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Abstract
The longitudinal dynamics of a bunched electron beam is

an important aspect in the study of existing and the develop-
ment of new electron storage rings. The dynamics depend on
different beam parameters as well as on the interaction of the
beam with its surroundings. A well established method for
calculating the resulting dynamics is to numerically solve the
Vlasov-Fokker-Planck equation. Depending on the chosen
parameters and the considered wakefields and impedances,
different effects can be studied. One common application is
the investigation of the longitudinal micro-wave and micro-
bunching instabilities. The latter occurs for short electron
bunches due to self-interaction with their own emitted coher-
ent synchrotron radiation (CSR). In this contribution, two
different VFP solvers are used to simulate the longitudinal
dynamics with a focus on the micro-bunching instability at
the SOLEIL synchrotron and the KIT storage ring KARA
(Karlsruhe Research Accelerator).

INTRODUCTION
The longitudinal beam dynamics in a storage ring can be

simulated based on the time evolution of the particle distri-
bution in the longitudinal phase space (PS). The evolution
of the system can be described by the Vlasov-Fokker-Planck
(VFP) equation [1]. Various codes for the evaluation have
been written with different methods focussing on different
effects. A prominent use-case for the VFP equation, the
micro-bunching instability, occurs for short electron bunches
due to the self-interaction with the coherent synchrotron ra-
diation (CSR). While it does not lead to beam-loss, it results
in non-constant beam parameters. These fluctuations, es-
pecially in bunch length and energy spread, may affect the
beam quality. At the same time, the increased emission of
CSR in the long wavelengths can be utilized for experiments
based on THz radiation. VFP solvers also play a vital role
in the efforts towards control of this dynamic and providing
the possibility for increased and more stable CSR emission
or the possibility to suppress the instability [2, 3].

MICRO-BUNCHING INSTABILITY
The interaction of a bunch with its own CSR wakefield

results above the instability threshold in substructures form-
ing on the particle distribution in the longitudinal PS (see
simulations in Fig. 1). Due to rotation in longitudinal PS
these substructures cause continuous changes in the longitu-
dinal bunch profile resulting in temporal fluctuations of the
emitted CSR intensity and furthermore change the wakefield.
Depending on beam parameters, this dynamic can manifest
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(a) Inovesa (b) PhLAM VFP (c) Inovesa (d) PhLAM VFP
Figure 1: Simulated charge density in the longitudinal PS.
(a & b) at 0.26 mA for case A, (c & d) at 12 mA for case C.
as the typical saw-tooth shaped bursts in emitted CSR inten-
sity [4, 5]. While the occurrence of substructures is driven
by the CSR wakefield, damping and diffusion lead to filla-
mentation of the structures and causes the bunch to lengthen
and the structures to wash-out. This reduces the driving
force allowing the bunch to further damp down and become
short enough so that the resulting CSR wakefield supports
the formation of substructures again. The presence of the
micro-bunching instability has been observed at multiple
light sources (e.g. [6–12]).

VFP EQUATION & SOLVERS
The Vlasov-Fokker-Planck (VFP) equation describing the

evolution of the particle density 𝜓(𝑧, 𝐸, 𝑡) with time 𝑡 can
be given by [1, 13, 14]

𝜕𝜓
𝜕𝜃 + 𝜕𝐻

𝜕𝑝 ⋅ 𝜕𝜓
𝜕𝑞 − 𝜕𝐻

𝜕𝑞 ⋅ 𝜕𝜓
𝜕𝑝 = 𝛽d

𝜕
𝜕𝑝 (𝑝𝜓 + 𝜕𝜓

𝜕𝑝 ) (1)

with the Hamiltonian 𝐻(𝑞, 𝑝, 𝑡) = 𝐻e(𝑞, 𝑝, 𝑡) + 𝐻c(𝑞, 𝑡) con-
sisting of the contribution by external fields and the per-
turbation by collective effects. The coordinates are given
as 𝜃 = 𝑓s𝑡 time in synchrotron periods, 𝑞 = 𝑧/𝜎z,0 and
𝑝 = (𝐸 − 𝐸0)/𝜎𝛿,0 as normalised position and energy co-
ordinates with natural bunch length 𝜎z,0 and energy spread
𝜎𝛿,0. In the radiation damping and quantum diffusion term
𝛽d = 1/(𝑓s𝜏d) with the long. damping time 𝜏d.

The VFP solvers used in this contribution are based on
the algorithm derived by Warnock and Ellison [1]. It oper-
ates on the charge density discretized in a grid. While the
homogeneous solution represents a rotation in PS for the
unperturbed case, the influence of diffusion and damping is
incorporated as a particular solution.

PhLAM VFP Solver
The VFP solver developed at PhLAM [2,15,16] was mod-

elled based on the aforementioned algorithm. The wake-
functions for free space and the suppression by parallel
plates [17,18] are directly calculated based on the given input
parameters. The necessary convolution of the bunch profile
with the wake functions for the wakefield is performed in
frequency domain. Therefore, the corresponding impedance
is calculated once and multiplied at each time step with the
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Fourier transformed bunch profile. An inverse Fourier trans-
form of the result giving the wakefield is then applied to
the charge density as an additional change in energy. The
effects of the Vlasov as well as the Fokker-Planck term are
calculated independently and then applied together onto the
charge distribution in the longitudinal PS. For both contri-
butions a quadratic interpolation between grid cells is used.

To speed up the calculation the code is parallelized using
standard MPI (Message Passing Interface). This enables the
simulation to be run in parallel on a cluster, using one or
several nodes. Performance tests (speed versus number of
cores) can be found in Ref. [19]. The results of the simula-
tion are written to structured text files with a configurable
number of simulation steps between data output points. The
entire PS can be requested as well and is then written to in-
dividual binary files. The program is started from command
line and configured by configuration text files. Its various
features include, amongst others, the usage of multiple types
of bending magnets, additional shot noise, laser interaction
and feedback possibilities [2].
Inovesa

The general working principle of Inovesa [14, 20] is simi-
lar to the PhLAM VFP solver. However, it directly operates
on impedances instead of wake functions. Some impedances
such as the parallel plates impedance [17, 21] are directly
implemented. The wakefield at each time step is calculated
analogously to the PhLAM VFP solver by multiplication of
the Fourier transformed bunch profile with the impedance
and a subsequent inverse Fourier transform. After the kick
in energy due to the wakefield, the rotation due to the Vlasov
term is applied split into an energy kick followed by a spatial
kick (“Manhattan” rotation [14]). Afterwards, the damp-
ing and diffusion described in the Fokker-Planck term are
applied. The interpolation between grid cells is cubic by de-
fault. Inovesa is parallelized using OpenCL [22] and geared
towards the usage on desktop PCs. It can run on multiple
CPU cores as well as GPUs. The output makes use of the
structuring capabilities of the HDF5 file format [23] and
includes derived quantities such as bunch profile or emitted
CSR spectrum and on request the full PS density. Inovesa
is started via command line and configured either by a con-
figuration file or via command line parameters. An optional
live view shows the temporal development of the PS den-
sity, emitted CSR intensity, bunch profile and wakefield.
Various additional features include noise on the RF volt-
age and arbitrary impedances from text files. Furthermore,
communication during runtime was implemented between
Inovesa and e.g. a machine learning agents for control of
the instability [24].

EXAMPLES
As example for the comparison of the two simulation

codes with respect to the micro-bunching instability, three
cases are used (Table 1): A SOLEIL at low-alpha, B KARA
at low-alpha, and C SOLEIL at normal-alpha. They repre-
sent typical operation modes of SOLEIL and KARA during
which the micro-bunching instability is studied [12, 25].

Table 1: Beam Parameters for Simulation Cases
Parameter A B C

Machine SOLEIL KARA SOLEIL
Beam energy / GeV 2.75 1.285 2.75
Bending radius / m 5.36 5.559 5.36
Chamber height (tot.) / mm 25 32 25
RF voltage / MV 2.844 1.048 2.842
Synchrotron freq. / kHz 1.467 8.9 4.64
Bunch length / ps 4.84 4.04 15.31

A common representation of the dynamics during the
micro-bunching instability are intensity fluctuation spectro-
grams. For these, the Fourier transform of the CSR intensity
emitted as function of time is displayed as color coded data
for a range in bunch current. As the emitted CSR intensity di-
rectly depends on the momentary longitudinal bunch profile
the observed fluctuation frequencies give an insight into the
dynamics of the instability. Figure 2 shows spectrograms for
the three example cases simulated with the two VFP solvers.

For the two cases with short bunch length (A and B) the
spectrograms of the simulation results agree very well in
overall shape as well as in the features characteristic for
the micro-bunching instability. The frequency 𝑓th of the
dominant fluctuations starting directly above the instability
threshold 𝐼th is connected to the size of the modulations and
the rotations of the charge density [4, 12, 16]. It can be seen
for case A at 8.9 kHz (PhLAM VFP solver) and at 8.5 kHz
(Inovesa). For case B it is visible at 32.9 kHz (PhLAM VFP
solver) and at 32.6 kHz (Inovesa). The simulated frequency
resolution is 0.025 kHz (A) and 0.05 kHz (B). The good
agreement between the codes indicates a similar substructure
size in the PS for both simulations (see also Fig. 1a & 1b).
Furthermore, as also the fluctuation pattern at higher currents
agrees it can be assumed that both simulation codes converge
to very similar PS structures as well as dynamics. This is
further supported by the agreement in the threshold current.
In both cases the codes return the same value, 0.24 mA for
case A and 0.21 mA for case B (with a simulated current
resolution of 0.01 mA). A linear scaling law [26] predicting
the threshold current exists, for which a good agreement with
measurements has been shown [27]. It predicts the threshold
current at 0.21 mA and 0.18 mA for A and B respectively.

In contrast to the previous cases, C features a significantly
larger bunch length. While the simulations in the first two
cases showed a very good agreement between the two codes,
the spectrograms (Fig. 2c and 2f) for case C show significant
differences. On one side, the overall shape does look some-
what similar as both spectrograms show dominant frequency
lines above a threshold and at high currents a region with a
wide spectrum of fluctuation frequencies. On the other side,
there are significant differences in the threshold currents as
well as the bunch currents of the transitions between regions
with different fluctuation patterns. The threshold currents are
7.6 mA (PhLAM VFP solver) and 6.6 mA (Inovesa) (with a
resolution of 0.2 mA). The scaling law predicts a threshold
at 5.58 mA. An even bigger difference is visible in the bunch
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(a) Case A with Inovesa (b) Case B with Inovesa (c) Case C with Inovesa

(d) Case A with PhLAM VFP solver (e) Case B with PhLAM VFP solver (f) Case C with PhLAM VFP solver

Figure 2: Simulated spectrograms of the intensity fluctuations in the emitted coherent synchrotron radiation caused by
the micro-bunching instability. For all simulation a grid size of 20 𝜎z,0 and 20 𝜎,0 with 480 × 480 bins was used. The
simulations were conducted with 8000 steps/4000 steps/2000 steps per synchrotron period for the cases A/B/C respectively.

Figure 3: Simulated spectrograms for case C with Inovesa
with changed rotation style changed from Manhattan to stan-
dard and the interpolation reduced from cubic to quadratic.

current where the fluctuation pattern changes from the in-
dividual dominant frequency lines to a broader spectrum
(PhLAM VFP solver ≈13.0 mA, Inovesa ≈9.6 mA).

In an effort to find the cause of the differences observed
for a relatively long natural bunch length (case C), the
impedances and wakefields were compared and found to
agree well between the two codes. Finally, for better compa-
rability of the codes, tests using quadratic instead of cubic
interpolation in Inovesa as well as using a standard rotation
instead of the Manhattan rotation were conducted. If only
one was changed, the results remained the same. But, the
combination of a standard rotation with quadratic interpola-
tion (“Inovesa_mod”) changed the result drastically (Fig. 3).
While, the current where the fluctuation pattern changes is
now even higher (14.8 mA), the spectrogram resembles the
one from the PhLAM VFP solver (Fig. 2f) more closely.

Independently of which interpolation and rotation is used,
𝑓th is similar with 95.5 kHz for Inovesa_mod, 90.6 kHz for
the PhLAM VFP solver, and 84.8 kHz for Inovesa in default
configuration (simulated frequency resolution of 0.02 kHz),
even though the corresponding frequency line is more visible
for the PhLAM VFP solver and Inovesa_mod. This indicates,
as discussed before, a similar structure size in PS (also see
Fig. 1c & 1d) and fits well to the good agreement found
between the impedances and wakefields of the two codes.

The used order of interpolation in combination with rota-
tion type, mainly seems to influence the temporal evolution
of the growing and shrinking substructures leading to differ-
ent repetition rates and shapes of the bursts in emitted CSR
intensity. This manifests also in the change of the threshold
current as well as the current where the fluctuation pattern
systematically changes. As this effect was only observed for
the simulation at long bunch length, it might be connected
to the higher number of substructures in case C (see Fig. 1).

SUMMARY
Simulation tools based on solving the Vlasov-Fokker-

Planck equation are successfully used to study the longitu-
dinal beam dynamics, and for example the micro-bunching
instability. Different implementations exist, two of which,
the PhLAM VFP solver and Inovesa, were compared based
on example cases for the SOLEIL synchrotron and KIT stor-
age ring KARA. While both codes are based on the same
algorithm, they differ slightly in the implementation and use
different tools (MPI vs. OpenCL) to allow parallelization.
The simulation results for the example with longer bunch
length differ between the two codes, especially with respect
to the instability threshold as well as the bunch currents at
which changes in the instability behavior are observed. It
was found that reducing the used interpolation from cubic
to quadratic combined with changing the rotation type in In-
ovesa has a strong effect on the results. However, for the two
examples with rather short natural bunch length, the simula-
tions show a very good agreement and seem not influenced
by the chosen interpolation and rotation type.
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