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Abstract 
For the radiofrequency (RF) applications of normal con-

ducting film with large mean free path at high frequency 
and low temperature, the anomalous skin effect differs con-
siderably from the normal skin effect with field decaying 
exponentially in the film. Starting from the relationship be-
tween the current and the electric field (E field) in the film, 
the amplitude of E field along the film depth is calculated 
and is found to be non-monotonic. The surface impedance 
is found to have a minimum value at certain film thickness. 

INTRODUCTION 
Surface impedance of normal conductor was extensively 

studied previously for bulk material [1-3], as well as for 
thin films [4-6]. Reuter and Sondheimer [1, 2] pointed out 
that for normal conductor with anomalous skin effect, it 
differs considerably from the normal skin effect with field 
decaying exponentially inside the conductor. This behave 
drastically affects the surface imedance of normal 
conducting films [4-6]. This paper focuses on the 
systematic study and explanation of the behave of 
anomalous skin effect in thin film, it starts from the 
anomalous skin effect of bulk material, and extends it to 
the film material using a method similar to previous 
references [4-6], Cu film without substrate is used to 
explain the anomalous behavior, Cu film on S.S. substrate 
is calculated, and conclusion is shown in the last. 

ANOMALOUS SKIN EFFECT OF BULK 
NORMAL CONDUCTOR 

In this section we briefly introduce the anomalous skin 
effect of bulk normal conductor with diffusive reflection. 
It was previously studied by Reuter and Sondheimer [1, 2]. 
In their study, a semi-infinite metal was considered, with 
its surface in the xy-plane and the positive z-axis directed 
towards the interior of the metal, and z = 0 the interface 
between vacuum and metal. The electric field E(z)eiωt is in 
the x-direction. The relationship between E and the current 
J is [1]:  
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Here derivative is over depth d/dz, and k = ω/c. For the 
anomalous skin effect, J(z) is not solely determined by the 
local electric field E(z), instead, it is [1]:  
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1 / Fa i v   , with   the mean free path and Fv  the 
Fermi velocity.  

The surface impedance can be calculated from the E 
field on the surface z = 0 and its derivative over depth: 

'
0 0 0/Z Ei E  .

ANOMALOUS SKIN EFFECT OF  
NORMAL CONDUCTING FILM 

For a normal conductor with finite thickness d, one needs 
to calculate the electric field over depth E(z) to get the sur-
face impedance. In this case the expression of J(z) changes 
to [6]: 
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We use the dimensionless variable /u z  , apply 
Eq. (3) into Eq. (1) and get [6]: 

0
/

1 1 10

2 2 2 2

3

( ) / (
( ) (

)
)

d
a

d
E

E k
k u u

u du E u
u ui d 



 




  
. (4)  

First assume at z = d, the boundary condition is E(z) = Ed 
and E’(z) = Ed

’. Integrating the above equation twice with 
respect to u gives: 
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To solve the above equation numerically, the depth (nor-
malized to  ) is divided into K equal segments 

/ /d K   . We use En to note the E field at nΔ, thus we
have:
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ka(0) is infinite and is replaced by 
/2

/2

1 ( )a dzk z


  . The

above equation can be solved by matrix inversion to get En, 
with the results normalized to Ed (Ed = 1). Similar to the 
bulk case, the surface impedance of this film is 

'
0 0 0/Z Ei E  . 
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Here we discuss two boundary conditions: 
1. With a bulk metal substrate with its surface imped-

ance, noted as Zsub, in the normal skin effect regime. 
The boundary condition is '

0 /d d subE i E Z  . 
2. Without substrate. In this case Zsub = 377 Ω.
Cu is used as an example. The parameter 𝜌ℓ is tempera-

ture independent [7]. Unless otherwise noted, the following 
parameters are used: RRR (Residual Resistivity Ratio, the 
ratio of resistivity ρ between room temperature and cryo-
genic temperature, i.e. 10 K) Cu at 50 is chosen. The film 
thickness is chosen to be 10 μm. This Cu film at cryogenic 
temperature is simulated at two frequencies for compari-
son: 0.1 GHz (normal skin effect) and 10.1 GHz (anoma-
lous skin effect). Material properties of Cu and S.S. are 
listed in Table 1. Convergence study has been performed 
for different film thicknesses, 10 nm step size is chosen for 
films thicker than 2 μm, for films thinner than that, 
200 steps are used. 

Table 1: Material Properties of Cu and S.S. 

Parameter  Value
Cu   [Ωm2] 166.6 10  

Cu   for RRR=1 [μm] 0.04 

Cu   for RRR=50 [μm] 2 
S.S.   [Ωm] 73.6 10

Figure 1: Amplitude of E field along the depth of 10 μm 
thick Cu film at 10.1 GHz without substrate, with 0 the in-
terface between vacuum and film. Solid line: with 2 μm 
mean free path, corresponding to RRR = 50; Dashed line: 
with 0.04 μm mean free path, corresponding to RRR = 1. 

ANOMALOUS SKIN EFFECT OF Cu FILM 
WITHOUT SUBSTRATE 

For Cu film without substrate, the surface impedance at 
10.1 GHz is 6.2 + 9.9i mΩ for Cu with RRR = 50 and is 
26.3 + 27.0i mΩ for Cu with RRR = 1. The E field ampli-
tude along the depth of film is shown in Fig. 1. With solid 
line for Cu with RRR = 50, and dashed line for Cu with 
RRR = 1. From this plot one can notice that the E field 

amplitude decays exponentially along depth for Cu with 
RRR=1, and the surface resistance is close to the surface 
reactance, it is close to normal skin effect; while for Cu 
with RRR = 50, the E field amplitude considerably differs 
from exponential decay [1], and the surface resistance is 
only 60% of the surface reactance. And more interestingly, 
at certain depth locations, the E field amplitude first decays 
with depth, and then slightly increases with depth, there 
appears one or multiple “local minimum”. Such “local 
minimum” also appears in the anomalous skin effect in gas 
discharged plasmas [8-10].  

For Cu film with the same film thickness, similar to the 
bulk material, both surface resistance and surface reactance 
decrease with increasing mean free path  .  

Figure 2: Surface impedance of Cu film versus the film 
thickness for Cu with 50 RRR at 10.1 GHz, with top plot 
for surface resistance and bottom plot for surface reac-
tance, and solid curves for Cu film without substrate, dot-
ted curves for Cu film on S.S.    

In normal skin effect at dirty limit with   close to 0, both 
surface resistance and surface reactance decrease with 
increasing film thickness. This is not the case for the 
anomalous skin effect. For Cu with 50 RRR, the surface 
impedance versus film thickness is shown in Fig. 2. with 
solid curves, with top plot the surface resistance  (Similar 
calculation result for the surface resistance of aluminum 
was presented previously [5].), and bottom plot the surface 
reactance. The surface impedance is the same as the surface 
impedance of bulk material (6.2 mΩ for Cu with the same 
parameters) while film is thick enough (>1μm), and while 
film is thin (<0.1μm), surface resistance and reactance 
increase with decreasing film thickness. There appears to 
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be a minimum on surface resistance, with 4.7 mΩ at 
0.35 μm thickness. For Cu with 2 μm mean free path at 
10.1 GHz, if there is no anomalous skin effect, the surface 
resistance should be 3.6 mΩ, while with anomalous skin 
effect, the mean free path is larger than the effective depth 
of penetration, causing insufficient sheilding and thus a 
higher surface resistance at 6.2 mΩ. With Cu film 
thickness smaller than the mean free path, but comparable 
with the effective depth of penetration, the reflection 
(difussive in this case) causes an enhancement in sheilding 
effect, thus a reduction in surface resistance while reducing 
the film thickness. Combining with the increasing in 
transmission which causes an increasing in surface 
resistance, a minimum appears. Please note similar effect 
was also presented in [5] with a symmetric boundary 
condition for Aluminum, which is applicable to Cu film 
without substrate, but not applicable for Cu film with S.S. 
substrate. For frequncies smaller than 10.1 GHz, the 
effective depth of penetration will be larger, and the film 
thickness for minimum surface resistance will be larger as 
well. 

ANOMALOUS SKIN EFFECT OF Cu FILM 
WITH S.S. SUBSTRATE 

For Cu film with S.S. substrate, the boundary condition 
is determined by the surface impedance of S.S.. The E field 
amplitude of Cu film with S.S. substrate is close to that of 
Cu film without substrate showing in Fig. 1. 

The surface impedance versus film thickness is shown in 
Fig. 2 with dotted curves, with top plot the surface 
resistance, and bottom plot the surface reactance. The 
surface impedance is the same as the surface impedance of 
bulk material while film is thick enough (>1 μm), and 
while film is thin (<0.01 μm), the surface impedance 
matches that of S.S.. There appears a minimum in surface 
resistance, with 4.8 mΩ at 0.35 μm thickness. 

CONCLUSION 
We analyzed the anomalous skin effect for high RRR Cu 

for high frequency and low temperature application. The 
amplitude of E field over depth is found to be non-mono-
tonic, which was shown in the previous studies of anoma-
lous skin effect in gas discharged plasmas [8-10]. For Cu 
film on S.S. substrate, it was found that while film is thin 
enough, the Rs is close to the value of S.S., and while it is 
thick enough, it is close to that of bulk Cu. It was also found 
that while the film thickness is comparable to the effective 
depth of penetration, a minimum Rs can be found. This be-
have can be explained by a combination of enhanced 
screening effect that causes a reduction in Rs and increasing 
in transmission that causes an increasing in Rs.  
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