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Abstract
Laser beams from an optical cavity, such as free-electron

laser (FEL) resonators, are typically a mixture of the cavity’s
eigenmodes, such as the Hermite-Gaussian (HG) modes or
Laguerre-Gaussian (LG) modes. Robust evaluation of the
eigenmode spectrum of a multimode laser beam has various
applications in laser development, research, and utilization.
In this work, a general eigenmode decomposition method
for a multimode laser beam has been developed based on
Bayesian analysis. This problem is transformed into a lin-
ear system and then solved using a Gaussian probabilistic
model. Using Bayesian analysis, prior knowledge about the
mode content is further incorporated into the solution to im-
prove the results for laser beams contaminated with complex
disturbances. The decomposition of the beam image from
the incoherent intensity addition of HG modes is discussed
with different types of noise or disturbances. The simulation
results have been used to show the robustness of this method.
This method can be straightforwardly extended into other
cases such as the wavefront decomposition into the coherent
superposition of HG and LG modes.

INTRODUCTION
The output beam from an FEL resonator can be composed

of multiple transverse eigenmodes, such as the Hermite-
Gaussian (HG) eigenmodes in the rectangular coordinates
or Laguerre-Gaussian (LG) eigenmodes in cylindrical coor-
dinates [1]. If the transverse eigenmode components with
different mode orders have slightly different frequencies,
the measured intensity of such a multimode beam can be
treated as a direct sum of the intensity of underlying eigen-
modes. This is because the camera exposure time is usually
long enough so that coherent interference among the modes
of slightly different frequencies is washed out, where such
superposition can be referred to as ”incoherent.”

To optimize the operation of a multimode FEL beam,
it can be useful to obtain the knowledge of the mode con-
tent based on measured beam images. Traditionally, mode
decomposition of coherent and incoherent beams can be
done using various techniques when the eigenmodes are
orthogonal [2–7]. When the mode basis is not orthogonal,
a transformation method from the non-orthogonal basis to
an orthogonal one can be used [8–10]. To accurately obtain
eigenmode decomposition results, however, the computation
cost is usually high for the transformation method when ap-
plied to high-resolution images. Recently, phase retrieval
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techniques that are not wavelength limited have been ex-
plored [11–15]. With the retrieved phase, eigenmode de-
composition can be done using a simple inner product with
the orthogonal eigenmodes. However, this method may re-
sult in a relatively large residue using low-resolution images
or a high computational cost using high-resolution images
when a large number of eigenmodes are involved.

To overcome these shortcomings, an eigenmode decom-
position technique that is suitable for both incoherent and
coherent multimode FEL beams in a wide spectral range and
also has a low computational cost is desired. This can be
developed using machine learning techniques, which have
been rapidly advanced with applications in many fields in-
cluding the optical field [16–18]. In this work, we present
a new eigenmode decomposition method using Bayesian
analysis. Various simulation results have proven the feasi-
bility of this method, which can be further extended to other
situations [19].

METHOD
The intensity of a multimode FEL beam by the incoherent

superposition of HG modes can be written as [19]

𝑌(𝑥, 𝑦) = ∑
𝑝,𝑞

𝛼𝑝,𝑞𝜙2
𝑝(𝑥)𝜙2

𝑞(𝑦) = ⃗𝑓 (𝑥)𝑋 ⃗𝑔(𝑦)𝑇, (1)

where ⃗𝑓 (𝑥) and ⃗𝑔(𝑦) are HG basis vectors, and the desired
modal weights are tabulated in the weight matrix

𝑋 =
⎡
⎢
⎢
⎣

𝛼0,0 𝛼0,1 ⋯ 𝛼0,𝑛
...

...
...

𝛼𝑚,0 𝛼𝑚,1 ⋯ 𝛼𝑚,𝑛

⎤
⎥
⎥
⎦

. (2)

Usually, the noise in the intensity measurement from a
normal-operating digital camera can be modeled a Gaus-
sian distribution, and different pixels can be considered to
be almost independent. Therefore we assume that for an
intensity measurement 𝑌 with 𝑀 × 𝑁 pixels, the measured
intensity 𝑌𝑖,𝑗 at any location (𝑥𝑖, 𝑦𝑗) is normally distributed
around ⃗𝑓 (𝑥𝑖)𝑋 ⃗𝑔(𝑦𝑗)𝑇 with a common variance 𝜎2. With this
assumption, the likelihood of the measured intensity 𝑌 given
a weight matrix 𝑋 is

𝑝(𝑌|𝑋) = ∏
𝑖,𝑗

1
√2𝜋𝜎2

exp
⎛⎜⎜⎜
⎝

−
[𝑌𝑖,𝑗 − ⃗𝑓 (𝑥𝑖)𝑋 ⃗𝑔(𝑦𝑗)𝑇]

2

2𝜎2
⎞⎟⎟⎟
⎠

.

(3)
The optimal weight matrix ̂𝑋 can be obtained by maxi-
mizing the likelihood 𝑝(𝑌|𝑋), or equivalently minimizing
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− log 𝑝(𝑌|𝑋), with

− log 𝑝(𝑌|𝑋) ∝ ∑
𝑖,𝑗

[𝑌𝑖,𝑗 − ⃗𝑓 (𝑥𝑖)𝑋 ⃗𝑔(𝑦𝑗)𝑇]
2

= ‖𝑄‖2
𝐹, (4)

where the Frobenius norm ‖𝑄‖2
𝐹 = 𝑇𝑟(𝑄𝑇𝑄),

𝑄 = 𝑌 − 𝑃𝑥𝑋𝑃𝑇
𝑦 , and matrix 𝑃𝑥 is defined as

(𝑃𝑥)𝑖,𝑝 = 𝜙2
𝑝(𝑥𝑖) = [ ⃗𝑓 (𝑥1)𝑇, ⃗𝑓 (𝑥2)𝑇, ⋯ , ⃗𝑓 (𝑥𝑀)𝑇]

𝑇
. (5)

Using the matrix calculus, it can be found that

̂𝑋 = (𝑃𝑇
𝑥 𝑃𝑥)−1(𝑃𝑇

𝑥 𝑌𝑃𝑦)(𝑃𝑇
𝑦 𝑃𝑦)−1, (6)

which is a unique solution to the eigenmode decomposition
in the HG mode basis because matrix 𝑃𝑇

𝑥 𝑃𝑥 (or 𝑃𝑇
𝑦 𝑃𝑦) is

positive definite. Using this optimal solution ̂𝑋, the variance
�̂�2 is found to be

�̂�2 = 1
𝑀𝑁‖𝑌 − 𝑃𝑥 ̂𝑋𝑃𝑇

𝑦 ‖2
𝐹. (7)

From the FEL operation or the observation of the beam
image, certain knowledge such as the dominant mode is
available, which can be built into a prior weight matrix 𝑋0
and fed into the optimization. Assuming modal weights
𝑋𝑖𝑗 are independently and normally distributed around prior
(𝑋0)𝑖𝑗 with a common variance 𝜏2, the prior probability
about 𝑋 can be written as

𝑝(𝑋) ∝ ∏
𝑖,𝑗

exp ⎛⎜⎜
⎝

−
[𝑋𝑖,𝑗 − (𝑋0)𝑖,𝑗]

2

2𝜏2
⎞⎟⎟
⎠

. (8)

Using Bayes’ theorem, the posterior probability is
𝑝(𝑋|𝑌) ∝ 𝑝(𝑌|𝑋)𝑝(𝑋). By maximizing 𝑝(𝑋|𝑌), or equiva-
lently, minimizing

− log 𝑝(𝑋|𝑌) ∝ ‖𝑌 − 𝑃𝑥𝑋𝑃𝑇
𝑦 ‖2

𝐹 + 𝜆‖𝑋 − 𝑋0‖2
𝐹, (9)

with 𝜆 = 𝜎2/𝜏2 a free parameter representing the regular-
ization strength, the optimal ̂𝑋 can be found from solving
the Sylvester equation

𝐴𝑋 + 𝑋𝐵 = 𝐶, (10)

with 𝐴 = 𝑃𝑇
𝑥 𝑃𝑥, 𝐵 = 𝜆(𝑃𝑇

𝑦 𝑃𝑦)−1, and 𝐶 =
(𝑃𝑇

𝑥 𝑌𝑃𝑦 + 𝜆𝑋0)(𝑃𝑇
𝑦 𝑃𝑦)−1. This equation can be efficiently

and uniquely solved when 𝐴 and −𝐵 do not share common
eigenvalues [20]. For the mode decomposition in HG mode
basis, because 𝑃𝑇

𝑥 𝑃𝑥 and 𝑃𝑇
𝑦 𝑃𝑦 are positive definite and

𝜆 ≥ 0, the solution in Eq. (10) is unique.

SIMULATION RESULTS
Simulations were performed to validate this method us-

ing laser wavelength 𝜆 = 450 nm and Rayleigh range
𝑧𝑅 = 10 cm. This method can be used at any longitudinal
location. As a demonstration, the intensity was computed at
the waist location (𝑧 = 0) in a 1 × 1 mm2 region with pixel
numbers 𝑀 = 𝑁 = 301. The mode decomposition was done
with the highest mode numbers 𝑚 = 𝑛 = 5.

Figure 1 illustrates mode decomposition results using the
method without regularization using test beams of different
levels of Gaussian noise. The test beam is generated by mix-
ing an ideal beam, with three modes HG0,0 (65%), HG0,1
(20%), and HG2,0 (15%), and Gaussian noise of different
noise level 𝜎𝑛, which is normalized to the maximum inten-
sity value of the ideal beam. Eqs. (6) and (7) are applied
to obtain the modal weights and estimated variance. The
retrieved modal weights are used to reconstruct the output
intensity. As shown in Fig. 1, even with a large 𝜎𝑛 up to 0.2,
where noise overwhelms the lowest intensity mode(s), the
algorithm still correctly recovers the ideal beam intensity,
and the estimated �̂� is in excellent agreement with the input
noise level 𝜎𝑛.

Figure 1: Mode decomposition and image reconstruction results. Gaussian noises with different levels (input 𝜎𝑛) are added
to the same ideal beam (65% HG0,0, 20% HG0,1, and 15% HG2,0) to obtain the input images. Using these images, the
modal weights and �̂�2 are retrieved. The insets show the input and reconstructed images at different 𝜎𝑛 values.
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Figure 2: Modal analysis with different values of regular-
ization parameter 𝜆. Test beam (a) is the sum of an ideal
beam (b), a diffraction pattern (c), and Gaussian noise with
𝜎𝑛 = 0.05; (d) Intensity difference 𝑅 between the recon-
structed image and reference image (top-left inset) as a func-
tion of 𝜆. The two bottom-right insets are the reconstructed
images with zero regularization (𝜆 = 0) and optimal reg-
ularization (𝜆 = 30), respectively. (e) Intensity difference
𝑅 after the second iteration. The top-left inset is the recon-
structed image with optimal regularization (𝜆 = 1.5 × 105).
The top-right inset shows the corresponding reconstructed
weight matrix ̂𝑋.

For images with symmetric noise such as Gaussian noise,
the simulation results without regularization are already
good enough. However, with some complex disturbances
such as interference or diffraction, the inclusion of prior
knowledge about dominant modes can result in a better solu-
tion. For example, complex ”noise” from the diffraction of a
dust particle can usually be observed on intensity measure-
ments. To resolve this type of noise, regularization is used
with an image contaminated with diffraction noise [Fig. 2(a)],
which is the sum of the ideal beam Fig. 2(b), Gaussian noise
with 𝜎𝑛 = 0.05, and diffraction patterns Fig. 2(c). The
ideal beam is composed of 30% HG0,0, 50% HG1,1, and
20% HG2,2. To use the regularized solution Eq. (10), prior
knowledge 𝑋0 with one nonzero element (its value set to
unity) corresponding to the HG0,0 mode is constructed. To
choose the optimal regularization parameter 𝜆, a reference
image can be constructed by excluding regions of the image

contaminated by diffraction as shown in the top-left inset
of Fig. 2(d), and the relative difference 𝑅 is calculated at
multiple 𝜆 values. As shown in Fig. 2(d), the relative differ-
ence is minimized at 𝜆 = 30, resulting in a reconstructed
image which is much closer to the ideal image than the one
obtained without regularization (𝜆 = 0). Using the optimal
weight matrix as a prior, a second iteration can be done,
producing a further improved reconstructed image shown in
Fig. 2(e).

CONCLUSION
In this paper, we have presented a deterministic eigenmode

decomposition method for FEL transverse modes based on
Bayesian analysis. This method is shown, by various sim-
ulation results, to be able to reconstruct the beam intensity
with Gaussian noise of high noise level. When complex
disturbances are present in the beam image, prior knowledge
can be used to greatly improve the reconstruction results.
While this method is introduced for the case in which the
beam image is an incoherent intensity superposition of HG
modes, it can be easily extended to other situations in which
the beam image represents a coherent superposition of HG
or LG modes using the generalized formulation in Ref. [19].
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