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Abstract

Laser-induced field emission from nanostructures as a
means to create high brightness electron beams has been
a continually growing topic of study. Experiments using
nanoblade emitters have achieved peak fields upwards of 40
GV/m, begging further investigation in this extreme regime.
A recent paper has provided analytical reductions of the
common semi-infinite Jellium system for pulsed incident
lasers. We utilize these results as well as similar previous
results to further understand the physics underlying electron
rescattering-type emissions. We progress in numerically
evaluating the analytical solution to attempt to more effi-
ciently generate spectra for this system. Additionally, we
use the full 1-D time-dependent Schrödinger equation with
a Hartree potential and a dispersion-relation transition from
material to vacuum to study the same system. We deter-
mine what importance the inclusion of the material band
structure may have on emissions using this computationally
challenging approach.

INTRODUCTION

The bright, coherent electron beams that can be generated
from nanoscale emitters have proven to be useful for such
applications as electron microscopes [1], electron interfer-
ometry, nanometric imaging, synchrotrons [2], and more. A
popular choice of nanostructure for electron emission, the
nanotip, suffers from material breakdown when subjected
to peak surface fields on the order of 10 GV/m [3, 4]. This
problem of material breakdown is mitigated by the usage of
a similar nanostructure, the nanoblade, which is essentially
an extruded nanotip. Due to its improved thermomechanical
properties, the nanoblade can survive peak surface fields
over 40 GV/m and potentially even up to 80 GV/m [5, 6],
allowing for higher current densities.

To investigate electron emission from nanoblades, we
solve the 1-D time-dependent Schrödinger equation (TDSE),
making use of recently published analytical solutions. We
also perform finite difference numerical simulations investi-
gating the effects that a collective image potential and the
material’s effective mass have on yields.
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ANALYTICAL SOLUTION FROM REF. [7]
We use the analytical solution [7] to the TDSE,

𝑖𝜕𝑡𝜓(𝑥, 𝑡) = −1
2Δ𝜓(𝑥, 𝑡) + Θ(𝑥)(𝑈 − 𝐸𝑥 cos(𝜔𝑡))𝜓(𝑥, 𝑡)

(1)
derived in Ref. [7] with the laser energy 𝜔 = 1.55 eV =
0.0570 atomic units (a.u.), total metallic potential depth 𝑈 =
10 eV = 0.3676 a.u., and Fermi energy 𝐸𝑓 = 4.5 eV = 0.165
a.u. to represent a gold cathode under the illumination of an
800 nm laser. In this model, the uniform cosine laser field is
turned on instantaneously at 𝑡 = 0.

The resulting yield curves exhibit the expected fourth
power yield to laser intensity scaling for four-photon emis-
sion. The deviation from this power law at higher laser in-
tensities is indicative of channel closing [8]. These features
are corroborated by Fig. 4 in Ref. [9].

The difficulties that we encountered were related to com-
putational complexity, as the required computation time
increased dramatically with the temporal boundary and the
electric field magnitude, which made calculations for longer
periods and/or higher fields take much longer than numerical
simulation. This difficulty was compounded by the fact that,
in Eq. (1), there is a discontinuity caused by the instanta-
neous application of the cosine field at 𝑡 = 0, which makes
the results from the first few periods largely nonphysical.
The termination time then needs to be somewhat large to
find the asymptotic current. Reference [10] covers these
findings in more detail.

ANALYTICAL SOLUTION FROM REF. [11]
A more recent paper [11] analytically solves the TDSE

for periodic Gaussian pulses, so that the applied laser field
is of the form,

𝐹(𝑡) = 𝐹0 + 𝐹1𝑒−𝑡2/𝜎2 cos (𝜔𝑡 + 𝜙) (2)

which resolves the discontinuity difficulty of Eq. (1). We
use same parameters as before as well as static field 𝐹0 = 0,
carrier envelope phase (CEP) 𝜙 = 𝜋

2 , full-width at half-
maximum (FWHM) power 𝜏𝑝 = 10𝜋

𝜔 (5 periods), and 𝑚 =
20 cycles between pulses. Again the yield curve exhibits
the expected fourth power yield to laser intensity scaling
for four-photon emission, however we experience numerical
issues at higher fields starting at around 𝐹1 = 10 V/nm, as
can be seen in the yield curve in Fig. 1. For channel closing
to be the culprit, we would expect to find a periodic drop in
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yield as each photon channel closes in succession with the
rising ponderomotive potential; this is not observed.

Y
ie

ld
 (

a
rb

. 
u
.)

3.93 ± 0.02

Figure 1: Yield curve for 800 nm laser field emission from
gold for a Gaussian pulse with a FWHM of 5 periods. The
fourth power yield to laser intensity scaling is expected for
the four photon emission regime, but the data becomes un-
reliable beyond an intensity of about 1013 W/cm2 due to
numerical issues at higher fields.

These numerical issues at higher fields are also apparent
in the graphs of transmission probability versus emitted
electron energy (which is related to the emission spectrum).
These pseudo-spectra are shown in Fig. 2. These graphs
have oscillations that become noisier the higher the electric
field magnitude, as can be seen by the jagged appearance of
the 20 V/nm spectrum as compared to the much smoother
1 V/nm spectrum. The appearance of this apparent noise is
unaffected by increasing the number of integration steps, so
the noise is likely caused not by computational constraints,
but by other factors. One such factor under consideration is
interference between the emissions of temporally adjacent
pulses.

We also note that the 20 V/nm spectrum does not extend
as far out in energy as expected. According to the semi-
classical cutoff of 10𝑈𝑝 we would expect emission energies
out to about 30 eV.

While the channels with negative energy in vacuum do
not contribute to the yield, we include them in Fig. 2 as a
demonstration of our current issues.

IMAGE CHARGE LIMITED YIELD
We revisit some of the simulations discussed in Ref. [5]

where we found a nearly linear yield and intensity relation
at high fields, which is consistent with the collective image
potential trapping model. We noted that the yield would
likely be dependent on the simulation size and that, using a
proper Hartree potential model, the results should converge
to the observed linear scaling provided an infinitely large
simulation.

Figure 3 shows yield curves in the space-charge limited
regime with simulated vacuum lengths varying from 800 Å
to 2000 Å. We find that, as we increase the vacuum length

Figure 2: Transmission probability versus emitted electron
energy for 800 nm laser field emission from gold for a Gaus-
sian pulse with a FWHM of 5 periods. The oscillations in
these graphs are apparent for higher electric field magni-
tudes, indicating possible numerical or modeling issues.

of the simulation, the power law decreases below the ex-
pected linear scaling at these fields. At 2000 Å we even see
a decreasing yield for increasing laser intensities.

Figure 3: Yield curves in the space-charge limited regime
with simulation lengths in vacuum of 800 Å (black), 1200 Å
(red), 1600 Å (magenta), and 2000 Å (blue). The power law
exponents fitted to the data are adjacent to their respective
curves. We observe that, with increasing simulation length,
the power law diminishes to below the expected linear scal-
ing.

We believe this nonphysical behavior arises due to the ab-
sorptive boundary on the material side of the simulation. As
the electron rescattering process progresses, some wavefunc-
tion transmits through the Jellium slab and reaches the back
end of the simulation where it is absorbed by an imaginary
potential. The total charge within the simulated slab is now
diminished not only by the electrons which emit from the sys-
tem into vacuum, but also by those which would nominally
continue to exist within the material.

Based on the cylindrical geometry used in the model, the
absorption of these electrons is not inhibited by the buildup
of positive charge in the outer “shell” which makes up the
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Jellium slab. Thus, with increasing laser intensity this charge
buildup can only increase. The electrons in vacuum, how-
ever, observe this increase in positive charge and are there-
fore attracted back to the cathode. With larger simulation
sizes these electrons have a larger potential to climb and
therefore are more likely to be reabsorbed, reducing the total
yield.

INCLUSION OF EFFECTIVE MASS
It is known that the dispersion relation for an electron in

transport may be simply modeled using an effective mass
within the material for applications in photoemission [12].
To model a material like gold we use an effective mass of
𝑚𝑒𝑓 𝑓 = 1.1 within the material and the standard electron
mass in vacuum. The transition between the two regimes is
modeled by a spatially variable kinetic energy operator,

𝑇(𝑥) = 1
2𝑚𝑒

̂𝑝 ( 1
𝑚𝑒𝑓 𝑓

(1 − 𝑆(𝑥)) + 𝑆(𝑥)) ̂𝑝 (3)

with 𝑆(𝑥) = 1
1+𝑒−𝜅𝑥 a sigmoid function. We use the transi-

tion rate 𝜅 = 1 nm−1, which is a relatively smooth transition
compared to the Jellium potential [5].

Continuing the simulation methods in Ref. [5], the in-
clusion of a spatially-dependent dispersion relation is not
straightforward using the operator-splitting Fourier method
as the kinetic operator is no longer spatially invariable. We
work around this by expanding the unitary kinetic half-
propagator, which follows Strang splitting of the full propa-
gator, into a fourth order Taylor series,

𝑒− 𝑖
2ℏ 𝑇𝑑𝑡 ≈

4
∑
𝑛=0

(− 𝑖
2ℏ𝑑𝑡𝑇)𝑛

𝑛! (4)

We Fourier transform back and forth to apply the
momentum-space and real-space operators. The simula-
tion initialization is done such that the charge density within
the slab remains the same, according to the Fermi energy
of gold. We do not include any Hartree or collective image
potential and the laser pulse FWHM power is increased to
35 fs.

A yield curve comparing the yields from the gold effective
mass calculation to one which uses the standard electron
mass throughout is shown in Fig. 4. For intensities greater
than 3 × 1013 W/cm2 we observe a relatively nontrivial
dependence on the field intensity. For the data accrued the
average ratio of yields is 0.96, however the actual ratio at
any given field strength is variable by an order of about 0.1.
Otherwise, this appears to be a relatively minute correction
for the yield curves. A stronger effect might be seen for other
materials or for other quantities such as the mean transverse
energy (MTE), which are currently under consideration.

For lower incident intensities we find that the yields in
the calculation utilizing the effective mass boundary are in-
creased. We attribute this to numerical error, as a calculation
we performed with zero field strength also resulted in a com-
parable yield. Mitigation of this error takes two forms. We

Figure 4: Ratio of yields for calculations using an effective
mass of 1.1𝑚𝑒 within the Jellium slab to those for an effective
mass of 1𝑚𝑒 throughout. The inset shows the same data for
intensities greater than 3 × 1013 W/cm2 and with a linear
y-axis scaling.

may either decrease the temporal or spatial step sizes, which
increases computation time (which is already on the order
of weeks). We may also decrease the transition rate, which
alters our physical model. Neither are optimal approaches.

CONCLUSION
The prospect of using the analytical solution derived in

Ref. [11] to solve the 1-D TDSE is promising for multiple
reasons. Firstly, this solution is computationally efficient to
evaluate, with a yield curve calculation on the scale of Fig. 1
taking around half an hour to run on a laptop. This contrasts
previous efforts Ref. [10] where calculations could take
weeks on a more powerful server computer. Secondly, this
solution offers many customizable parameters that allow us
to adjust and investigate properties such as the pulse length,
bias field, and CEP. Finally, this solution straightforwardly
calculates the full wave function itself, which we may use to
calculate a true spectrum [13]. This will allow us to factor in
space-charge trapping in a computationally efficient manner.

Our work involving the collective image potential is still
ongoing. We found that a simulation parameter, the vacuum
length, strongly affects the resulting observed behavior. A
model which either does not absorb charge on the inner
boundary or assumes a perfect conductor for a strictly image
potential-based system are likely our next approaches.

We find that the inclusion of the effective mass in TDSE-
based simulation is relatively unimportant for materials
where 𝑚𝑒𝑓 𝑓 ≈ 1. Most of the deviations we find arise from nu-
merical issues involving the inclusion of a spatially variable
kinetic operator. Analytical corrections to the transmission
and reflection coefficients of the surface barrier may provide
better insight to the relevance of this property.
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