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Abstract

In the Electron-Ion Collider (EIC) design, to avoid vertical

orbit bumps in the Electron Storage Ring (ESR) at some

crossing points with Hadron Storage Ring (HSR) to preserve

the electron polarization, we plan to tilt the ESR plane by

200 μrad with an axis connecting IP6 and IP8. In this article,

we study the beam-beam interaction when two rings are not

in the same plane. The Lorentz boost formula is derived

and the required vertical crabbing strength is calculated to

compensate the dynamic effect. The beam-beam simulations

are performed to validate the theory.

INTRODUCTION

A large crossing angle in the interaction region (IR) is

necessary for fast separation of two colliding beams in ring-

ring type colliders to achieve high collision rates, IR back-

ground minimization, and overall detector component and

IR magnet arrangements. Crab crossing is an effective way

to restore the head-on collision for circular colliders [1]. The

crab crossing scheme was first successfully implemented at

KEKB-factory [2]. The crab cavities, which are key compo-

nents in the crab crossing scheme, were also demonstrated

for the hadron beam in CERN’s Super Proton Synchrotron

(SPS) recently [3]. Other dynamics effects about the crab

cavities can be found in [4–6].

The Electron-Ion Collider (EIC) project adopts the local

scheme to achieve the desired luminosity 10
34

cm
−2

s
−1 [7],

as shown in Fig. 1. In the local scheme, a pair of crab

Figure 1: EIC local crabbing compensation scheme [7].

cavities are installed at both sides of the interaction point

(IP). The upstream crab cavity tilts the beam in x - z plane,

and the downstream crab cavity rotates the beam back. In

the rest of the rings, both planes stay unaffected.

EIC rings consist of six arcs separated by six straight

sections, which are labelled according to the hour markings

of a clock from IR2 to IR12. A dedicated IR has been
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designed at 6 o’clock, and a potential second IR at 8 o’clock

is reserved for future upgrade. To resolve the interference

between rings, transfer lines, cooler ERS in IR2, the Electron

Storage Ring (ESR) is proposed to be tilted by ∼ 200 μrad

to avoid vertical bends. Figure 2 illustrates the concept. The

Figure 2: Schematic diagram of tilted ESR in EIC.

rotating axis goes through both interaction points: IP6 and

IP8. Although the rotation angle is small, the longitudinal

axis is changed, and the dynamic effect has to be studied.

This paper derives the Lorentz Boost formula for the tilted

storage rings. The beam-beam simulation is also presented

to demonstrate if the tilted scheme works or not. A summary

is given at last.

LORENTZ BOOST

When two beams collide with a crossing angle, it is con-

venient to consider the beam-beam interaction in the boost

frame [8], as shown in Fig. 3. Let (E� ,E� ,E�) be the ba-

Ez

Iz

Z

X

IP

ExIx

2θc

N

ψ

× Ey ‖ Iy

Figure 3: The boost frame for two beams colliding with

a large crossing angle. N points from IP6 to IP8. �� =

12.5 mrad is the half crossing angle, and � = �/6 + �� .

sis vectors for the Frenet-Serret frame of the electron ring,

and the left-handed (I� , I� , I�) for the ion ring. The vertical

axes, E� and I� , are parallel with each other before rotating

the ESR frame. (X,Y,Z) are the basis vectors of the boost
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frame. In the boost frame,

N = (sin�, 0, cos�)T , E� = I� = (0, 1, 0)T

E� = (sin �� , 0, cos ��)
T , I� = (sin �� , 0,− cos ��)

T

E� = (cos �� , 0,− sin ��)
T , I� = (cos �� , 0, sin ��)

T
(1)

where �� and � are defined in Fig. 3, and the superscript "T"

denoting the transformation of a vector.

The rotation around N can be described by a matrix

� (N, �) =



cos � + (1 − cos �) sin
2 � − sin � cos� (1 − cos �) sin� cos�

sin � cos� cos � − sin � sin�

(1 − cos �) sin� cos� sin � sin� cos � + (1 − cos �) cos
2 �


(2)

After the ESR is rotated, the new basis vectors are
(
E
′
� ,E

′
� ,E

′
�

)
= �

(
E� ,E� ,E�

)
(3)

I
′
� = I� , I

′
� = I� , I

′
� = I� (4)

The new crossing angle is determined by their longitudinal

axes,

cos
(
2� ′�

)
= −E

′
� · I

′
�

= cos (� + ��) cos (� − ��)

+ cos � sin (� + ��) sin (� − ��)

= cos (2��) − (1 − cos �) sin (� + ��)

× sin (� − ��)

(5)

Substituting the numeric value

�� = 12.5 mrad, � = 200 μrad, � = �/6 + �� (6)

the new crossing angle is

Δ�� = � ′� − �� ≈
�2

32��
= 1 × 10

−4
mrad (7)

It turns out the change of the crossing angle is negligible

due to the tilted ESR.

The new boost frame is

Z
′ =

E
′
� − I

′
�

2 cos � ′�
, X

′ =
E
′
� + I

′
�

2 sin � ′�
, Y

′ =
E
′
� × I

′
�

sin (2� ′�)
(8)

From Eq. (3), Eq. (4), and Eq. (8), E
′
� and I

′
� are no longer

parallel with Y
′. To reuse the Hirata map, we need to rotate

the vertical axes around their longitudinal axes first. The

rotation angles are

cos �e = E
′
� · Y

′

=
− cos (� + ��) sin (� − ��) + sin (� + ��) cos (� − ��) cos �

sin (2� ′�)

(9)

cos �i = I
′
� · Y

′

=
sin (� + ��) cos (� − ��) − cos (� + ��) sin (� − ��) cos �

sin (2� ′�)

(10)

Therefore, the new Lorentz Boost map is concatenated by

the rotation map and the Hirata map,

L ′ = R (�) ◦ L
(
� ′�
)

(11)

where R is a pure rotation around the longitudinal axis, and

L is the well-know Hirata map in [8].

With the numeric values in Eq. (6), the pure rotation

angles are

�i ≈ �e ≈ −4 mrad (12)

which have to be considered in beam-beam simulation.

Due to the rotation in Eq. (12), the � − � coupling is

introduced in the boost frame. To prevent the luminosity

loss, we have to eliminate the � dependence on �. It can be

achieved by introducing the vertical crabbing.

Borrowing the concept from [9], the crab dispersion is

defined as

� =

(
��

��
,
���

��
,
��

��
,
���

��

)T

(13)

The crab dispersion caused by the upstream crab cavity is
(
0, ��/Λ� , 0, ��/Λ�

)T

where Λ� =
︁
�∗���,� ,Λ� =

︁
�∗���,� are used to normalize

the crab cavity strength, ��,� the relative crab cavity kick

strength.

Assuming the upstream crab cavity is placed at Ψ� =

Ψ� = −�/2 phase advance to IP. After propagated to IP, the

crab dispersion turns into

�� =
(
�� , 0, �� , 0

)T
(14)

Taking the linear term, the Hirata map L
(
� ′�
)

is equivalent

to a crab dispersion

�� ≈
(
� ′� , 0, 0, 0

)T
(15)

To provide an effective head-on collision in the boost frame,

the crab dispersion in Eq. (14) and Eq. (15) have to cancel

with each other,

� (�) �� + �� = 0 (16)

where � (�) is the 4-by-4 rotation matrix

� (�) =



cos � 0 sin � 0

0 cos � 0 sin �

− sin � 0 cos � 0

0 − sin � 0 cos �



(17)

The required crab cavity can then be resolved,

�� = −� ′� cos �, �� = −� ′� sin � (18)

The strength of the downstream crab cavity can be deter-

mined similarly.
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BEAM-BEAM SIMULATION

Figure 4 compares the beam distribution in the boost

frame. With appropriate vertical crabbing, the � depen-

dence on � in both electron beam and ion beam is removed.

Figure 4: Electron and ion beam distribution in the boost

frame.

Figure 5 shows the strong-strong simulation results by

BeamBeam3D [10]. With vertical crabbing, the beam size

evolution in both ESR and HSR overlaps with the reference

curve. Because of the radiation damping and shorter bunch

length, the electron beam is still stable even without vertical

crabbing. However, when there is no vertical crabbing for

the ion ring, the longitudinal motion is coupled to the vertical

plane, and the vertical size grows much faster which has to

be corrected.

Figure 5: Beam size evolution by strong-strong simulation.

The vertical crabbing strength is determined by Eq. (18).

Figure 6 presents the beam size evolution with vertical

crabbing only in ion ring. It shows that the tilted ESR is

acceptable for the electron beam. The consequence is a

slight luminosity loss.

Figure 6: Beam size evolution by strong-strong simulation.

Only ion ring is corrected, and there is no vertical crabbing

in ESR.

It is well-known that the strong-strong simulation is prone

to numeric noise [11]. Therefore, the weak-strong simulation

is performed to cross check the vertical crabbing compen-

sation. The similar physical model is used in weak-strong

simulation [12], except that the electron beam is assumed

as a fixed Gaussian distribution, and the beam-beam kick is

calculated by Bassetti-Erskine formula [13].

Figure 7 presents the weak-strong simulation results.

Since the vertical plane is problematic, only the vertical size

evolution is shown here. EIC adopts the 2nd-order harmonic

crab cavity to mitigate the higher-order synchro-betatron res-

onances [14]. The left plot shows the tracking result without

2nd-order harmonic crab cavity, and the right plot shows

the tracking data with 2nd-order harmonic crab cavity. With

vertical crabbing and 2nd-order harmonic crab cavity, the

vertical growth caused by tilted ESR is compensated. With-

out vertical crabbing, no matter if 2nd-order harmonic crab

cavity is present, the vertical size growth caused by tilted

ESR is unacceptable.

Figure 7: Beam size evolution by weak-strong simulation,

left: without 2nd-order harmonic crab cavity, right: with

2nd-order harmonic crab cavity. The last 60% tracking data

is fitted with the tracking time �� = �� + �0, and the growth

rate is defined as �/�0.

CONCLUSION

We derived the Lorentz Boost map for the tilted ESR

scheme in EIC. The required vertical crabbing strength is

calculated to compensate the tilted effect on beam-beam

interaction. The strong-strong and weak-strong simulation

show that the vertical crabbing is necessary in the ion ring

to avoid significant vertical size growth. A realistic scheme

to introduce vertical crabbing is described in [15].
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