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Abstract
Lattice development for the 2.5 GeV, low emittance suc-

cessor of BESSY II, are ongoing at HZB since 2 years, [1].
The choice of a multi-bend achromat lattice is indispensable
due to the emittance goal of 100 pm, required to generate
diffraction limited radiation up to 1 keV. Hard boundary
conditions for the design are a relatively short circumference
of ≈ 350 m due to the accessible construction property in
vicinity to Bessy II and 16 super-periods to not step behind
the number of existing experimental stations. The config-
uration of the two building blocks of MBA lattices - unit
cell and dispersion suppression cell - has been thoroughly
studied from basic principles. It was found that gradient
free bending dipoles are the better choice for the BESSY III
lattice, opposite to the concepts of comparable projects.

INTRODUCTION
Since the successful operation of MAX IV in Lund, Swe-

den [2], the innovative idea of multi-bend achromat (MBA)
lattices entered basically every new low emittance storage
ring design. In 2014, A. Streun, PSI, analysed the concept
of reverse bends (RB) in the MBA unit cell [3]. RBs are
usually realized by an off-axis placement of the focusing
quadrupole. They help to detach the matching of the disper-
sion from that of the beta function and significantly reduce
the emittance. In 2017, J. Bengtsson and A. Streun adopted
the Higher-Order-Achromat approach to MBA-lattices [4,5],
where the linear lattice is constructed such, that all 1st and
2nd-order sextupole terms are completely suppressed by
phase cancellation.

The BESSY III lattice design intends to integrate all three
concepts from the very beginning. To this end, the basic
building blocks of MBA lattices, i.e. unit cell (UC), and
dispersion suppression cell (DSC) are analysed under the
given constraints and with the goals of reaching 100 pm
emittance, lowest chromaticity, a momentum compaction
factor 𝛼 > 10−4 and a short circumference. It was found,
that much orientation in the vast parameter space of lattice
design can be gained. By successively stepping though the
different options for the design of UC and DSC a baseline
version for BESSY III was developed deterministically that
fulfills all demands and shows a good non-linear behavior.
This approach also puts various commonplace convictions
of MBA lattice design into perspective.

CHOICES FOR THE UNIT CELL
The generic, symmetric UC consists of the central dipole,

two quadrupoles, QF/RB and QD, and two sextupoles, SF
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and SD. Drifts are initially set to 0.1 m. The three symmetry
conditions 𝛼𝑥,𝑦 = [′ = 0, are fitted using QF, QD and the
RB angle. There are several choices for the UC setup: a)
include QD into the main bend (combined function cell, CF-
UC) or a separate function cell (SF-UC) b) place the RB or
SF at the outside, and, in case of the SF-UC, place QD or
SD next to the central dipole. Table 1 lists the emittance,
chromaticity and integrated sextupole strength for the six
UC options.

Table 1: Features of UC Permutations

UC Order Y b𝑥 b𝑦 SF SD
[1/m2] [1/m2]

CF SF last 97 -0.7 -0.4 -1.3 1.6
CF RB last 96 -0.8 -0.3 -2.0 2.2
SF SF last 94 -0.7 -0.3 -1.0 1.2

SD central
SF RB last 94 -0.8 -0.2 -1.7 1.7

SD central
SF SF last 96 -0.7 -0.3 -1.6 1.8

QD central
SF RB last 97 -0.8 -0.2 -3.5 -3.6

QD central

The emittance in all cases is comparable. The critical
horizontal chromaticity varies only little, while the sextupole
strength varies by more than a factor of 3. The reason lies
in the strongly different separation of the beta functions at
the location of the sextupoles, see Fig. 1. Interestingly, the
length of the CF-UC is close to that of the SF-UC. The bend’s
gradient reduces the accessible bending field, increasing the
dipole length and the stronger sextupoles need additional
space. The sextupole strength of a CF-UC lies at least 30 %
over the best SF-UC solution, which is chosen for the further
analysis.

Effect of the Reverse Bend
The RB has been integrated into the UC from the be-

ginning: without the additional ’knob’ of the RB bending
field, the UC would increase in length in order to fulfill the
symmetry conditions. The deflection angle is ≈ 5 % of the
main bend, but needs to be optimized. For a homogeneous
dipole, the theoretical minimal emittance, TME, as well
as the optimal 𝛽0 and [0 at the center of the dipole can be
calculated [6, 7], using

𝛽0,𝑇𝑀𝐸 =
𝐿

√
15

, [0,𝑇𝑀𝐸 = \
𝐿

6
, Y0,𝑇𝑀𝐸 ∝ \3 2

3
√

15
,

where L denotes half the dipole length and \ half the
bending angle. For a main bend of \ = 4.5°, 0.27 m, the
TME is 130 pm and is achieved at 𝛽0 = 0.07 m and [0 =
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Figure 1: 𝛽𝑥,𝑦 , (blue, red) and [ (green) in the SF-UC (solid
lines, upper structure) and CF-UC (dashed lines, below).

0.002 m, which would obviously demand extremely strong
focusing and would create immense chromaticity. Including
a RB with an angle of \𝑅𝐵 = −0.225° (while keeping the
total deflection angle) would decrease the TME to 80 pm,
for the same values of 𝛽0 and [0, but still for too large b.

Higher Order Achromat (HOA)
The repetitive structure of the UC in MBA lattices suggest

to adjust the phase advance between the sextupoles, with the
goal to cancel lower orders of the amplitude and momen-
tum dependent tune shifts. The theory [5] translates to the
condition 𝜙𝑥,𝑦 ∗ 𝑛 = 𝑁 on the phase advance of the UC,
where n is the number of UCs used and N is a low integer.
Similarly, the phase advance of the full super period should
obey Φ𝑥,𝑦 ∗ 𝑝 = 𝑀 where p is the periodicity of the ring.
These conditions lead to an integer working point of the full
lattice, that in the end has to be slightly re-tuned.

The horizontal phase advance in the UC is dominated
by the minimum of 𝛽𝑥 in the dipole. An upper limit of the
total phase advance of the cell can be estimated assuming
QD = 0, which leads to a minimal value of 𝛽𝑥 in the RB.
In this case, 𝛽𝑥 propagates like 𝛽(𝑠) = 𝛽0 + 𝑠2

𝛽0
between the

minimum in the dipole and the RBs and is constant thereafter.
The horizontal phase advance of half the unit cell can be
approximated by

𝜙𝑥 = (arctan( 𝐿1
𝛽0

) + 𝐿2
𝛽𝑚𝑎𝑥

)/2𝜋

with L1, the length between cell center and the end of RB,
and L2, the length between RB and the end.

For values of 𝛽0 from 0.1 m to 0.6 m, the maximum hori-
zontal phase advance varies only little between 0.36 to 0.47.
The deflection angle of the dipole has only indirect impact
on the phase advance, via the necessary magnet length.

This has significant impact on the lattice setup. Table 2
shows possible combinations of super periods, SP, bends
per SP, deflection angle assuming equal dipoles (counting
the two half bends in the DSC as one), the phase advance
fulfilling the HOA condition and the corresponding 𝛽0 and
emittance assuming 𝜙𝑥,𝑦 ∗ 𝑛 = 2.

Table 2 shows, that 5-bend achromats can not be con-
structed under the taken generic assumptions, as the phase
advance can not be reached for the relevant number of SP
for BESSY III. Also 7-bend achromats are not attractive due

Table 2: Summary of Lattice Combinations

SP bends \ 𝜙𝑥/2𝜋 𝛽0 Y[pm]
per SP [°] HOA [m] @[ = 0.004

7 3.75 0.33 0.66 271
16 6 4.5 0.40 0.40 246

5 5.625 0.50 - -
7 3.67 0.33 0.64 215

18 6 4.0 0.40 0.39 196
5 5.0 0.50 - -
7 3.0 0.33 0.63 176

20 6 3.6 0.40 0.39 162
5 4.5 0.50 - -

to the larger circumference and increasing emittance. That
a larger number of dipoles leads to higher emittance shows
the severe impact of imposing the HOA condition. Note that
the listed emittance values are only of relative importance,
as they do not take the effect of the RB into account.

Ways to Reduce the Emittance
a) Reduction of the Bending Field By increasing the

length of the dipole, 𝐿, the bending field is reduced below
𝐵 =1.3 T. The optimal values, 𝛽0,𝑇𝑀𝐸 , [0,𝑇𝑀𝐸 , to achieve
minimal emittance, are ∝ 𝐿, while the emittance only de-
pends on \, the dipole angle. Therefore, longer dipoles
relax the focusing in the lattice. The interesting feature of
this approach is, that the optical changes are minimal, and
the significant gain in emittance is achieved at comparable
chromaticity.

Fig. 2 displays the UC’s emittance and the chromaticity
as a function of the main dipole field. The chromaticity
increase over the shown range is small, ≈8 %, for an emit-
tance reduction of 73 %. The increased length of the dipole
has the additional benefit of increasing the momentum com-
paction factor, 𝛼𝑐. At a field of ≈ 0.6 T, 𝛼𝑐 > 2 × 10−4 and
Y < 100 pm. The related dipole length is 1 m.

Figure 2: Emittance and chromaticity as a function of the
bending field.

b) The Impact of the RB Angle, \𝑅𝐵, on the emittance
results from its contribution to the horizontal damping parti-
tion number, 𝐽𝑥 . Fig. 3 displays the emittance and 𝐽𝑥 as a
function of the RB angle. The increase of 𝐽𝑥 explains the
larger part of the emittance reduction. In addition, larger RB
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angles lead to smaller [0 values, reducing the emittance fur-
ther. During the variation of \𝑅𝐵, the transverse optics stays
practically unchanged. 𝛼𝑐, though, decreases with larger
\𝑅𝐵, and with lower [0, limiting the emittance gain.

Figure 3: Emittance and the damping partition number, 𝐽𝑥 ,
as a function of the RB angle.

Methods a) and b) result in UCs, where the TME for the
dipole conditions can be achieved.

c) Combined Function Bend Fig.4 displays the emit-
tance and 𝐽𝑥 as a function of an increasing gradient in the
main bend. Unexpectedly, 𝐽𝑥 decreases for larger gradients:
the contribution of the main dipole to 𝐽𝑥 does not change
much due to the gradient. The field of QD, though, is lower,
leading to a substantially smaller dispersion function at RB,
and thus of 𝐽𝑥 . The reduction of the damping partition num-
ber is reflected in the increasing emittance. The maximal
gain in emittance is only a few %. The benefits of a gradient
dipole are therefore disputable, when an RB is used.

Figure 4: Emittance and damping partition number as a
function of a gradient in the main bend.

d) Longitudinal Gradient Bend (LGB) Further emit-
tance reduction can be achieved by splitting the bend lon-
gitudinally in several slices. The central slices, where 𝛽𝑥
and [𝑥 are small, hold higher fields and the field is lower in
the outer slices. In an HOA, 𝛽0 is no ’free’ parameter, as it
determines the phase advance. [0 can be adjusted by varying
the RB angle. An Emittance of 60 pm can be reached for
RB angles of −0.4°, at the cost of 𝛼𝑐 turning negative.

DISPERSION SUPPRESSION CELL (DSC)
Two DSCs are located at either end of the repetitive UCs.

In the HOA approach, the DSC is as similar as possible to
half a UC. DSCs are determined by the boundary conditions
set by the UC on one side and the need to suppress the dis-
persion. Two fit parameters are needed. Principally, there

are four options to suppress the dispersion, keeping the ho-
mogeneous bend: a) exact setup of the half unit cell, fit with
RB and QD; b) RB can be replaced by a pure quadrupole; c)
RB can be removed, fit with QD and a drift; d) QD can be
removed, fit with RB and a drift. After fitting, the resulting
beta functions of the four cases look very similar, QD almost
vanishes and if RB is removed, the emittance of the DSC
rises by almost 60 %. Therefore, case d) is the best choice,
creating space for other needs. Additional dipole length has
the same positive effect as in the UC. The 𝛽-functions at the
end of the DSC dipole have to be matched to 𝛽𝑥,𝑦 = 2.5 m
and 𝛼𝑥,𝑦 = 0 at the center of the straight section using the 3
quadrupoles and drifts. A gradient in the bend helps to keep
the chromaticity of DSC and the straight under control.

BASELINE LATTICE
Fig. 5 displays the resulting baseline lattice. It has an emit-

tance of 101 pm, 𝛼𝑐 = 1.15 10−4, a circumference of 357 m
and a chromaticity of b𝑥 =−99 and b𝑦 =−44. By design, the
integrated sextupole strength is weak, SF = 30 m−2 and SD
= −17 m−2. It is important to notice, that due to the DSC and
the straight section there is a significant symmetry break in
the phase advance between the sextupoles. It is mandatory
to use more than two families of sextupoles to compensate
for this, [8]. First tests resulted in a tune shift of Δ𝑄𝑥,𝑦 <

0.1 for an energy deviation of Δ𝑝 = 3.5 %. Dynamic aper-
tures where ≈ 3 mm to 4 mm in both planes for a tune shift
< 0.1 without harmonic sextupoles or octupoles. This is an
excellent starting point for the non-linear optimisation of the
lattice.

Figure 5: Linear lattice functions emerging from the deter-
ministic approach described in the paper.

CONCLUSION
It has been demonstrated that careful analysis of the dif-

ferent building blocks of MBA lattices leads to a promising
lattice candidate without using computer intensive optimi-
sation procedures. Unexpected results were obtained: the
commonly applied combined function lattice is not apriori
superior to the separated function lattice - the usefulness of a
CF magnet can actually be questioned in a lattice with RBs;
the emittance can be widely varied without increasing the
chromaticity; the most beneficial knob is the dipole length,
as it decreases the emittance while increasing 𝛼𝑐; longitudi-
nal gradient bends are associated with a significant reduction
of 𝛼𝑐 down to negative values. The baseline lattice is now
subject to further non-linear and technical optimization.
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