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Abstract
We implemented an energy-binning (EB) scheme for a

meshless fast multipole method (FMM). The approach ap-
proximates the momentum distribution of the electron beam
by assigning particles to tree structures defined at different
Lorentz frames. Based on the tree decomposition, the FMM
computes a hierarchical approximation for the space charge
interaction of the particle bunch. We apply the EB FMM
to simulate the beam generation in the photoinjector of the
European XFEL developed at DESY-PITZ. Furthermore, we
present numerical convergence and performance studies and
compare the simulation results to a Liénard-Wiechert (LW)
model.

INTRODUCTION
The beam dynamics of a high brilliance electron source,

such as the PITZ photoinjector of the European XFEL at
DESY [1], is crucially influenced by space charge effects.
Most common simulation codes rely on a computational grid
to calculate an electroquasistatic (EQS) approximation of
the space charge field in the co-moving Lorentz frame of the
particles based on the average beam energy. The program
IMPACT-T [2] additionally offers an extended interaction
model based on the EB method [3]. The latter improves the
field computation especially for charge distributions with a
large energy spread such as particle beams in an electron
injector. Our newly developed simulation code [4] calcu-
lates the space charge field with a meshless fast multipole
method (FMM) [5]. This has the benefit that artificial grid
effects like aliasing errors or unstable mode coupling do not
occur. This contribution shows how the EB technique can
be implemented in the FMM space charge computation.

ENERGY-BINNING FMM
Figure 1 shows the charge density of an electron bunch

after beam generation in a photoinjector. The phase space
distribution exhibits a comparably large energy spread of
30 % as well as a strong correlation 𝜌 (𝑧, 𝛾) = 1 between the
longitudinal position 𝑧 and the relativistic Lorentz factor 𝛾
of the particles. Hence, an EQS approximation based on the
mean particle energy ⟨𝛾⟩ ≈ 1.2 introduces significant errors
for the space charge field as seen in Fig. 2 a) and 2 b).

The EB method [3] remedies for the effect of the energy
spread by assigning the particles to 𝑁𝑏 separate Lorentz
frames. Then, the total space charge field corresponds to the
superposition

E (r) =
𝑁𝑏

∑
𝑏=1

E𝑏 (r) , B (r) =
𝑁𝑏

∑
𝑏=1

B𝑏 (r) ,
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Figure 1: Particle distribution after beam generation.

Figure 2: Space charge field error of the EQS model com-
pared to an EB computation with 𝑁𝑏 = 10 energy bins.

of the EQS approximations for the electric E𝑏 and magnetic
B𝑏 fields in each individual Lorentz frame. Figure 1 shows
the definition of 𝑁𝑏 = 10 energy bins based on a recursive
bisection method for the mean particle momentum. The EB
model reduces the EQS error as shown in Fig. 2 c) and 2 d).

The conventional FMM [5] approximates far field contri-
butions with multipole expansions and computes near field
interactions as direct particle-particle evaluations based on a
hierarchical tree structure. Our extension for the EB model
uses a separate tree for each Lorentz frame 𝑏 = 1 … 𝑁𝑏. Fig-
ure 3 visualizes the tree structure corresponding to the bin
𝑏 = 1 for the lowest energy 𝛾1 = 1.08 in Fig. 1. Besides the
nodes that only contain source particles of the current energy
bin 𝑏 = 1 (blue triangles) there are also nodes that contain
positions of particles from the other energy bins 𝑏 = 2 … 𝑁𝑏
(orange triangles) as well as mixed nodes (bicolored rhombi).
The phase space correlation 𝜌 (𝑧, 𝛾) = 1 of the particle dis-
tribution in Fig. 1 introduces a spatial separation between
these three kinds of nodes.

The conventional refinement procedure of the FMM re-
cursively subdivides the nodes of the tree structure until
each child node represents less than 𝑁0 = 𝑐𝑜𝑛𝑠𝑡. particles.
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Figure 3: EB FMM tree for 𝑏 = 1 out of 𝑁𝑏 = 10. Triangles
represent nodes solely containing source particles of 𝑏 = 1
(blue) or particle positions from other bins (orange).

However, for the EB FMM the number of field evaluation po-
sitions from the other energy bins 𝑏 = 2 … 𝑁𝑏 can be much
larger than the number of source particles in 𝑏 = 1. Hence,
the conventional node refinement does not necessarily pro-
vide a good numerical efficiency. Our implementation uses
an adaptive refinement procedure to generate a tree struc-
ture which is more suitable for the EB model. First, an EB
specific refinement criterion of 𝑁′

0 = 𝑁0/√𝑁𝑏 limits the
number of node internal particle-particle computations to
𝑁0

2. Second, unnecessary refinement levels of nodes that
require less than 𝑁0

2 particle-particle interactions with their
nearest neighbours are removed.

Figure 4 shows how the adaptive refinement procedure
reduces the number of FMM operations for both the far field
multipole to local (M2L) approximations and the near field
particle to particle (P2P) interactions. For a particle beam
without phase space correlation 𝜌 = 0 the adaptive tree
increases the numerical efficiency by balancing the M2L
and the P2P operations. Spatial decoupling of the nodes
in the tree structure of a particle beam with phase space
correlation 𝜌 = 1, such as for an electron injector, reduces
the M2L operations significantly.

Figure 4: Number of FMM computer operations for far field
approximation (M2L) and near field evaluation (P2P).

The runtime of the FMM space charge field computation
in Fig. 5 a) depends linearly on the number of energy bins
𝑁𝑏 and shows a slope that is smaller than one. Hence, each
field evaluation at all 𝑁 positions for the source particles
contained in one energy bin requires less computational ef-
fort than approximating the space charge interaction of the
full 𝑁 particle ensemble. On the one hand, for 𝑁𝑏 ≪ 𝑁 the
adaptive tree structure keeps the amount of near field evalu-
ations P2P small enough such that the FMM approximation

remains numerically efficient. On the other hand, some of
the FMM far field evaluations at the particle positions from
other energy bins do not require additional communications
of multipole coefficients M2L thereby additionally reducing
the computational effort. Aside from that, the spatial separa-
tion between the nodes for the leading and trailing particles
in the beam with a correlated phase space 𝜌 = 1 reduces the
runtime of the FMM approximation even further.

Figure 5 b) shows the space charge field convergence as
a function of 𝑁𝑏. For the particle beam with phase space
correlation 𝜌 = 1 even a small bin number 𝑁𝑏 ≈ 4 − 8
suppresses the field error induced by energy spread in EQS
calculations sufficiently well. Due to spatial averaging of
the field, the effect is less pronounced if the phase space is
uncorrelated 𝜌 = 0.

Figure 5: Runtime and convergence of the EB FMM with
respect to the number of energy bins.

APPLICATION STUDIES
Figure 6 shows a numerical study for a space charge lim-

ited electron beam generation in a constant electric field
of 𝐸𝑧 = 45 MV/m. The simulation models a 𝑄0 = 10 nC
charge emission over a time span of Δ𝑡 = 0.22 ns from
a circular spot with 𝑑 = 1.2 mm diameter out of a photo-
cathode using 𝑁 = 107 macroparticles. All macroparticles
which propagate backwards through the cathode surface are
removed from the simulation.

As a direct consequence of the EQS approximation, the
cathode current of the simulation without EB in Fig. 6 a)
artificially increases over time. Due to their spatial distance,
the leading particles should not significantly influence the
interactions at the photocathode surface. However, using
the ensemble averaged Lorentz factor ⟨𝛾⟩ systematically
underestimates the longitudinal space charge field of the
trailing particles. In contrast, the cathode current of the
simulation using 𝑁𝑏 = 5 energy bins does not increase. After
a transient start-up period the current saturates at a constant
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value for 𝑡 > 0.07 ns. This behavior is expected once the
space charge limitation reaches its steady state. The inset
in Fig. 6 compares the relative portion 𝑅 of macroparticles
which were successfully emitted from the cathode. The
EB model in Fig. 6 c) exhibits a homogeneous emission
across the core region surrounded by a distinct ring. For the
EQS model in Fig. 6 b) the relativistic dilation of the charge
distribution blurs the transition between core and ring.

Figure 6: Space charge limited beam generation.

Figure 7 shows simulation results for a 𝑄 = 1 nC elec-
tron beam of the DESY-PITZ photoinjector [1] at a laser
spot radius of 𝑟 = 0.8 mm. The LW simulation uses a fully
relativistic space charge model including both retardation
and radiation effects based on each macroparticle’s world
line [6]. Such simulations are computationally extremely
expensive and require a computing cluster. Furthermore, nu-
merical efficiency restricts the macroparticle approximation
to a rather small ensemble size of 𝑁 = 2.5 ⋅ 105.

A comparison of the transversal emittance 𝜀𝑥 in Fig. 7 a)
demonstrates that the EB FMM with 𝑁𝑏 = 5 includes ad-
ditional effects caused by the energy spread of the beam.
Especially the transversal slice emittance at the exit of the
gun cavity in Fig. 7 b) shows a very good agreement with
the LW simulation. In contrast, the field error of the EQS
model results in a discrepancy. Unlike the LW model, the
EB simulation benefits from the numerical efficiency of the
hierarchical FMM approximation. Thus, the FMM approach
can handle a significantly larger ensemble size 𝑁 ∼ 107 even
on a workstation computer.

CONCLUSION
The meshless energy-binning fast multipole method pro-

vides a computationally efficient approach to compute space
charge interactions in a particle beam with large energy
spread. An adaptive refinement of the tree structures defined
at different Lorentz frames reduces the number of computer
operations. The approximation of the space charge field
scales linearly with the number of energy bins with a pro-
portionality constant smaller than one. Due to its numerical
properties, the approach is particularly suitable for a particle

Figure 7: Simulation of the DESY-PITZ photoinjector.

distribution with correlated phase space such as the electron
beam of a photoinjector. Two numerical studies demonstrate
typical applications for the newly implemented simulation
program. One major advantage of the hierarchical space
charge approximation is that it facilitates simulations of large
macroparticle ensembles without introducing artificial grid
effects.
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