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Abstract
The open-source DAISI C++ package (Design of Acceler-

ators, optImizations and SImulations) is extended with the
ability to simulate the operation of electron sources in the
field emission mode, with the user-defined initial distribution
of emitted electrons velocities, as a model parameter, and
with the automated calculation of current-voltage characteris-
tics. Particles injection scheme is suggested. Computational
experiments are performed for silicon carbide field emission
electron source nanostructure with bimodal energy spectrum,
revealed from experimental study, and comparative analysis
with Maxwell distribution is presented.

INTRODUCTION AND MOTIVATION
It is extremely important for effective functioning of the

field emission electron sources to prevent beam particles
from getting to the forming electrodes. The greatest current-
deposition danger comes from the particles located on the pe-
riphery of the beam. So it is an actual problem to improve ap-
proaches of simulation of the field emission electron sources,
because the initial velocity distribution has a significant in-
fluence on the emission picture, but the simplest models are
utilizing zero initial velocity spread or Maxwell distribution,
that doesn’t always match experimental data [1–3].

SOFTWARE DEVELOPMENT
In DAISI the particle-in-cell (PIC) method is split into two

modules [3], one of which consists of solvers and the other
is a software abstraction of the physical model. Calculation
of current density with the Fowler-Nordheim model is being
integrated into the solvers part and corresponding injection
scheme with a user-defined initial velocity distribution is
being realized in software abstraction of physical device.
The exact modified parts are shown in the fragment of the
UML class diagram (Fig. 1).

The physical model of the field emission electron source
consists of the following assumptions: 1. The work function
of the material is constant; 2. It is a quasi-electrostatic
approximation with axial symmetry.

Two-dimensional computational domain 𝐺 = 𝐺 ∪ 𝜕𝐺
is considered, where 𝜕𝐺 is boundary of domain and
𝜕𝐺 = 𝜕𝐺1 ∪ 𝜕𝐺1. Poisson’s equation is used to com-
pute the electrostatic potential 𝑈 pursuant to quasi-
electrostatic approximation and in compliance with ax-
ial symmetry in Euler cylindrical coordinates (𝑟, 𝑧) (ac-
cording to axisymmetric electron source cell 𝜕/𝜕𝜑 = 0,
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Figure 1: Fragment of the UML class diagram of DAISI
implementation of PIC calculations and particle injection
scheme. Red colored blocks show modified part of C++ code,
which allow to simulate the operation of electron sources
in the field electron emission mode, with the choice of the
initial distribution of electron velocities.

where 𝜑 — azimuth coordinate):

𝜕2𝑈(𝑟, 𝑧)
𝜕𝑟2 + 𝜕2𝑈(𝑟, 𝑧)

𝜕𝑧2 + 1
𝑟

𝜕𝑈(𝑟, 𝑧)
𝜕𝑟 = −𝜌(𝑟, 𝑧)

𝜀0
,

(𝑟, 𝑧) ∈ 𝐺, (1)

𝐸𝑟(𝑟, 𝑧) = −𝜕𝑈(𝑟, 𝑧)
𝜕𝑟 , 𝐸𝑧(𝑟, 𝑧) = −𝜕𝑈(𝑟, 𝑧)

𝜕𝑧 ,

⎧{
⎨{⎩

𝑈 = 𝑔(𝑟, 𝑧), (𝑟, 𝑧) ∈ 𝜕𝐺1,
𝜕𝑈
𝜕 ⃗𝑛 = 0, (𝑟, 𝑧) ∈ 𝜕𝐺2,

(2)

where 𝜌(𝑟, 𝑧) — space charge density, 𝜀0 — electric con-
stant, 𝑔(𝑟, 𝑧) — function that describes boundary potential,
⃗𝑛 — normal vector to the boundary 𝜕𝐺2 (axis of symme-

try and side boundary of electron source cell). The motion
of particles is described with reduced momentum 𝑝𝑟, 𝑝𝑧,
𝑝𝑧 by following equations in Lagrangian cylindric coordi-
nates (𝑟, 𝑧) (for model macroparticles, the relativistic form
of the equations of motion is used, taking into account the
realization of the particle-in-cell method [3]):

⎧{{{{{
⎨{{{{{⎩

d𝑟
d𝜏 = 𝑝𝑟

𝛾 , d𝑝𝑟
d𝜏 = 𝑒𝐸𝑟

𝑚0𝑐2 +
𝑝2

𝜑

𝑟3𝛾
,

d𝑧
d𝜏 =

𝑝𝑧
𝛾 ,

d𝑝𝑧
d𝜏 =

𝑒𝐸𝑧
𝑚0𝑐2 ,

d𝑝𝜑
d𝜏 = 0,

(3)

(𝑟(0), 𝑧(0)) ∈ 𝜕𝐺1, (𝑝𝑟(0), 𝑝𝜑(0), 𝑝𝑧(0)) = ⃗𝑝0, (4)

where initial positions of particles are given on
part of boundary 𝜕𝐺1 including emission area;
𝛾 = √1 + 𝑝2

𝑟 + 𝑝2
𝑧 + (𝑝𝜑/𝑟)2, 𝜏 = 𝑐𝑡, 𝑐 — speed of

light, 𝑚0/𝑞 — ratio of rest mass to electron charge
(model particles have the same ratio). Initial momentums
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related with initial velocities 𝑣0 that are given by Maxwell
distribution or user-defined distribution (as described in
next section), ⃗𝑝0 = ⃗𝑣0𝛾/𝑐.

Current density is determined according to the Fowler-
Nordheim field emission model [1]:

𝑗(𝐸) = 𝐴(𝛽𝑒𝐸(𝑠))2

𝑡2(𝑦)Φ
exp (−𝐵Φ3/2

𝛽𝑒𝐸(𝑠) 𝜈(𝑦)) , (5)

where 𝑗(𝐸) — current density (A/m2 for 𝐸 measured in
V/m), Φ — work function of material (eV), 𝛽𝑒 — local field
enhancement factor [4, 5], 𝐸(𝑠) — magnitude of the field
strength vector in point 𝑠, 𝐴 and 𝐵 — Fowler–Nordheim
constants, 𝑦 — Nordheim parameter, 𝜈(𝑦), 𝑡(𝑦) — approxi-
mations of elliptic Nordheim functions found by Forbes and
Deane that give a more accurate approximation in compari-
son with the classic Shmidt approach [6].

METHODS OF SIMULATION
Injection of particles is suggested by the following

scheme:
1. Emission surface is represented as a partition of an

interval in 2D space 𝜎𝑁 with the number of subparts equals
𝑁, which value depends on the grid.

2. Current density from the whole subpart is considered
to be equal to current density calculated at the center point
of the subpart.

3. Emission surface is represented as a partition of an
interval in 2D space 𝜎𝐾 with the number of subparts equals
𝐾 < 𝑁 and it is a model parameter.

4. Macroparticle is injected from the center of every
subpart of the 𝜎𝐾 and current calculation is based on the
current sum from all subparts of 𝜎𝑁 that are covered with
considered 𝜎𝐾 subpart.

Additional partition of an interval 𝜎𝐾 is required because
constructed grid according to Runge rule leads to too high
value of 𝑁. DAISI computational algorithms perform parti-
cle injection at fixed points during the simulation. If particles
will be injected from each subpart from 𝜎𝑁 then it will lead
to very low performance and injected particles will carry a
very small amount of charge, significantly lesser than ele-
mentary. To reduce the influence of 𝑁 new smaller partition
𝜎𝐾 is introduced and it is used as an aggregator of current
density from subparts of 𝜎𝑁 at one fixed point required for
DAISI.

This scheme allows one to take into account the nontrivial
specifics of the emission surface. And macroparticles that
carry the most charge are matching surface regions with the
highest current density. Also, it is should be noted that emis-
sion surface length is a model parameter. Let us introduce the
probability density function (PDF) of the bimodal random
variable based on the field electron emission energy distribu-
tion spectra (Fig. 2). Considering spectrum as a function of
energy 𝑥 it can be described as a piecewise linear function
𝑔(𝑥) that equals to spectrum value within obtained energy
interval [𝐸𝑠𝑝𝑒𝑐,𝑚𝑖𝑛, 𝐸𝑠𝑝𝑒𝑐,𝑚𝑎𝑥] and zero otherwise, where
𝐸𝑠𝑝𝑒𝑐,𝑚𝑖𝑛, 𝐸𝑠𝑝𝑒𝑐,𝑚𝑎𝑥 — minimal and maximum spectrum

Figure 2: Energy distribution spectra of silicon carbide struc-
tures [7].

values. PDF can be obtained 𝑓 (𝑥) after the normalization of
the 𝑔(𝑥):

𝑓 (𝑥) = 𝑘𝑛𝑜𝑟𝑚𝑔(𝑥), (6)

where 𝑘𝑛𝑜𝑟𝑚 is normalization factor. The cumulative distri-
bution function now can be easily obtained integrating (6)
on (−∞, 𝑥].

To simulate this random variable, the inverse function
method based on uniform random numbers [8] is used,
but because the spectrum is set for limited energy values
[𝐸𝑠𝑝𝑒𝑐,𝑚𝑖𝑛, 𝐸𝑠𝑝𝑒𝑐,𝑚𝑎𝑥], the folowwing problem is to model
the truncated distribution [8]. To simulate a truncated ran-
dom variable on the segment [𝑎, 𝑏], it is necessary to ob-
tain the values of the random numbers on the segment
𝐹(𝑎), 𝐹(𝑏):

𝑥 = 𝐹−1(𝑅(𝐹(𝐸𝑠𝑝𝑒𝑐,𝑚𝑖𝑛), 𝐹(𝐸𝑠𝑝𝑒𝑐,𝑚𝑎𝑥))). (7)

The following equation can be solved with respect to 𝑥:

𝛾 = 𝐹(𝑥) =
𝑥

∫
𝐸𝑠𝑝𝑒𝑐,𝑚𝑖𝑛

𝑓 (𝑦)𝑑𝑦, (8)

where 𝛾 ∼ 𝑅(𝐹(𝐸𝑠𝑝𝑒𝑐,𝑚𝑖𝑛), 𝐹(𝐸𝑠𝑝𝑒𝑐,𝑚𝑎𝑥)). Considering
𝐸𝑠𝑝𝑒𝑐,𝑚𝑖𝑛 = 𝑥1 < 𝑥2 < ... < 𝑥𝑁𝑠𝑝𝑒𝑐

= 𝐸𝑠𝑝𝑒𝑐,𝑚𝑎𝑥, where
𝑁𝑠𝑝𝑒𝑐 — number of value of the spectrum numerical repre-
sentation, and because the integration nodes are fixed, and
not equidistant, for the numerical approximation of the inte-
gral the trapezoid rule can be used:

𝑥
∫

𝐸𝑠𝑝𝑒𝑐,𝑚𝑖𝑛

𝑓 (𝑦)𝑑𝑦 = 1
2

𝑖
∑
𝑗=2

(𝑓 (𝑥𝑗−1) + 𝑓 (𝑥𝑗)) ⋅ (𝑥𝑗 − 𝑥𝑗−1). (9)

Combining Eqs. (9) and (8) with respect to 𝑖 is obtained,
from which the velocity of the particle can be expressed in
explicit form using the particle’s kinetic energy equation.

ANALYSIS OF THE RESULTS
The cell of a field emission array electron source with

a blade structure of vertical type emitters [1] in a triode
configuration is considered to illustrate capabilities of the
software.

The surface of the emitter is modeled as an ideal conductor
without a dielectric coating associated with the presence of
adsorbates, the edge of the blade is approximated by the
toroid surface with an elliptical section with semi-axes of
the ellipse 120 and 50 nm.
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Computations are performed for two emission surfaces
length 144 nm (Fig. 3) and 30 nm to eliminate influence of
this model parameter. Both results (Fig. 4) are obtained with
fixed 𝜎𝑁 and with 𝜎𝐾 for 𝐾 = 600, 1000 to show that with
additional 𝜎𝐾 partition of an interval there is no qualitative
difference in simulation results.

Figure 3: Silicon carbide nanostructures under the study
[9–11]: a) SEM-image of field emission cell with razor-blade
emitter; b) SEM-image of cylindrical blade structure [10];
c) geometric configuration of the electron source cell with
two emission surface lengths — 144 nm (red and green
combined) and 30 nm (red).

Figure 4: Pairwise comparison for both emission surface
lengths: a) anode current from the gateway potential with
bimodal and Maxwell initial velocity distribution; b) cath-
ode current from the gateway potential with bimodal and
Maxwell initial velocity distribution.

Influence of 𝜎𝐾 doesn’t cause significant changes on sim-
ulation results for different 𝐾. Also, Maxwell distribution
leads to the injection of particles that are faster and carry a
lesser charge (Fig. 5).

Figure 5: Pairwise comparison of the distribution of particles
momentum (top pictures) and charge (bottom pictures) in
the electrode gap for the Maxwell (left images) and bimodal
(right images) initial distributions.

CONCLUSION
DAISI PIC code related to the calculation of the current

density is extended with a field emission simulation, and
injection of charged particles is extended with a such model
parameter, as initial velocity distribution. Particle injection
scheme was suggested and simulation results are obtained

for the considered silicon carbide nanostructure as field emis-
sion electron source within the foregoing model assumptions.
Simulated emission current collected on anode with bimodal
initial velocity distribution approximately two times lesser
than with Maxwell distribution with its parameter equals the
expected value of the energy spectra.
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