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Abstract 

In the area of microwave measurement, perturba­
tion method is widely used, but the perturbation formu­
las which are often used will not stay correct when the 
perturbing object approaches the wall of the resonant 
cavity, which is the result from the effect of the induced 
charges on the cavity wall when the object approaches 
it. 

This paper takes this effect into account, and gives 
modified perturbation formulas which were proved by 
some experimental results. These modified perturbation 
formulas could be widely used in the measurement of 
the electromagnetic fields in linear accelerator and other 
microwave devices. 

Introduction 

To demonstrate the effect of the charges induced 
on the cavity wall when a perturbing object approaches 
it[I,2], it is reasonable to measure the field in a resonant 
cavity in which the field distribution is well known. Now 
let's measure the electric field along the axis of a pill box 
resonant cavity in TM010 mode by using a small metal 
ball. The uncorrected perturbation formula[3] is 

(1) 

where fo is the unperturbed resonant frequency of the 
cavity, f is the perturbed resonant frequency of the cav­
ity, Eo is the magnitude of the electric field where the 
small ball is located and A is the radius of the ball. 

It's known that the magnitude of the electric field 
along the axis of a pill box cavity in T M 010 mode is a 
constant. The measured result, however, turns out to 
be not the same as we have expected. In practice, the 
nearer the ball is to the wall, the greater {;, - f2 will 
be, and the conclusion we get from eq.(l) will be that 
the field along the axis is not constant. It is obvious now 
that eq. (1) has to be modified in order to be used for 
precise measurement of field. 

The reason why {; - f2 become larger when the ball 
is near the wall is that charges are induced on the cav­
ity wall when the perturbing object is introduced into 
the cavity, and the contribution of the induced charges 
to the field becomes appreciably large when the object 
is near the wall, so that the field measured by eq.( 1) 
is the combination of the field to be measured and the 
field produced by the induced charges on the wall. What 
we should do now is to pick the original field out, and 
establish a straight forward relationship between the un­
perturbed fields and the two frequencies fo and f. 

It is well known that electric field could be perturbed 
by dielectric and metal materials, magnetic field, how-

*The work was done in Tsinghua University, Beijing and 
in IHEP.(Institute of High Energy Physics, Academia 
Sinica, Beijing). 

-ever, could only be perturbed by metal material. In 
the following sections we will give directly the modified 
perturbation formulas to measure the electric, magnetic 
fields by using metal sphere perturbing objects. Exper­
iments have been done to show the effectiveness of the 
modified perturbation formula. In the Appendixes the 
mathematic details have been given to show the way how 
these formulas are reached. As for the formula for dielec­
tric purterbing sphere one could consult ref.[2]. 

Formula for Electric Field With Metal Sphere 

According to perturbation theory[4] we have 

(2) 

Starting from eq.(2) we distinguished two cases. The first 
of which will concentrate on the electric field and will be 
discussed in this section. Another will be discussed in the 
next section on the magnetic field and the combination 
of the two cases. 

When there is no magnetic field where the sphere is 
located, eq.(2) could be changed into 

(3) 

After some mathematic derivations[Appendix 1], we get 
the modified perturbation formula 

where Eo is the field to be measured without being per­
turbed by the ball, A is the radius of metal sphere and 
a is expressed as follows 

a = 4(A/C)3 + 16(A/C)6 +55.6(A/C)8 +32(A/C)9 (4) 

where C is twice the distance from the centre of the ball 
to the wall. When the ball is far from the wall eq.(E) will 
return to eq. (1). Eq.(E) is well proved by the experiment, 
as shown in Fig.(l). 

Formula for Magnetic field with Metal Sphere 

When there is no electric field where the sphere is 
located, eq.(2) could be changed into 

(5) 

After Appendix 2, we get the modified perturbation for­
mula for magnetic field. 
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Now we express E~ by letting n equal only 0,1,2. There­
fore, 

I 2i 1-1(2 ')1 
+(3a l A -4 + '" ai + 1 . A)P (cos()) 

2 ~ i!C3+' 2 
(A10) 

.=1 

The integral in eq.(3) should be performed in the 
following way 

Now let Er = U PI + U P2 where 

I 21 1-1(2 ')1 
U=(2a'A-3+'" ai +l'+E) 

1 ~ i!C2+' 0 

i=1 

(All) 

(AI2) 

(AI3) 

(A14) 

From this equation we could get modified formulas for 
different order of precision by chosing I to be different 
numbers, for example, when we chose I = 0, we could 
get the unmodified formula expressed in eq.(l). When 
we chose I =2, after some tedious calculation we will get 

(A15) 

where 

Q = 4(A/C)3 + 16(A/C)6 + 55.636(A/C)8 + 32(A/C)9 
2 (A16) 
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Appendix 2 

In the same way as for the electric field, we con­
sider the perturbation to the magnetic field by a small 
metallic ball. To start with we noted that q;~ is the 
magnetic potential produced by the sphere introduced 
in the cavity.c,o~1 is the magnetic potential generated by 
the charges on the wall.q;~i is the magnetic potential 
inside the sphere by the magnetic field to be measured. 

Therefore, to satisfy the boundary conditions on the sur­
face of the sphere, that is R=A, and on the cavity wall 
q;~1 + c,o~1 = 0 we have 

I R () 1-1 q;1 q;m - Ho cos + c,om = mi (A17) 

a 
aR(q;~ - HoRcos(} + c,o~l) = 0 (A.18) 

where 
00 

q;! = L b~Pn(cos(})Rn (AI9) 
n=O 

00 

q;1 . = L a
' 

P (cos(})R-(n+l) 
m1 n n (A20) 

n=O 

I 2ia'-1 00 (k + i)! Rk 
c,o~1 = - L -l-'~-L k! Pk(cos(})-C-k-+l-+-i 

i=1 k=O 
(A21) 

From eqs.(A17) and (A18) we have 

I A m+2 I 2ia~-I(m + i)!Am - 1 

am = -- m + 1 (Hodm 1 + L i!(m _ l)!cm+l+i ) 
.=1 

(A22) 
When the sphere is far from the wall, q;~ reduces to 
q;~[5l, and 

(A23) 

By comparison between eqs.(A20) and (A23) we got 

(A24) 

As for the magnetic field on the surface of the sphere, it 
only has component in () direction, therefore we have 

By asking approximation order I = 1 we got 

where 

f3 = -2(A/C)3 + ~(A/C)6 + 16.9(A/C)8 
3 

(A25) 

(A26) 

(A26) 

(A27) 
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where 

13 = -2(A/C)3 + (4/3)(A/C)6 + 16.9(A/C)8 (6) 

When the ball is far from the wall, eq.(M) will return to 
unmodified one[3] 

(7) 

When there are both electric and magnetic fields at 
the same time where the ball is located, according to 
the theory expressed in eq.(2), combined perturbation 
formula is easily obtained 

(1; - f2)/ f; = (411" /3)A33(E~(1 + a) - (1/2)H~(1 + 13)) 
(C) 

When the ball is far away from the wall; eq.(C) will 
be reduced to unmodified perturbation formula[3] as ex­
pressed 

Till now we have given all the modified pert urbation 
formulas of metal sphere. 

Experiments 

In the experiments we have used metal ball perturb­
ing object to measure the electric field on the axis of the 
a pill box cavity. Before giving some experimental re­
sults we give some definitions to make the comparison 
between theory and experiment easier. We noted fe to 
be the resonant frequency when the ball is in the center of 
the cavity.6fth = fe - fth(A/C) is the theoretical result, 
and 6f.x = fe - fex(A/C) is the experimental results. 
In the following Fig.( 1) we will use only the notation 6 f 
but use + as theoretical value and· as experimental one. 
In Fig. (1) we used A = 3mm copper ball to test Eq.(E). 
The result shows that theoretical modified perturbation 
formulas agree very well with the experimental results. 

Conclusion 

In this paper modified perturbation formulas con­
cerning sphere metal perturbing object have been estab­
lished and proved by the experiments. These formulas 
could be used in any kind of resonant cavity measure­
ments. 
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Appendix 1 

Co 

Image 

Pe,lu,blng Uall 

FIII.(A) 

We treated this problem as a static one because the 
dimension of the perturbing object compared with the 
dimension of the wavelength of the microwave is very 
small. Therefore we have 

<Xl 

CP~ = L a~Pn(cosO)R-(n+1) (AI) 
n=O 

1-1 __ ~ 2ia~-1 ~ (k + i)! P ( 0) Rio 
'P. - L...J i! L...J k! 10 cos ck+1+; (A2) 

;=1 10=0 

where CP~ is the potential produced by the sphere in the 
cavity. 'P~-1 is the potential generated by the charges 
induced on the wall and I is the order of approxima­
tion.Both these potentials satisfy the boundary condi­
tions on the wall 

cpl-1 + 1-1 = 0 • 'P. (A3) 

When the sphere is far from the wall, cp~ will be reduced 
to cp~ [6]. 

By comparing the two equations (AI) and (A4), we con­
cluded that 

To satisfy the boundary conditions on the surface of the 
ball, that is R = A we get 

cp~ + 'P~-1 - EoRcosO = constant (A6) 

J !. a~(CP~ + 'P~-1 - EoRcosO)ds = 0 

and consequently we get 

(A7) 

(A8) 

For the field on the surface of the ball in the direction of 
R, we have 

00 

Er = L(n + l)a~Pn(cosO)A-(n+2) 
n=O 
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