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Abstract

An analytical method for determining
regenerative beam breakup (BBU) starting
current, in which the contributions of
single-cell field configuration and multi-
cell structure mode are separated, is de-
scribed. The field configuration within
each cell is determined to close approxi-
mation through the use of mesh codes, which
also relate the wall losses to the voltage
drop along the beam path. The cell-to-cell
amplitude variation may be determined by
bead pull measurements on model cavities,
or by assuming "idealized" structure modes.
As an example, the ISQL product for TMllo—

like modes of a 433-MHz, 5-cell, slot-
coupled cavity is obtained.

Introduction

A conventional analysis of the regen-
erative beam breakup (BBU) instability in
standing wave linac structures leads to
the result
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where IS

loaded Q of the_dipole mode, w its angular
frequency, and V is the potential drop
along the electron path (averaged over all
initial electron phases) when the dipole
mode is excited to stored energy U. Near

is the starting current, QL the

the axis, the relevant field components of
the dipole mode may be represented as
BX(XIYIzIt) = BNX(Z) cos (wt) ' (2a)
and WY
Ez(x,y,z,t) E z(z) —— sin(wt) (2b)

Reasonable simplifying assumptions (beam is
fully relativistic and does not change en-
ergy appreciably during transit of the
structure) and choice of coordinates (ori-
gin at center of structure, which extends
from z=-a to z=a) permit one to find V by
first finding the path of the beam elec-
trons under the influence of the fields,
and then finding the work done on a charge
moving along that path. For an even parity
mode the result is
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where Y = 1+Ek/Eo is the normalized total

relativistic electron energy and the sub-
script "+" denotes the even parity case.
(The result for odd parity modes is simi-
lar, with the sine and cosine functions in-
terchanged and an overall change of sign.)
In the remainder of this paper, we show
how the integrals can be separated into two
factors, one depending on the detailed
field configuration of the mode within a
cell, and the other containing all the de-
pendence on the structure eigenmode.

Evaluation of the Field Integrals

For the following discussion, we will
assume that the structure has an odd num-
ber of cells designated by the index n,
which runs from -k to +k. We will fur-
ther assume that the cell-to-cell field
strength pattern is one of the eigenmodes
of an ideally tuned structure; i.e.,

k
Eyg(2) = E n=_k[%mn 12?72 {] o (4)

where z = nc/zfO is the axial offset of

the nth cell (fo being the fundamental

and J is the nth cell
mn

signed amplitude for the mth eigenmode of
the N-cell ensemble

2 nmmr
= sin|—— + — (1<m<N-1) , (5a)
N
_ =, _,yntk
JNn = / . (-1)

Consider the first of the integrals in
Eqn. (3), which we denote by the symbol Il:
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with s=z-z_.
n

Assume that the full structure mode
field has even parity. This could result
from either an even parity single-cell mode

(e.g., the ™, 10 mode) in combination with

an even parity structure eigenmode (e.g.,
the pi mode of a 5-cell structure), or an
odd parity single-cell mode (like the TM111

mode) in combination with an odd parity
structure eigenmode (e.g., the 2p/5 mode of
a 5-cell structure). For the sake of ex-
ample, let us assume that we have an even
parity single-cell mode. Then the second
integral in Egn. (6) vanishes, and

I, = I8 ., (7)
c ¢
with the definitions
a w s
Ic = I Elz(s) cos|—| ds , (8)
-a c

k wz
Sc = E Jmn cos|— . (9)
=-k c

Applying the same approach to the se-
cond integral in Egn. (3) (which is compli-
cated slightly by the presence of an addi-
tional factor of z in the integrand) we
obtain

12 = IcSzs + Izssc , (10)
where
a w S
Izs = J s Elz(s) cos|——| ds , (11)
-a c
and
k Wz ]
SZS = E Jmn 2, cos|— . (12)
n=-k c ]
Equation (3) can now be rewritten
— —ew o [ Izs ]
V, = —— 1 S s == 3 . (13a)
+ 2Ymc3 c L c zs T
C ot
Similarly, for odd parity modes,
L ew B I ]
V.= ——12 | ss, - 252 |
2Yme L IC ]

Evaluation of Single-Cell Integrals.

Figure 1 shows the URMEL output for

the TMllo mode of a 433-MHz accelerator

cavity with reentrant nose cones (Fig. 2).
A number of numerical integrals are compu-
ted by the code, which integrates along a
path which is offset a distance RO from the
axis, RO being the beam hole radius (2.5 cm
in the example). Thus, we can approximate
our integral Ic by

a W s
Ic = ‘[ Elz(s) cos|—| ds
-a c
2 c -
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1. URMEL printout for TM
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example.
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2. Cell guadrant used in example
calculation.
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2 * 2.998%10%n/s
= *
2%3.14*8.35%10%/s * .025 m
1.18 Vv

the integral Izs by

a w s
IZs if_aElz(s) s sin|——| ds

C
2 c
—%INT. (Z*EZ*SIN(K*Z2/B) ) D2
WRO

.2574 vV
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 (14a)
and

t

2 * 2.998%10%m/s
- . *.0243 V#m
2%3.14%8.35*10%/s * .025 m

.111 Vm

i

. (14b)

Evaluation of the Summations.

Note that for m-mode acccelerator
structures the cell length is half a free
space wavelength of the accelerator mode;
therefore, zn=nc/2fo,where fo is the ac-

celerator mode fregquency, whence

wz znfm n c fm

= — = nr ——
2fO fo
where fm is the dipole mode freguency.

C C

Use

of this equality in the summation of
Egn. (9) gives

k wz
c E Jmn cos —n
n=-k o]
> s
J cos|ng — (15)
n=-k ™0 £ '

which is obviously periodic in fm/fo.

0
It

Equation (12) defines summation st; it

is also a periodic function of the ratio

£f /f .
mwoo k wzn
S = E J z_ sin
zs n=-kx W0 “n c
c k fm
= — Jmn n sin|\nw —
2fo n=-k f

The summation index runs from -k to +k,
with the terms for positive and negative
values making equal contributions. The n=0
term vanishes; therefore, the summation can
be obtained by doubling the sum obtained
for positive values of n:

e} k fm
S = — J_n sin|{ny —
Zs fo 2 :n=1 mn £

For the odd parity structure modes,
similar arguments lead to these results:

(16)
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k fm
SS = 2 E Jmn sin|{nm —| ,
n=1 L £

e} k fm
Szc = — E Jmn n cos|nm —
fo n=1 f

110 Band.

The structure mode-dependent summa-
tions above apply to any dipole mode band;
the factor in square brackets on the right
of Eqgns. (13) depends on the ratio IZS/IC,

and is therefore mode specific. For the
mode found in the URMEL example above, we
know the ratio of the single cell integrals
is .094 m, and the reduced frequency is
about 1.9. The average potential drop is
plotted for each of the five modes in the
band in Fig 3, where we see for reduced
frequency between 1.8 and 2.0 the greatest
value for V belongs to the m=1 mode, for
which the average potential drop is 12 uv/Y
at the field amplitude assumed by URMEL.
The stored energy in the structure
mode is the same as the single-cell stored
energy in the URMEL calculation, because
the eigenmodes are normalized. The corres-—
ponding stored energy for this mode is
twice the half-cell value printed by URMEL,
or 4.88 pJ. Using these values in Eqn. (1),
we find ISQL~23,OOO A for a 5-MeV beam.

and

Example: TM

Conclusion.

The approach outlined above allows one
to scan the URMEL output for single cell
dipole modes, noting those for which the
shunt impedance is largest. For each of
these, the reduced frequency and the ratio
I,s/I, can readily be found. These allow

one to identify the structure mode with
the largest value of V and to estimate the
probable value of ISQL/g.
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Fig. 3. Average potential drop plotted as

a function of reduced frequency.
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