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Abstract
At CERN’s Large Hadron Collider (LHC), coupling is

routinely measured using forced oscillations of the beam
through excitation with an AC-dipole. The driving of the
particle motion has an impact on the measurement of reso-
nance driving terms. Recent findings suggest that the current
models describing the forced motion are neglecting a local
effect of the AC-dipole, creating a jump of the amplitude of
the resonance driving terms. This work presents a study of
the improvement of coupling measurements for typical LHC
optics as well as its upgrade project, the High Luminosity
LHC (HL-LHC), by using the new model.

INTRODUCTION
Precise control of linear coupling in an accelerator is

important for operational control and machine safety. For
LHC, coupling measurements were steadily improved over
the years [1–4].

The coupling Resonance Driving Terms (RDTs)
𝑓− = 𝑓1001 and 𝑓+ = 𝑓1010 are defined as [5]

𝑓±(𝑠𝑖) =

𝑊
∑
𝑤

𝛿𝐽1,𝑤√𝛽𝑥,𝑤𝛽𝑦,𝑤𝑒𝑖𝜋(𝜑𝑥,𝑤𝑖±𝜑𝑦,𝑤𝑖)

8 (1 − 𝑒2𝜋𝑖(𝑄𝑥±𝑄𝑦))
, (1)

with 𝐽1,𝑤 denoting the skew quadrupolar error of element
𝑤, 𝛽𝑥/𝑦,𝑤 its horizontal and vertical 𝛽 functions, 𝜑𝑥/𝑦,𝑤𝑖 the
hor. and vert. phase advances between elements 𝑤 and 𝑖 and
𝑄𝑥/𝑦 the hor. and vert. tunes, 𝑠𝑖 is the longitudinal position
of element 𝑖.

RDTs are calculated from the spectral lines of the turn-
by-turn data. Since the particle’s motion is affected by the
driving of forced oscillation by the AC-dipole, the spectrum
also undergoes a change and the measured RDTs are not
equal to the free ones.

In the past, two methods were used to model the effect
of the driven motion, the first is a simple rescaling of the
tune dependent denominators of the RDTs, this method will
therefore be called rescaling method. Using this rescaling,
the driven RDTs read

𝑓 drv
±,𝑥 =

sin(𝑄𝑥 ± 𝑄𝑦)
sin(𝑄𝑑

𝑥 ± 𝑄𝑦)
𝑓± , 𝑓 drv

±,𝑦 =
sin(𝑄𝑥 ± 𝑄𝑦)
sin(𝑄𝑥 ± 𝑄𝑑

𝑦)
𝑓± , (2)

where 𝑓 drv
±,𝑥 denotes the driven RDT as measured from hori-

zontal turn-by-turn data and analogously for 𝑓 drv
±,𝑦 . 𝑄𝑑

𝑥/𝑦 are
the hor. and vert. driven tunes.

The second one [6] applies the findings of a detailed study
of the driven particle motion using the equations of motion
of the particle in the accelerator with AC-dipole excitation.
This method provides reconstruction and compensation for-
mulae for all optics parameters, including those that enter

into the coupling terms.

𝑓±,𝑥 = 1

√1 − 𝜆2
𝑥

sin [𝜋(𝑄𝑥 ∓ 𝑄𝑦)]
sin [𝜋(𝑄𝑑

𝑥 ∓ 𝑄𝑦)]
{ (3)

𝑒𝑖(𝜑d,𝑥
𝑠𝑑𝑠−𝜑𝑥

𝑠𝑑𝑠)𝑓∓ + 𝜆𝑥𝜆𝑐𝑒𝑖(𝜑d,𝑥
𝑠𝑑𝑠−𝜑𝑥

𝑠𝑑𝑠)𝑓 ∗
±

+ 2𝑖 sin(𝜋(𝑄−
𝑥 ))𝑒𝑖(𝜑d,𝑥

𝑠𝑑𝑠−𝜑𝑥
𝑠𝑑𝑠)𝑓±(𝑠; 𝑠, 𝑠𝑑)

+ 2𝑖𝜆∓1
𝑐 sin(𝜋(𝑄−

𝑥 ))𝑒𝑖(𝜑d,𝑥
𝑠𝑑𝑠+𝜑𝑥

𝑠𝑑𝑠)𝑓∓(𝑠; 𝑠, 𝑠𝑑)} ,

for the 𝑓 terms as measured from the signal in the horizontal
plane, and

𝑓±,𝑦 = 1

√1 − 𝜆2
𝑦

sin [𝜋(𝑄𝑥 ∓ 𝑄𝑦)]
sin [𝜋(𝑄𝑥 ∓ 𝑄𝑑

𝑦)]
{ (4)

𝑒𝑖(𝜑d,𝑥
𝑠𝑑𝑠−𝜑𝑥

𝑠𝑑𝑠)𝑓∓ + 𝜆𝑥𝜆𝑐𝑒𝑖(𝜑d,𝑥
𝑠𝑑𝑠−𝜑𝑥

𝑠𝑑𝑠)𝑓 ∗
±

+ 2𝑖 sin(𝜋(𝑄−
𝑥 ))𝑒𝑖(𝜑d,𝑥

𝑠𝑑𝑠−𝜑𝑥
𝑠𝑑𝑠)𝑓±(𝑠; 𝑠, 𝑠𝑑)

+ 2𝑖𝜆∓1
𝑐 sin(𝜋(𝑄−

𝑥 ))𝑒𝑖(𝜑d,𝑥
𝑠𝑑𝑠+𝜑𝑥

𝑠𝑑𝑠)𝑓∓(𝑠; 𝑠, 𝑠𝑑)} .

in the vertical plane. We used the following set of definitions:

𝜆𝑧 =
sin [𝜋(𝑄𝑑

𝑧 − 𝑄𝑧)]
sin [𝜋(𝑄𝑑

𝑧 + 𝑄𝑧)]
, 𝜆𝑐 =

sin [𝜋(𝑄𝑥 − 𝑄𝑦)]
sin [𝜋(𝑄𝑥 + 𝑄𝑦)]

,

𝑄±
𝑧 = 𝑄𝑑

𝑧 ± 𝑄𝑧 , for 𝑧 ∈ {𝑥, 𝑦} (5)

and

𝑓∓(𝑠; 𝑠, 𝑠𝑑) = 1
8𝑖 sin [𝜋(𝑄𝑥 ∓ 𝑄𝑦)]

(6)

×
𝑁

∑
𝑗=1

{Θ(𝑠𝑗; 𝑠, 𝑠𝑑)𝐽1√𝛽𝑥,𝑗𝛽𝑦,𝑗

× 𝑒−[𝜑𝑥,𝑠𝑠𝑗∓𝜑𝑦,𝑠𝑠𝑗−(𝑄𝑥∓𝑄𝑦)sgn(𝑠𝑗−𝑠)]} .

where Θ denotes the step function

Θ(𝑥; 𝑎, 𝑏) =
⎧{{
⎨{{⎩

1 if 𝑏 < 𝑥 < 𝑎
−1 if 𝑎 < 𝑥 < 𝑏
0 else

(7)

An asterisk (𝑓 ∗) denotes complex conjugation.
This method will be called formula method in the follow-

ing.
Recent findings [7] show that the AC-dipole locally affects

RDTs and introduces a jump in amplitude of the RDTs at
its location. Even the detailed considerations of the formula
method presented above lack such an effect.

In [8] the calculations have been extended to coupling
RDTs 𝑓− and 𝑓+.
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Driven Coupled Motion
The AC-dipole inflicts a kick on the beam at each passing,

in Courant-Snyder coordinates ℎ±
𝑧 = 𝑧 ∓ 𝑖𝑝𝑧 this kick can be

described as follows [9]:

Δℎ±
𝑧 = ±𝑖𝐴𝜃𝛽(𝑠𝑑) cos(2𝜋𝑄𝑑

𝑧 𝑁), (8)

where 𝛽(𝑠𝑑) is the 𝛽 function at the position of the AC-
dipole, 𝐴𝜃 denotes the AC-dipole kick amplitude and 𝑁 is
the turn number.

In normal form coordinates 𝜁±
𝑧 , the one-turn evolution of

the particle is just a simple rotation. Normal form coordi-
nates are calculated from Courant-Snyder coordinates (and
vice-versa) by

𝜁±
𝑧 = ℎ±

𝑧 + [−𝐹, ℎ±
𝑧 ] + 𝑂(𝑓 2),

ℎ±
𝑧 = 𝜁±

𝑧 + [𝐹, 𝜁±
𝑧 ] + 𝑂(𝑓 2), (9)

where 𝐹 denotes the generating function. In our case (with
coupling as the only non-model contribution to RDTs), 𝐹
reads

𝐹 = 𝑓−𝜁+
𝑥 𝜁−

𝑦 + 𝑓+𝜁+
𝑥 𝜁+

𝑦 + 𝑓 ∗
−𝜁−

𝑥 𝜁+
𝑦 + 𝑓 ∗

+𝜁−
𝑥 𝜁−

𝑦 . (10)

Consecutive application of AC-dipole kick, transforma-
tion to normal-form coordinates, one-turn rotation and trans-
formation back to Courant-Snyder coordinates yields the
particle’s Courant-Snyder coordinate at turn 𝑁:

ℎ+
𝑥 (𝑠, 𝑁) = ℎ𝑑+

𝑥 (𝑠, 𝑁)
+ 2𝑖𝑓 ∗

1001ℎ𝑑+
𝑦 (𝑠, 𝑁) + 2𝑖𝑓 ∗

1010ℎ𝑑−
𝑦 (𝑠, 𝑁)

− 2𝑖𝑓 ∗
1001(𝑠𝑑)ℎ+

𝑦,𝑥(𝑠, 𝑁)
− 2𝑖𝑓 ∗

1010(𝑠𝑑)ℎ−
𝑦,𝑥(𝑠, 𝑁), (11)

From a spectral analysis of the driven signal in Eq. (11) we
get the driven coupling terms

𝑓 drv∗
−,𝑥 = 𝑓 ∗

− + 𝜆𝑦𝑓 ∗
+𝑒2𝑖[𝜑𝑦

𝑠𝑑𝑠+𝜋𝑄𝑦]

− 𝑓 ∗
−(𝑠𝑑)

sin 𝜋𝑄−
𝑦

2 sin (𝜋𝑄𝑑
𝑦−)

𝑒𝑖[𝜑𝑥
𝑠𝑑𝑠−𝜑𝑦

𝑠𝑑𝑠+𝜋𝑄−sgn(𝑠−𝑠𝑑)]

− 𝑓 ∗
+(𝑠𝑑)

sin 𝜋𝑄−
𝑦

2 sin (𝜋𝑄𝑑
𝑦+)

𝑒𝑖[𝜑𝑥
𝑠𝑑𝑠+𝜑𝑦

𝑠𝑑𝑠+𝜋𝑄+sgn(𝑠−𝑠𝑑)],

(12)

where 𝑄± = 𝑄𝑦 ± 𝑄𝑥 and 𝑄𝑑
𝑦± = 𝑄𝑑

𝑦 ± 𝑄𝑥. For the sig-
nal, as measured from the vertical plane, we get a similar
expression:

𝑓 drv
−,𝑦 = 𝑓− + 𝜆𝑦𝑓 ∗

+𝑒2𝑖[𝜑𝑦
𝑠𝑑𝑠+𝜋𝑄𝑦]

− 𝑓−(𝑠𝑑)
sin 𝜋𝑄−

𝑦

2 sin (𝜋𝑄𝑑
𝑥−)

𝑒𝑖[𝜑𝑥
𝑠𝑑𝑠−𝜑𝑦

𝑠𝑑𝑠+𝜋𝑄−sgn(𝑠−𝑠𝑑)]

− 𝑓 ∗
+(𝑠𝑑)

sin 𝜋𝑄−
𝑦

2 sin (𝜋𝑄𝑑
𝑥+)

𝑒𝑖[𝜑𝑥
𝑠𝑑𝑠+𝜑𝑦

𝑠𝑑𝑠+𝜋𝑄+sgn(𝑠−𝑠𝑑)].

(13)

Analogously to before, we define 𝑄𝑑
𝑥± = 𝑄𝑑

𝑥 ±𝑄𝑦. The major
difference is the absence of the complex conjugate of 𝑓 drv

−,𝑦
and 𝑓−.

Equations (12) and (13) yield the analytical tools needed
to improve coupling measurements in future runs of LHC
and its High Luminosity upgrade project.

This method will be called new formula method in the
following.

In this work a comparison between the rescaling method,
formula method and the newly calculated coupling terms is
shown in the frame of LHC and HL-LHC simulations. A
comparison between rescaling and formula method for dif-
ferent phase measurement noise levels can be found in [10].

EFFECT OF COUPLING AT THE
POSITION OF THE AC-DIPOLE

As Eq. (12) shows, the jump at the position of the AC-
dipole is proportional to the strength of the coupling term
𝑓−(𝑠𝑑) at this point. The performance of the new formula
compared to the previous methods is shown in a set of simu-
lations and discussed in detail in the following subsections.

Note that, in this work, only the reconstruction of the
driven coupling term is considered and not the compensation
– i.e. the inversion of this process – needed to obtain the
actual coupling term from measurement data.

In order to simulate coupling measurements, MADX track-
ing is used to produce turn-by-turn data followed by an anal-
ysis of the tracked turn-by-turn data using our analysis tool
set. The momentum reconstruction uses a second BPM and
picks up coupling terms between the two BPMs. This creates
an offset in the measured values.

LHC Collision Optics
First, we consider LHC collision optics that were used at

the end of Run 2 in 2018.
Figure 1 shows the coupling term 𝑓−. A closed coupling

bump was introduced. The AC-dipole is located outside the
bump and no change in 𝑓− can be observed at its location.
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Figure 1: Closed coupling bump in LHC Run 2 collision
optics at 𝛽∗ = 30 cm. The coupling term 𝑓− is zero outside
the bump. At the position of the AC-dipole, the term is not
affected. The formula method reconstructs well the driven
coupling term 𝑓− whereas the rescaling method shows poorer
performance.
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Figure 2: Putting the AC-dipole inside of a coupling bump
shows the effect of the AC-dipole on the local coupling terms.
This plot shows round LHC collision optics as in Fig. 1. The
new formula perfectly reconstructs the jump in amplitude of
the coupling term at the position of the AC-dipole whereas
rescaling and the previous formula method show a small
discrepancy with respect to the real value.
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Figure 3: This plot shows round HL-LHC collision optics
with 𝛽∗ = 15 cm. A similar coupling source is placed in the
lattice as for Fig. 2 which has a larger effect on the coupling
term than in the LHC case. The agreement between the new
formula and the real coupling term is slightly deteriorated
but still better than the previous methods.

If the AC-dipole is placed inside of the coupling bump, on
the other hand, a jump at its position can clearly be observed,
as shown in Fig. 2. The overall reconstruction of the previous
methods is poor in comparison to the new method.

HL-LHC optics
The HL-LHC has more challenging optics and a similar

coupling source as for the LHC simulations in the previous
section, this creates considerably larger coupling as can be
seen in Fig. 3. The new formula cannot perfectly reconstruct
the real driven coupling but is still superior in comparison
to the old methods. Note that the new formula shows only
a minuscule jump at the position of the AC-dipole while
still keeping a better agreement with the real value than the
previous methods.
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Figure 4: This plot shows the same configuration as Fig. 3
but with a stronger coupling source. The agreement between
new method and real value is similar in amplitude but now
the new formula yields a coupling term that is larger than
the real one.

If we introduce an even stronger coupling source, the
agreement starts to deteriorate. Figure 4 shows the same
configuration as before but with larger coupling source.

CONCLUSION AND OUTLOOK
The HL-LHC optics is more challenging for our measure-

ment and correction tools than any configuration of the LHC.
Novel measurement methods are in order to maintain the
needed accuracy and precision and to meet the requirements
imposed on optics corrections.

This paper demonstrates a new formalism to calculate the
particle’s driven coupled motion. The next step is to inverse
Equations (12) and (13) in order to obtain corrections that
then can be applied to our analysis steps to calculate free
coupling terms from the measured ones.

Since the effect of the driven motion on the coupling terms
𝑓± is proportional to the individual terms, only an iterative
approach seems possible for the correction.
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