
DECOUPLE TRANSVERSE COUPLED BEAM
IN THE DTL WITH TILTED PMQs ∗

P. F. Ma, X. D. Yu, Q. Z. Xing† , R. Tang, S. X. Zheng, X. L. Guan, X. W. Wang
Key Laboratory of Particle and Radiation Imaging, Tsinghua University, Beijing, China 

Laboratory for Advanced Radiation Sources and Application, Tsinghua University, Beijing, China 
Department of Engineering Physics, Tsinghua University, Beijing, China

C. P. Wang, J. Qiao, X. C. Xie, F. Yang, Y. H. Pu
Shanghai APACTRON Particle Equipment, Company Limited, Shanghai, China

Abstract

The coupling of the beam is widely studied in the accel-
erator physics field. Projected transverse emittances easily
grow up if the beam is transversely-coupled. If we decou-
ple the transverse coupled beam, the transverse emittance
can be small. The matrix approach based on the symplectic
transformation theory for decoupling the coupled beam is
summarized. For a proton accelerator, the transverse cou-
pled beam is introduced by an RFQ tilted by 45∘. The beam
is decoupled with the first five tilted quadrupoles mounted
in the DTL section. A study on the gradient choice of the
quadrupoles considering space charge effect is given in this
paper.

INTRODUCTION

The transverse acceptance limits are strict in the aspect of
synchrotron injection. Beam coupling can lead to projected
transverse emittance growth. It is important to decouple
the coupled beam for small projected transverse emittance.
The theories of describing the coupled dynamics with matrix
[1,2], Hamiltonian theory [3,4], Courant-Snyder theory [5,6]
have been developed.

The beam coupled by a solenoid is decoupled with
a normal triplet and skew triplet after the beamline [7].
Quadrupole-solenoid-quadrupole system is used to cancel
the coupling in a solenoid [8]. A quadrupole corrector, con-
sisting of normal and skew quadrupoles, eliminates the cou-
pling in a solenoid [9].

In this paper, the summary of the matrix approach based
on the symplectic transformation theory to decouple the
coupled beam is given. The beam is uncoupled with five
tilted fixed-gradient PMQs in the DTL cavity for a proton
therapy system.

BASIC DEFINITIONS

The beam can be described in the transverse beam matrix,
which is symmetric with ten independent variables,
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Σ =
⎛⎜⎜⎜⎜⎜⎜
⎝

⟨𝑥𝑥⟩ ⟨𝑥𝑥′⟩ ⟨𝑥𝑦⟩ ⟨𝑥𝑦′⟩
⟨𝑥𝑥′⟩ ⟨𝑥′𝑥′⟩ ⟨𝑥′𝑦⟩ ⟨𝑥′𝑦′⟩
⟨𝑥𝑦⟩ ⟨𝑥′𝑦⟩ ⟨𝑦𝑦⟩ ⟨𝑦𝑦′⟩
⟨𝑥𝑦′⟩ ⟨𝑥′𝑦′⟩ ⟨𝑦𝑦′⟩ ⟨𝑦′𝑦′⟩

⎞⎟⎟⎟⎟⎟⎟
⎠

= (𝜎𝑥𝑥 𝜎𝑥𝑦
𝜎𝑦𝑥 𝜎𝑦𝑦

) .

(1)
The four-dimensional RMS emittance 𝜀4𝐷, projected RMS
emittances in 𝑥 plane 𝜀𝑥, and projected RMS emittances in
𝑦 plane 𝜀𝑦 are the square root of the determinant of Σ, 𝜎𝑥𝑥,
𝜎𝑦𝑦, respectively. The transverse emittance is 𝜀𝑡 = √𝜀4𝐷.
The elements in 𝜎𝑥𝑦 or 𝜎𝑦𝑥 represent the coupling in 𝑥 and
𝑦 planes. We can obtain 𝜀4𝐷 ≤ 𝜀𝑥 ⋅ 𝜀𝑦, which is illustrated
in other papers [10].

The emittance growth can be used as a criterion to char-
acterize the decoupling capacity [11]:

Δ𝜀 =
√𝜀𝑥 ⋅ 𝜀𝑦 − 𝜀𝑡

𝜀𝑡
. (2)

The beam matrix at 𝑠2 (Σ(𝑠2)) can be calculated with
transfer matrix from 𝑠1 to 𝑠2 (𝑅) and the beam matrix at
𝑠1 (Σ(𝑠1)),

Σ(𝑠2) = 𝑅Σ(𝑠1)𝑅𝑇, (3)

𝑅 obeys the symplecticity condition,

𝑆 = 𝑅𝑇𝑆𝑅, (4)

which is a congruent transformation, with

𝑆 =
⎛⎜⎜⎜⎜⎜⎜
⎝

0 1 0 0
−1 0 0 0
0 0 0 1
0 0 −1 0

⎞⎟⎟⎟⎟⎟⎟
⎠

. (5)

DECOUPLING APPROACH
The beam is decoupled if the beam matrix is a diagonal

matrix. To solve the problem of decoupling, the beam matrix
is proved to be symplectically congruent to a diagonal matrix
based on the symplectic transformation.

In particular, as the matrix Σ is symmetric and Σ𝑆−1Σ𝑆
is diagonalizable [11], Σ can be simplectically congruent to
a diagonal matrix 𝐷 according to the theorem in Ref. [12]:
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𝐷 = 𝑅Σ𝑅𝑇 =
⎛⎜⎜⎜⎜⎜⎜
⎝

𝜖1 0 0 0
0 𝜖1 0 0
0 0 𝜖2 0
0 0 0 𝜖2

⎞⎟⎟⎟⎟⎟⎟
⎠

, (6)

where 𝑅 is the transfer matrix, 𝜖1 and 𝜖2 are eigen-
emittances [7], with

𝜖1 = 1
2

√−tr(Σ𝑆Σ𝑆) − √(tr(Σ𝑆Σ𝑆))2 − 16det(Σ), (7a)

𝜖2 = 1
2

√−tr(Σ𝑆Σ𝑆) + √(tr(Σ𝑆Σ𝑆))2 − 16det(Σ). (7b)

DECOUPLE IN THE DTL
Injector

The linac injector consists of an ECR source, a LEBT, an
RFQ, and a DTL. The linac injector is a part of a proton
therapy system [13]. The transverse coupling is introduced
by the RFQ cavity, which is rotated 45∘ around the beam axis
(see Fig. 1). The vacuum pumps are installed beneath the
RFQ cavity. The output beam distribution is shown in Fig. 2.
The projected normalized RMS emittance at the entrance
of the RFQ is 0.2 mm⋅mrad, it grows to 0.37 mm⋅mrad at
the end of the RFQ. The beam matrix at the end of the RFQ
with SI unit is given as

Σ = 10−6 ×
⎛⎜⎜⎜⎜⎜⎜
⎝

0.727 0.169 −0.014 3.979
0.170 29.774 3.964 2.373

−0.014 3.964 0.725 0.158
3.979 2.373 0.158 29.845

⎞⎟⎟⎟⎟⎟⎟
⎠

. (8)

With the procedure in Ref. [11], the decouple matrix can be
solved as

𝑃 =
⎛⎜⎜⎜⎜⎜⎜
⎝

3.21 −0.091 0.87 −0.53
0 0.082 1.30 0.056

1.32 −0.060 0 0.084
0.57 0.53 −3.15 −0.10

⎞⎟⎟⎟⎟⎟⎟
⎠

. (9)

Thus, the diagonal matrix 𝐷 can be obtained, 𝐷 = 𝑃Σ𝑃𝑇.

Figure 1: RFQ cavity.

To make the linac compact, no MEBT is between the RFQ
and the DTL, which means the beam needs to be decoupled

Figure 2: Beam distribution at the exit of the RFQ.

in the DTL cavity. Fixed-gradient PMQs are installed inside
the Alvarez-type DTL with FD lattice. The bore radius of
the drift tubes is 7 mm. Tilted PMQs can be adopted to
decouple the beam.

The first five PMQs are rotated for the decoupling. The
cut view of the DTL cavity is shown in Fig. 3. The rotation
angles can be solved numerically [11].

Figure 3: Cut view of the DTL cavity.

Gradient
With different gradients, numerical solutions of rotation

angles are presented in Fig. 4 (zero current) and Fig. 5
(16 mA). If the gradient is more than 75 T/m, the solutions
are different. Other solutions are similar. For other cases,
the zero-current solutions of the rotation angles gradually
change from around 45∘ to around 10 degrees, while the
16 mA solutions gradually change from around 45∘ to around
10∘. 70 T/m is chosen for the gradient of the PMQs. One
reason is the solution is similar in most cases, the other one
is the beam size is not that large [11].

Space Charge Effect
With the different current of the beam, the matched beam

parameters can be obtained, the numerical solution of the
rotation angles with a gradient of 70 T/m is shown in Fig. 6.
It shows the solutions are quite stable if the current is larger
than 15 mA.
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Figure 4: Solutions of rotation angles without space charge
effect.
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Figure 5: Solutions of rotation angles with space charge
effect.
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Figure 6: Solutions of rotation angles with a different cur-
rent.

Final Design
The final decoupling section consists of 5 tilted PMQs

with a gradient of 70 T/m. The rotation angles of the PMQs
are 45∘, 35∘, 25∘, 15∘, 5∘ for easy assembly [11]. The multi-
particle simulation is performed with TraceWin [14]. The
beam distribution at the end of the DTL is shown in Fig. 7.
The projected transverse emittance is 0.20 mm⋅mrad. The
multi-particle simulation shows that the emittance growth
can be decreased to 1.8% with the space charge effect.

Online-Rotatable PMQ Inside the Drift Tube
In most general cases, the transverse-coupling is not

known in advance. To solve those cases, online-rotatable
PMQ inside the drift tube is designed. With several online-
rotatable PMQs, the beam can be decoupled in the acceler-
ating cavity.

Figure 7: Beam distribution at the exit of the DTL.

The mechanical design of online-rotatable PMQs is
a challenge as the size of the drift tube is small. The
online-rotatable PMQs need to be compact. A possible
mechanical design is shown in Fig. 8. The PMQ is supported
by a thin sleeve, which can be rotating coaxially on the ball
bearing. The sleeve is equipped with gear. The power for
the rotation is provided by a servo motor placed at the one
end and transmitted through a small gearbox system.

Figure 8: Mechanical design of the online-rotatable PMQ.

CONCLUSION
This paper gives a summary of the matrix approach based

on the symplectic transformation theory to decouple the
coupled beam. The beam is uncoupled with five tilted fixed-
gradient PMQs in the DTL cavity for a proton therapy system.
The emittance growth can be suppressed below 2% with
multi-particle simulation. Also, a mechanical design for an
online-rotatable PMQ is given.
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