch beam in the presence of a 
longitudinal magnetostatic field and hybrid dipole modes is considered 
analytically within a single-section model. It incorporates resonant 
interaction with beam harmonics and eigenmodes, degenerated waves 
of different polarizations, and the Lorentz’ RF force contribution. The 
analysis is performed in a very compact form using a bi-complex i,j-
space including four-component collective frequency  of the instability. 
Rotating polarization of the collective field is determined by  that is in 
agreement with experimental data. The other three components 
represent detuning of the collective frequency , the “left-hand”, and  
“right-hand” increments  of the gyro-magnetic BBU effect. The scalar 
hyper-complex toolbox can be applied to designing of non-ferrite non-
reciprocal devices, spin transport, and for characterization of complex 
transverse dynamics in gyro-devices such as Gyro-TWTs. 

Metrics of commutative hypercomplex (scalar quaternion) 
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Inversed 
hypercomplex value 
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Eulre’s formula for 
hypercomplex: 
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Bi-complex trigonometry 
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Bi-complex transverse dynamics 
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Structure excitation  
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ODEs for modal Bi-Complex Amplitudes 
driving BBU  
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Bi-Complex collective frequency of BBU  � 	(� !!��
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Bi-Complex slowly varying BBU amplitude 
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Bi-complex 
collective 

frequency vs. 
Larmor freq. 

Signal gain 
vs. detuning 

below 
threshold 


