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Abstract 
The advent of short electron bunches in high brightness 

linear accelerators has raised the awareness of the accel-
erator community to the degradation of the beam trans-
verse emittance by coherent synchrotron radiation (CSR) 
emitted in magnetic bunch length compressors, transfer 
lines and turnaround arcs. We reformulate the concept of 
CSR-driven beam optics balance, and apply it to the gen-
eral case of varying bunch length in an achromatic cell. 
The dependence of the CSR-perturbed emittance to beam 
optics, mean energy, and bunch charge is shown. The 
analytical findings are compared with particle tracking 
results. Practical considerations on CSR-induced energy 
loss and nonlinear particle dynamics are included. As a 
result, we identify the range of parameters that allows 
feasibility of an arc compressor in a recirculating acceler-
ator driving, for example, a free electron laser or a linear 
collider. 

INTRODUCTION 
In spite of the relatively high beam rigidity from hun-

dreds of MeV up to multi-GeV energies, the electron 
beam energy-normalized projected emittance may be 
degraded in the bending plane at the 1 m rad level and 
above, when the beam is bent in dipole magnet-chicanes 
that act as bunch length compressors [1–4], in multi-bend 
transfer lines [5] and in turnaround arcs [6–11]. Initially 
thought for a constant bunch length along the line [12], a 
specific linear optics design has recently been revisited to 
minimize [5] or even cancel [13] the emittance disruption 
in double bend achromatic (DBA) lines, and then in a 
periodic [14] and a non-periodic arc [15], in which the 
bunch length is notably compressed. Turnaround arcs 
have been considered as magnetic bunch length compres-
sors for energy-recovery linac (ERL) designs, in the 0.1–1 
GeV energy range [6–11]. In [8,9] some degree of optics 
control was exercised in order to minimize the CSR effect 
following the theoretical prescriptions given in [16], but 
in all cases the CSR effect was effectively suppressed by 
limiting the bunch charge below 0.15 nC. To date, when 
arcs are included in the accelerator geometry, bunch 
length is kept constant through them by isochronous 
paths, or lengthened before entering the arc (CSR effect is 
weaker for longer bunches), and re-compressed at its end. 
In this article, we follow [17] and recall the range of va-
lidity of the linear optics analysis and investigate the 
robustness of the proposed arc compressor lattice for a 
realistic range of beam parameters, where a normalized 
emittance at the arc’s end at the 0.1 m rad level is prom-
ised, for compression factors of up to 45, applied to a 
0.5 nC beam, at 2.4 GeV. 

LINEAR OPTICS FORMALISM 
The periodic, achromatic 180 deg arc compressor in-

troduced in [14] is made of 6 identical DBA cells. The 
single DBA magnetic lattice and its periodic optics solu-
tion is shown in Fig.1. We assume optics symmetry w.r.t. 
the DBA central axis, which implies  betatron phase 
advance (in the bending plane) between the dipoles [18], 
and expand the trigonometric terms up to the 3rd order in 
the bending angle, <<1. Following the mathematics in 
[17], we calculate the expression of the single particle 
Courant-Snyder (C-S) invariant at the end of the second 
dipole magnet for arbitrary C-S parameters in the dipoles, 
by considering a dependence of the CSR kick factor on 
the rms bunch length k  1/ z4/3, so that k2 = k1 C4/3, 
where C is the bunch length compression factor through 
the DBA cell. The particle invariant is minimized by the 
following C-S parameters in the second dipoles [17]: 
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We notice that a solution with 2 = 0, e.g. adopted in [14], 
does not minimize J3 in absolute sense, although it may be 
practical from the optics design point of view. 

 
Figure 1: Linear optics functions and DBA cell layout 
including dipole magnets (B), focusing (QF, Q1 and Q3) 
and defocusing (QD, Q2) quadrupole magnets, focusing 
(SF) and defocusing sextupole magnets (SD). Copyright 
of Elsevier (2016) [17]. 

LINEAR COMPRESSION FACTOR 
The linear compression factor is defined by 

C=1/|1+hR56|, where R56 is the transfer matrix element of 
the DBA cell, identical in all cells, and h is the incoming 
linear energy chirp, h=dE/(Edz), E being the beam mean 
energy. Bunch length compression is achieved as far as 
the energy spread correlated along the bunch, typically 
imparted to the beam by an upstream RF section running  ___________________________________________  
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far from the accelerating crest, is much larger than the 
uncorrelated energy spread. While  does not change 
substantially during the compression process, z clearly 
shortens with C, that is h increases along the arc, and C so 
does. In summary, the local compression factor, Cloc, and 
that cumulated through the lattice, Ctot, depends on the 
cell number [17]: 
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Ctot grows nonlinearly with the s-coordinate along the arc, 
and 2 should be tuned accordingly in each DBA, in order 
to minimize the CSR emittance (see Eq.1). Since the CSR 
effect is larger for shorter bunches, we might relax the 
condition on 2 in the first few cells, where the bunch is 
longer, while ensuring optimum tuning in the last ones. 

PROJECTED EMITTANCE GROWTH 
We assume that the CSR emittance in each cell sums in 

quadrature to the total emittance of the incoming beam, 
whereas normalized emittance in the i-th cell is estimated 
by means of the “sigma matrix formalism” [19] and turns 
out to be: 

iiiininin J1,
2

1,,                    (3) 

i and i are the usual relativistic Lorenz factors, Ji is 
particle’s C-S invariant and we have to evaluate it with 
the prescription C=Ci

loc according to Eq.2. Figure 2-left 
plot shows Ci

loc, x,opt and Ji along the arc, for the beam 
parameters listed in Tab.1 (henceforth, x refers to the 
betatron function in the dipole magnets). Figure 1-right 
plot compares Ji evaluated for x,opt as in the left plot, to 
that for an identical value of  x in all the dipoles.  

   
Figure 2: Left: local value of C/10 and of x,opt in the 
dipoles vs. arc cell number. Right: the local value of the 

x,opt is compared with its value evaluated for an identical 
x value in all the dipoles. Copyright of Elsevier (2016) 

[17]. 

The arc compressor performance is investigated for dif-
ferent beam mean energies in Fig.3. The magnets’ nor-
malized strengths are kept fixed in order to provide the 
same optics for all energies. The quadratic difference of 
the final projected emittance and the unperturbed one is 
shown for beam charges of 0.1, 0.3 and 0.5 nC. Particle 
tracking results are compared with the analytical predic-
tion of Eq.3. The magnets’ length were optimized for the 
maximum beam energy of 2.4 GeV, and therefore Fig.3 

shows a scenario which is as more pessimistic as the 
beam energy is lower. For the analytical case, the CSR-
induced energy spread was evaluated according to the 
steady-state emission of a uniform charge distribution 
[20]. 

 
Figure 3: The normalized emittance growth is the quad-
ratic difference (under square root) of the final projected 
normalized emittance and the initial one (rms values). 
Theoretical predictions (dotted lines) are from Eq.3, for 
steady-state CSR emission. Particle tracking results are 
for steady-state emission (dashed lines), and including 
transient CSR field at the dipoles’ edges, and in drift 
sections (solid lines). The arc lattice is made of 6 con-
secutive cells, whose unit is shown in Fig.1. The optics is 
the same for all beam charges and energies. Copyright of 
Elsevier (2016). Elsevier (2016) [17]. 

Table 1: Main Beam and Arc Compressor Parameters 
Parameter Value Un

its 
Energy 2.4 Ge

V 
Charge 0.5 nC 
Initial Bunch Length, RMS 900 m 
Correl. Energy Spread, RMS 0.4 % 
R56 per DBA Cell 35 m

m 
Number of DBA Cells 6  
Total Compression Factor 45  
Final Peak Current 2000 A 

NONLINEAR OPTICS 
The bunch length compression process is linearized 

through the arc with the help of 4 families of sextupole 
magnets, 24 magnets in total. In fact, linear compression 
is achieved as long as |T566| ,0 << |R56| through the arc. In 
addition, second and higher order energy chirp has to be 
small with respect to the linear one. While T566 can be 
controlled, e.g., with an appropriate number and strength 
of sextupole magnets, a nonlinear energy chirp is 
realistically present in the beam’s longitudinal phase 
space: at the entrance of the arc compressor due to 
upstream RF curvature, and developing along the arc 
because of the nonlinear energy correlation established by 
CSR along the bunch. Then, a non-zero T566 can be used 
to linearize the nonlinear chirp, the actual value of T566 
(typically in the cm range) depending on the specific 
charge distribution (i.e., CSR strength).  
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The single sextupole aberration can be analytically es-
timated through the sigma matrix formalism. The sextu-

pole aberration is excited by a kick
222

2
2' ulku s

, with k2ls the integrated normalized sextupole strength in 
m-2, 0

2u for the geometric aberration, and 
222

xu for the chromatic one. We consider the sce-

nario in which the final relative emittance growth is given 
by the largest sextupole’s contribution folded by the 
square root of the number of sextupoles in the lattice. 
With the beam parameters listed in Tab.1 and the optics 
depicted in Fig.1, the total relative emittance growth from 
geometric aberrations is smaller than 0.01%, while that 
due to chromatic aberrations is above 100%. This 
explains the modulation of the projected emittance along 
the arc shown in Fig.4. The effect of chromatic 
aberrations was eventually minimzed by a numerical 
optimization of the sextupole strengths, and by profiting 
of the betatron phase advance between the magnets.  

   
Figure 4: Projected rms normalized horizontal emittance 
along the arc; beam parameters as in Tab.1. The emittance 
evolution is shown in the presence of ISR-only for the 
fully compressed beam (red), with the addition of com-
pression and optical aberrations (green) and with the 
further addition of CSR (blue). Copyright of Elsevier 
(2016) [17]. 

CSR-INDUCED ENERGY LOSS 
The 1-D steady-state theory of CSR emission from a 

Gaussian bunch allows an estimation of the CSR-induced 
mean energy loss per dipole magnet [21], < CSR>=-
0.3505 reQ/(e 2/3

z
4/3). A more realistic evaluation from 

particle tracking included the energy loss associated to the 
electrons-field interaction in drift regions. We found that a 
0.5 nC charge beam may emit an average power of up to 
60 W per mA of average current, at the repetition rate of 1 
MHz. Most of the power is emitted in the last two cells of 
the arc. That power can produce heating and therefore 
requires cooling and a careful evaluation of the machine 
run duration to prevent vacuum pressure rise. 

ERRATUM AND DISCUSSION 
The C-S formalism in the presence of CSR chromatic 

kicks was first introduced in [5]. We notice however that 
Eqs. 3 and 4, and therefore their elaboration in Eq.5, were 
derived for a case which is not that one depicted in Fig.1, 
but for a phase advance of 2  in between the inner dipoles 

of the beam line. Everything else in the Letter is correct, 
and actually refers to the exact derivation of the expres-
sion of the CSR-induced particle invariant in the FERMI 
Spreader that was later on reported in Eq.3.8 of [22]. The 
correct expression for the final particle invariant is re-
called here for Reader’s convenience: 
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As correctly depicted in [22], Fig.4 in that work shows 
the superposition of experimental data to theoretical emit-
tance growth, as a function of a quadrupole strength. For 
each strength, the relative phase advance between the two 
DBA cells is also shown. The emittance growth was eval-
uated analytically with Eq.6 in [22], where the phase 
advance between the two DBA was calculated with Ele-
gant code [23] starting from the experimental set up of the 
beam line. Doing this, however, Eq.6 was evaluated by 
assuming that the Twiss parameters at the dipoles do not 
change as the phase advance is varied. Such an approxi-
mation is removed in Fig.3.2 of [1], where the depend-
ence of the Twiss parameters at the dipoles of the second 
DBA on the phase advance is retained. In summary, 
Fig.3.2 of [1] shows a more accurate prediction of emit-
tance growth than the one shown in Fig.4 of [22]. The two 
results, however, are close each other. Still, the methods, 
the results and the conclusions reported in [22] remain 
valid, and are not modified by this comment. 

Strategies and formalisms were proposed before 
[12,24] and after [25,26] the work published in [22], for 
the cancellation of chromatic CSR kicks on the transverse 
emittance through linear optics elements in a locally 
isochronous beam line (i.e, bunch length is assumed to be 
the same at all points of CSR emission). Those works 
elaborate on, and somehow improve, the CSR kick mini-
mization problem introduced in [27]. They all imply, 
however, a symmetry of the Twiss parameters and of the 
energy dispersion function, at the dipole magnets where 
CSR kick is generated. In [22], instead, a method is first 
introduced that allows cancellation of CSR kicks also 
when the Twiss parameters are not symmetric along the 
line (referred to as optics balance), and the phase advance 
between dipoles is arbitrary. For this reason, the formal-
ism introduced in [22] offers in principle more general 
optics solutions, which reduce to those reported elsewhere 
for the case of symmetric optics set up. The optics bal-
ance concept was successively extended to the case of 
non-isochronous beam lines in [14,17] for symmetric 
optics set up.  
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