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1
ε
�∇× that is Hermitian (acts the same to the left and right) under the inner

product
�

�H
∗ · �H

�
between two fields �H and �H

�
. (The two curls correspond

roughly to the “kinetic energy” and 1/ε to the “potential” compared to the

Schrödinger Hamiltonian ∇2
+ V .) It is sometimes more convenient to instead

write a generalized Hermitian eigenproblem in the electric field �E, �∇× �∇× �E =

(ω/c)
2
ε �E, which separates the kinetic and potential terms. Electric fields that

lie in higher ε, i.e. lower potential, will have lower ω; this is discussed further

in the context of the variational theorem of Eq. (3).

Thus, the same linear-algebraic theorems as those in quantum mechanics

can be applied to the electromagnetic wave solutions. The fact that the eigen-

operator is Hermitian and positive-definite (for real ε > 0) implies that the

eigenfrequencies ω are real, for example, and also leads to orthogonality, vari-

ational formulations, and perturbation-theory relations that we discuss further

below. An important difference compared to quantum mechanics is that there

is a transversality constraint : one typically excludes �∇ · �H �= 0 (or �∇ · ε �E �= 0)

eigensolutions, which lie at ω = 0; i.e. static-field solutions with free magnetic

(or electric) charge are forbidden.

2.1 Bloch waves and Brillouin zones

A photonic crystal corresponds to a periodic dielectric function ε(�x) = ε(�x +

�Ri) for some primitive lattice vectors �Ri (i = 1, 2, 3 for a crystal periodic in

all three dimensions). In this case, the Bloch-Floquet theorem for periodic

eigenproblems states that the solutions to Eq. (1) can be chosen of the form

�H(�x) = e
i�k·�x �Hn,�k(�x) with eigenvalues ωn(�k), where �Hn,�k is a periodic envelope

function satisfying:

(�∇+ i�k)× 1

ε
(�∇+ i�k)× �Hn,�k =

�
ωn(�k)

c

�2

�Hn,�k, (2)

yielding a different Hermitian eigenproblem over the primitive cell of the lat-

tice at each Bloch wavevector �k. This primitive cell is a finite domain if the

structure is periodic in all directions, leading to discrete eigenvalues labelled by

n = 1, 2, · · ·. These eigenvalues ωn(�k) are continuous functions of �k, forming

discrete “bands” when plotted versus the latter, in a “band structure” or dis-

persion diagram—both ω and �k are conserved quantities, meaning that a band

diagram maps out all possible interactions in the system. (Note also that �k is

not required to be real; complex �k gives evanescent modes that can exponen-

tially decay from the boundaries of a finite crystal, but which cannot exist in

the bulk.)

Moreover, the eigensolutions are periodic functions of �k as well: the solution

at �k is the same as the solution at �k + �Gj , where �Gj is a primitive reciprocal

lattice vector defined by �Ri · �Gj = 2πδi,j . Thanks to this periodicity, one need

only compute the eigensolutions for �k within the primitive cell of this reciprocal

3

sin (!x/a)

cos (!x/a)

a

n h
ig
h

n lo
w

Figure 3: Schematic origin of the band gap in one dimension. The degener-

ate k = ±π/a planewaves of a uniform medium are split into cos(πx/a) and

sin(πx/a) standing waves by a dielectric periodicity, forming the lower and up-

per edges of the band gap, respectively—the former has electric-field peaks in

the high dielectric (nhigh) and so will lie at a lower frequency than the latter

(which peaks in the low dielectric).

By the same arguments, it follows that any periodic dielectric variation in one

dimension will lead to a band gap, albeit a small gap for a small variation; a

similar result was identified by Lord Rayleigh in 1887.

More generally, it follows immediately from the properties of Hermitian

eigensystems that the eigenvalues minimize a variational problem:

ω
2
n,�k

= min
�En,�k

� ���(�∇+ i�k)× �En,�k

���
2

�
ε

��� �En,�k

���
2 c

2
, (3)

in terms of the periodic electric field envelope �En,�k, where the numerator mini-

mizes the“kinetic energy”and the denominator minimizes the“potential energy.”

Here, the n > 1 bands are additionally constrained to be orthogonal to the lower

bands: �
�H
∗
m,�k

· �Hn,�k =

�
ε �E

∗
m,�k

· �En,�k = 0 (4)

for m < n. Thus, at each �k, there will be a gap between the lower “dielectric”
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Figure 2: Left: Dispersion relation (band diagram), frequency ω versus
wavenumber k, of a uniform one-dimensional medium, where the dashed lines
show the “folding” effect of applying Bloch’s theorem with an artificial period-
icity a. Right: Schematic effect on the bands of a physical periodic dielectric
variation (inset), where a gap has been opened by splitting the degeneracy at
the k = ±π/a Brillouin-zone boundaries (as well as a higher-order gap at k = 0).
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Introduction to Photonic Crystals:
Bloch’s Theorem, Band Diagrams, and Gaps

(But No Defects)

Steven G. Johnson and J. D. Joannopoulos, MIT

3rd February 2003

1 Introduction

Photonic crystals are periodically structured electromagnetic media, generally
possessing photonic band gaps: ranges of frequency in which light cannot prop-
agate through the structure. This periodicity, whose lengthscale is proportional
to the wavelength of light in the band gap, is the electromagnetic analogue of
a crystalline atomic lattice, where the latter acts on the electron wavefunction
to produce the familiar band gaps, semiconductors, and so on, of solid-state
physics. The study of photonic crystals is likewise governed by the Bloch-
Floquet theorem, and intentionally introduced defects in the crystal (analo-
gous to electronic dopants) give rise to localized electromagnetic states: linear
waveguides and point-like cavities. The crystal can thus form a kind of per-
fect optical “insulator,” which can confine light losslessly around sharp bends,
in lower-index media, and within wavelength-scale cavities, among other novel
possibilities for control of electromagnetic phenomena. Below, we introduce
the basic theoretical background of photonic crystals in one, two, and three
dimensions (schematically depicted in Fig. 1), as well as hybrid structures that
combine photonic-crystal effects in some directions with more-conventional in-
dex guiding in other directions. (Line and point defects in photonic crystals are
discussed elsewhere.)

Electromagnetic wave propagation in periodic media was first studied by
Lord Rayleigh in 1887, in connection with the peculiar reflective properties of a
crystalline mineral with periodic “twinning” planes (across which the dielectric
tensor undergoes a mirror flip). These correspond to one-dimensional photonic
crystals, and he identified the fact that they have a narrow band gap prohibiting
light propagation through the planes. This band gap is angle-dependent, due
to the differing periodicities experienced by light propagating at non-normal
incidences, producing a reflected color that varies sharply with angle. (A similar
effect is responsible for many other iridescent colors in nature, such as butterfly
wings and abalone shells.) Although multilayer films received intensive study

1
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lattice, as shown in figure 4.1.

Figure 4.1: 2D triangular PC lattice with a defect.

Considering a finite lattice, where the top and bottom of the lattice shown in

figure 4.1 are covered by metal plates, the defect region hence becomes a semi-

enclosed space where EM waves can be excited. EM waves confined in the defect

region see the surrounding global lattice, which presents band gap(s) only for

TM polarised waves according to figure 2.6. Therefore, only the TM waves at

frequencies inside the band gap can be confined in the defect, other TM waves and

all the TE waves are not able to be confined, but propagate through the lattice,

as they are in the propagation bands of the lattice.

According to this frequency-selective property, PCs bring the opportunity to

make mode-control resonators that only hold specific resonant states. This is an

advantage over the conventional pillbox cavities, as a pillbox cavity with fully en-

closed boundary confines all the resonances formed by both TE and TM polarised

waves. In the application to RF generation, only the TM01-like (or monopole-like)

resonance state is needed, which is similar to E. I. Smirnova’s application to par-

ticle accelerators [4, 42]. E. I. Smirnova examined a metallic PC with a triangular

lattice and a single site defect (figure 4.2 (a)), and found that by having the rod

radius-spacing ratio r/a between 0.1 and 0.2, only a TM01-like state was confined

52



Microwave PBG Accelerators

Experimental results validate 
concept

Demonstrated acceleration at 17 
GHz at MIT (Smirnova 2005)

35 MV/m achieved

High-power testing at SLAC at 11 
GHz (Marsh 2009)

100 MV/m achieved

Showed influence of high H fields 
on breakdown

- E. I. Smirnova, A. S. Kesar, I. Mastovsky, M. A. Shapiro and R. J. Temkin,Phys. Rev. Lett., 95, 074801, 2005 
- R. A. Marsh, M. A. Shapiro, R. J. Temkin, E. I. Smirnova and J. F. DeFord, Nucl. Instrum. Methods Phys. Res., Sect. A 618, 16, 2010. 
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Figure 4: The effect of varying the radius of the innermost rods around the defect r/a =
0.1 and ε= 9.5. The electric field profiles of the confined fields shown in the inset

doesn’t drop to it’s minimum value until Rinner/a = 0.14 where the HOM
starts to enter the bandgap, hence the inner rod radius must be carefully
chosen considering the confinement of both the LOM and HOM.

The Qe of the dipole mode is lower than would be liked for accelerator
applications; however the Qe of this mode can be increased significantly by
increasing the number of rods around the defect, as seen in Fig 2. Increasing
the number of scatterers on all sides of the defect from 4 to 10 rows, the
external quality factor of the dipole mode increased from 1.4×103 to 4.1×106.
Unfortunately the quality factor of the monopole mode was also increased
from 1.5× 102 to 1.0× 103.

3. PBG Deflecting Cavity for CLIC

The Compact LInear Collider (CLIC) is a proposed 3 TeV centre of mass,
electron-positron collider currently being designed by the international com-
munity [15]. CLIC will have a 20 mrad horizontal crossing angle which allows
a simpler extraction of the spent beam to avoid interactions between incom-
ing and outgoing bunches beyond the interaction point (IP). Colliding two
bunches at a crossing angle causes significant loss of luminosity due to the re-
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with the central rod coupler dedicated to the monopole-like state and the side rod

couplers for the sextupole-like state. Notice that unlike the central rod coupler

with additional tuning rods around it, the side rod coupler solely lies in the unique

lattice, hence is not tunable unless changing the lattice r/a.

6.2.4 Analyses of a 6-Beam 2-PC Dual-State Klystron

A 6-beam 2-PC dual-state klystron can be formed by having two identical 6-defect

PCs shown in figure 6.19, one as input and one as output, separated by 6 beam

tubes of a certain distance, as shown in figure 6.21.

Figure 6.21: A 6-beam 2-PC dual-state klystron.

Considering all the 6 electron beams used in this klystron are identical, with

each beam accelerated by a DC voltage of V0=100 kV with a DC current of I0=2 A

at beam radius rb=5 mm, this gives low beam perveance 63.246 nPerv at beam

current density 2.5478 × 104 A/m2 and beam filling factor rb/ra = 0.77 for each

beam.
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a << λ 

The term “Metamaterials” was first coined by Rodger 
Walser,  as:   

  
Macroscopic composites having man-made, three- 
dimensional, periodic cellular architecture designed to 
produce an optimized combination, not available in nature, 
of  two or more Responses to specific excitation.   



D. R. Smith, J. B. Pendry, and M. C. K. Wiltshire 
Science 6 August 2004: 305 (5685), 788-792 



�r(ω) = �∞ −
�∞ω2

p

ω(ω − ivc)
(2)

µr(ω) = µ∞ +
(µs − µ∞)ω2

0

ω2
0 − ω2 + iωδ

(3)

Fig. 4 The real component of equations 2 and 3, with the

parameters � = 1.62, µ∞ = 1.12, µs = 1.26, ωp = 2π14.62
GHZ, ω0 = 2π9.56 GHz, vc = 30.7x10

6
, and δ = 1.24x10

9
.

ω is the frequency of the incident EM wave, �∞ the
permittivity in the high frequency limit, ωp the radial
plasma frequency, vc collision frequency. µs (µ∞) the
permeability at the low(high) frequency limit, ω0 radial
resonant frequency, and δ damping frequency. Consider-
ing equations 2 & 3, as shown in figure 4, we note that
�r and µr show a small frequency range over which both
�r and µr are negative, this region is where the mate-
rial is a DNG. A consequence of the relationship shown
from equations 2 and 3 leads to interesting transmission
and reflection of EM waves from MM, Simovski analyzed
this dependence deriving an expression for the reflection
coefficient as;

R =
(η0/η)−

�
�eff/µeff

(η0/η) +
�

�eff/µeff

(4)

Where η is the refractive index of the material. This
ability of a MM to achieve both negative �r and µr has
several interest consequences. The first is to do with the
”handedness”, in conventional materials the cross prod-
uct ÊXB̂ forms a right-handed system, whereas in the
DNG case the cross product ÊXB̂ forms a left-handed
system, which results in the counter intuitive case where
in a DNG the poynting vector is in the opposite direction
to wave propagation. Simultaneous negative �r and µr

also presents a material with a negative refractive index.
This enables us to artificial control the both �r and µr

giving us the ability to to tailor the dispersion curve of
materials and structures to suit specific purposes. Figure
5 shows the frequency dependence of the dispersion re-
lationship of a metamaterial, below the dashed line the
material behaves as a ”normal” dielectric above the line
the material behaves as a DNG. At first sight the cusp
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Fig. 5 The dispersion relationship for a metamaterial loaded

waveguide derived using eqns 2 and 3.

in the dispersion seems to imply faster than light group
velocity, this is not the case, what is occurring here is a
breakdown in the group velocity as at the cusp there is
no group to define.
This novel behavior of MM has been used by many au-
thors to consider a variety of technologies such as; In [34]
the authors introduce a metamaterial into the FWTWT
at the interaction region between beam and wave to trig-
ger a novel gain-frequency phenomena. Controlling the
FWTWT dispersion relationship via the metamaterial,
to define a unique beam-wave interaction phenomenon.
The authors of [35] considered the use of metamateri-
als to line the sides of TWT structures examining losses
and efficiency. This approach to use the novel dispersion
curve and zero reflection of MM has been used for sev-
eral other high power applications; The authors of [36]
consider the use of MM to suppress HOM’s in acceler-
ating structures; In [37] the authors consider the use of
metamaterial for self amplification of EM waves propa-
gating in a waveguide filled with two differing types of
MM, and possible one of the more exciting aspects being
considered by several research groups (see for example
[38]) is the use of MM to realize an inverse Cherenkov
accelerator.

4 Summary

In this paper we have taken a brief look at current work
into the application of PC and MM to high power RF
applications. We examined what is PC and where the
band gap arises from we have also identified what makes
these structures distinct from conventional crystals. We
have have briefly examined MM and the basis for the of
the dispersion curve. we have discussed the novel aspects
that can arise from the use of DNG MM. Noting that the
difference between a MM and PC is one of length scale.
For a PC the physical size of the structure (spacing be-
tween scatters) is comparable to the wavelength of the
EM spectrum of interest, with a long range periodicity.

[16]. This is demonstrated in figure 3, taken from [10],
here we see from the experimental results of a PC that
only one mode is supported in the structure at the de-
sign frequency of 9.4561 GHz, the higher order modes
(¿13 GHz) propagate away from the structure.

Fig. 3 Band structure for holes in dielectric 2D structure.

Another advantage of PC is field distribution in the cav-
ity compared to a conventional pill-box cavity this leads
to the peak field in photonic crystal slightly higher than
that in a conventional structure, which is an advantage
of photonic crystals for particle accelerator applications
by offering higher acceleration gradient, see [17] for full
discussion on this. We have also found that this high
mode select who are examining the use of lasers to excite
accelerating fields inside dielectric PC, and have shown
this techniques can be used to accelerate particles to rel-
ativistic energies [18].
Any physically realizable structure will inherently have
some degree of disorder, for PC crystals this has been
done by several authors examing different aspects of dis-
order [7,17,19]. The results of [17] show that a 5% dis-
order to both (radius and position) leads to a maximum
0.5% variation in resonant frequency (40 MHz) and a
maximum 5% variation in peak electric field (1V/m).
This behaviour is predominantly determined by the dis-
order in ring 1 of the rods only. Examination of the re-
sults show that a 1% disorder in ring 1 has a greater
effect than a 10% disorder in all other rods. We have
also shown that a small disorder (∼1%) of the inner-
most ring of rods can actually lead to an increase in
peak field, by decreasing the volume over which the en-
ergy of the EM field is distributed. Increasing disorder
leads to a decrease in the structures average peak field,
where as the mean resonant frequency remains constant
with an increasing standard deviation. In [17] the au-
thors show how this behaviour is dependant on varying
the radius and position of the rods, which detune the
cavity. Also that randomly introduced disorder and sys-
tematically moving individual rods, results in the ability
to ‘tune’ the PBG structure and have found it possible
to increase peak field by approximately 10%. This could
prove beneficial in the design of PBG based accelerat-
ing structure where there is a requirement to maximize

the peak electric field and thereby maximize accelerating
gradient.

3 Metamaterials

Over the past few years extensive research has focused
on the emerging class of ordered composite materials
termed metamaterials. A metamaterial is an artificial
macroscopic composite with a periodic cellular struc-
ture which produces two or more responses not avail-
able in nature in response to a specific excitation [2]. In
this paper we focus on the class of metamaterials with
negative permittivity and permeability, termed ”Dou-
ble NeGative materials” (DNG). Veselago [20] showed
that a DNG material can control the phase of the EM
field to give an effective negative index of refraction.
The origin of this field can be traced back nearly 130
years to the early work on artifical dielectrics of Bose
[4], where he considered an array of macroscopic twisted
jute fibers, some with right-hand twists, others with left-
hand twists. These ”molecules” gave either right or left-
hand polarization twists, and jointly, no twist, this sys-
tem gave us the first artificial dielectric.
A DNG material is achieved by the DNG presenting a
relatively high opposing EM field to control the phase
of the EM field. Physical realization of a DNG material
generally uses the microstructure proposed by Pendry
et al. [21], composed of split-ring resonators (SRRs) and
conducting wires. The SRRs are used to generate mag-
netic resonance and to provide negative permeability,
and the conducting wire can produce a negative permit-
tivity, although less commonly loaded transmission lines
[23–26] have been used to achieve DNGs. These metama-
terials have been used to construct a range of novel mi-
crowave devices such as antennas [25–27], phase-shifters
[28,29], couplers [30,31], broadband/compact power di-
viders [32] and other devices such as beam steerers, mod-
ulators, bandpass filters and lenses.
In a macroscopic medium the interaction with an elec-
tromagnetic wave is described through the constitutive
relationships;

D̂ = �0Ê + P = �Ê

B̂ = µ0Ĥ + M = µĤ
(1)

where D̂ and B̂ are the averaged electric and magnetic
flux density, Ê and Ĥ are the averaged electric and
magnetic field, P is the averaged polarization (electric
dipole moment density), and M is the averaged magneti-
zation (magnetic dipole moment density). � and µ denote
the effective permittivity and permeability of the mate-
rial, these parameters define how a material responds to
an applied EM field. Equation 1 represents a slab of a
isotropic, homogeneous material and can be described
by a dispersive Drude (permittivity) and Lorentz (per-
meability) model [27]. Where the effective permittivity
and permeability can be defined as:
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