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Abstract
We employ the principle of maximum entropy (MENT)

to reconstruct 4D transverse phase space from its 2D projec-
tions. Emittance devices commonly measure two specific
2D projections, i.e. the horizontal and vertical phase space
distributions. We show that: 1) given only these two 2D
projections, their product is the analytic MENT solution
to the 4D distribution; and 2) additional 2D projections
provide information on inter-plane coupling in the MENT
reconstruction of the 4D phase space which can be solved
numerically.

At the Spallation Neutron Source (SNS), laser wires in
the high energy beam transport (HEBT) enable non-invasive
two-slit type transverse phase space measurements. Laser
wires play the role of the first slit whereas physical wires
downstream of a drift act as the second slit. We reconstruct
the 4D phase space in the HEBT using all four horizon-
tal/vertical permutations of the two “slits” where: 1) the
two configurations with parallel slits constitute ordinary 2D
phase space measurements in either plane; and 2) the two
configurations with perpendicular slits carry coupling infor-
mation.

INTRODUCTION
Tomography is the reconstruction of a multi-dimensional

distribution from lower dimensional projections. The prin-
ciple of maximum entropy (MENT) states that, among the
many solutions for such an inverse problem, one should se-
lect the solution that maximizes the entropy of the resulting
distribution.

MENT tomographic reconstruction of 2D and 4D trans-
verse phase space distributions from 1D beam profile mea-
surements was first formulated and applied at LANL [1, 2].
The technique has since been widely employed for phase
space characterization. In this paper, we show that the same
technique is readily extendable to the reconstruction of 4D
transverse phase space distribution from 2D projections.
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MENT Tomographic Reconstruction
To reconstruct 4D phase space from 2D projections, the

MENT approach seeks to maximize the entropy:

𝐻[𝜌] = − ⨌ 𝜌(𝑥, 𝑥′, 𝑦, 𝑦′) ln 𝜌(𝑥, 𝑥′, 𝑦, 𝑦′)𝑑𝑥𝑑𝑥′𝑑𝑦𝑑𝑦′,
(1)

given 𝑛 constraint equations. The 𝑗-th constraint equation is
given by:

𝐺𝑗[𝜌] = 𝑔𝑗(𝑢𝑗, 𝑢′
𝑗) − ∬ 𝜌 ( ⃗𝑥 ( ⃗𝑢𝑗)) 𝑑𝑣𝑗𝑑𝑣′

𝑗

= 𝑔𝑗(𝑢𝑗, 𝑢′
𝑗) − ∬ 𝜌 (A−1

𝑗 ⃗𝑢𝑗) 𝑑𝑣𝑗𝑑𝑣′
𝑗

= 0, (2)

where 𝑔𝑗(𝑢𝑗, 𝑢′
𝑗) is measured 2D projection. ⃗𝑢𝑗, the coor-

dinates over which the 𝑗-th projection is taken, and ⃗𝑥, the
transverse phase space coordinates of the beam at the re-
construction location, are assumed to be related by a linear
transformation:

⃗𝑢𝑗 ≡
⎛⎜⎜⎜⎜⎜⎜
⎝

𝑢𝑗
𝑣𝑗
𝑢′

𝑗
𝑣′

𝑗

⎞⎟⎟⎟⎟⎟⎟
⎠

= A𝑗

⎛⎜⎜⎜⎜⎜⎜
⎝

𝑥
𝑦
𝑥′

𝑦′

⎞⎟⎟⎟⎟⎟⎟
⎠

≡ A𝑗 ⃗𝑥. (3)

The MENT solution can be found by introducing a new
functional that contains Lagrange multiplier functions:

𝐾[𝜌] = 𝐻[𝜌] +
𝑛

∑
𝑗=1

∬ 𝜆𝑗(𝑢𝑗, 𝑢′
𝑗)𝐺𝑗[𝜌]𝑑𝑣𝑗𝑑𝑣′

𝑗 . (4)

The variation of 𝐾[𝜌] by 𝜌 should vanish, which leads to:

𝜌 = 𝐶1 exp ⎛⎜
⎝

𝑛
∑
𝑗=1

𝜆𝑗(𝑢𝑗, 𝑢′
𝑗) − 1⎞⎟

⎠
= 𝐶2

𝑛
∏
𝑗=1

ℎ𝑗(𝑢𝑗, 𝑢′
𝑗), (5)

with 𝐶1 and 𝐶2 being constants. Hence the MENT solution
is a product of 𝑛 component functions ℎ𝑗. The component
functions can be found using the 𝑛 constraint equations. Each
constraint equation gives:

𝑔𝑘(𝑢𝑘, 𝑢′
𝑘) = ℎ𝑘(𝑢𝑘, 𝑢′

𝑘) ∬ 𝐶2

𝑛
∏

𝑗=1,𝑗≠𝑘
ℎ𝑗(𝑢𝑗, 𝑢′

𝑗)𝑑𝑣𝑘𝑑𝑣′
𝑘. (6)

The component functions can be solved using a Gauss-
Seidel type algorithm as shown in Eq. (7). The superscript
denotes the iterative index for the component function, which
shows that each updated function is immediately employed
in all subsequent calculations.
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ℎ(𝑚+1)
𝑘 (𝑢𝑘, 𝑢′

𝑘) =
𝑔𝑘(𝑢𝑘, 𝑢′

𝑘)

∬ 𝐶2 ∏𝑘−1
𝑗=1 ℎ(𝑚+1)

𝑗 (𝑢𝑗, 𝑢′
𝑗) ∏𝑛

𝑗=𝑘+1 ℎ(𝑚)
𝑗 (𝑢𝑗, 𝑢′

𝑗)𝑑𝑣𝑘𝑑𝑣′
𝑘

. (7)

Two 2D projections of the 4D transverse phase space are
routinely measured: the horizontal and vertical 2D phase
space distributions. Given only these two 2D projections,
MENT reconstruction has an analytical solution:

𝜌(𝑥, 𝑥′, 𝑦, 𝑦′) = 𝜌𝑥𝑥′(𝑥, 𝑥′)𝜌𝑦𝑦′(𝑦, 𝑦′). (8)

This can be seen from Eq. (5) which states that, in this case,
𝜌 has the form:

𝜌(𝑥, 𝑥′, 𝑦, 𝑦′) = 𝑓1(𝑥, 𝑥′)𝑓2(𝑦, 𝑦′). (9)

A consequence of Eq. (8) is that any cross-plane 2D pro-
jection is the product of the respective 1D distributions, for
example:

𝜌𝑥𝑦(𝑥, 𝑦) = ∬ 𝜌(𝑥, 𝑥′, 𝑦, 𝑦′)𝑑𝑥′𝑑𝑦′ = 𝜌𝑥(𝑥)𝜌𝑦(𝑦). (10)

APPLICATION TO SNS HEBT
The technique of 4D MENT tomography from 2D pro-

jections was applied to laser wire emittance measurements
in the Spallation Neutron Source (SNS) high energy beam
transport (HEBT) downstream of the superconducting linac.
A schematic of the laser wire station is shown in Fig. 1.
The station performs two-slit type emittance scans where the
laser wires function as the 1st “slit” and physical wires down-
stream of a drift act as the 2nd “slit” to detect H0 created by
the laser [3, 4].

Figure 1: Schematic of the laser wire station in the SNS
HEBT.

When the two slits are parallel, such a configuration per-
forms the usual emittance scans whose results are the 2D
phase space distributions:

∬ 𝜌 (𝑥𝑖, 𝑥′
𝑖 , 𝑦𝑖, 𝑦′

𝑖) 𝑑𝑦𝑖𝑑𝑦′
𝑖 = 𝜌𝑥𝑖𝑥′

𝑖
(𝑥𝑖, 𝑥′

𝑖 ) (11)

∬ 𝜌 (𝑥𝑖, 𝑥′
𝑖 , 𝑦𝑖, 𝑦′

𝑖) 𝑑𝑥𝑖𝑑𝑥′
𝑖 = 𝜌𝑦𝑖𝑦′

𝑖
(𝑦𝑖, 𝑦′

𝑖). (12)

These measurements do not contain any information on the
dependence between horizontal and vertical phase space
coordinates, and the MENT solution would say there is no
dependence as shown in Eq. (8). To obtain cross-plane infor-
mation, two additional scans were made with perpendicular

Figure 2: Four 2D scan results at the SNS HEBT laser wire
station (left column, denoted by superscript “meas.”) com-
pared against the respective 2D projections of the 4D MENT
solution (right column, denoted by superscript “sol. 2”) ob-
tained based on these scan results.

slits where the laser wire was horizontal but the physical wire
was vertical, or vice versa. These measurements correspond
to the following 2D projections:

∬ 𝜌 (𝑥𝑖,
𝑥𝑓 − 𝑥𝑖

𝐿 , 𝑦𝑖, 𝑦′
𝑖) 𝑑𝑥𝑖𝑑𝑦′

𝑖 = 𝜌𝑥𝑓𝑦𝑖
(𝑥𝑓, 𝑦𝑖) (13)

∬ 𝜌 (𝑥𝑖, 𝑥′
𝑖 , 𝑦𝑖,

𝑦𝑓 − 𝑦𝑖
𝐿 ) 𝑑𝑥′

𝑖 𝑑𝑦𝑖 = 𝜌𝑥𝑖𝑦𝑓
(𝑥𝑖, 𝑦𝑓), (14)
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Figure 3: Cross-plane 2D phase space projections of the 4D MENT numerical solution obtained from four 2D projections
at the SNS HEBT laser wire station.

Figure 4: The superscript “sol. 1” denotes the two-projection (parallel slits only) MENT solution, and “sol. 2” denotes the
four-projection (both parallel and perpendicular slits) MENT solution. The two plots on the left show the 𝑥𝑦 spatial profile
of the beam as predicted by the respective 4D MENT solutions. The two plots on the right show the normalized density of
1D slices, taken at different values, of the four-projection solution. The black dotted line denotes the 1D projected density
of the two-projection solution which is identical regardless of location (see Eq. (10)).

where the subscripts 𝑖 and 𝑓 denote the location of the laser
wire and physical wire respectively. 𝐿 = 11.6 m is the drift
length between the two locations. Note that scan results
with perpendicular slits are not distributions in phase space
coordinates, so they are denoted by 𝜌. All four 2D scan
results are shown in Fig. 2.

Given the four 2D projections described by Eq. (11) to
(14), the MENT solution to the 4D transverse phase space
distribution was obtained numerically using the algorithm
outlined in the previous section. The comparison in Fig. 2
shows that the numerical 4D MENT solution is valid because
it correctly reproduces all four 2D measured projections.

The 4D MENT solution can be projected onto the four
pairs of cross-plane coordinates whose 2D phase space dis-
tributions are not directly measured by the laser wire station.
These results are shown in Fig. 3.

The additional information introduced by the two scans
with perpendicular slits is illustrated by Fig. 4. In com-
parison against the two-projection MENT solution, the four-
projection MENT solution has a more sophisticated structure
as can be seen by how the 1D slice density varies with the
value at which it is taken. In contrast, such a slice density is
always the same for the two-projection MENT solution.

CONCLUSION
We discussed how to reconstruct 4D transverse phase

space distribution from multiple 2D projections using the
principle of maximum entropy. An analytical solution was

presented for a two-projection special case and an algorithm
was successfully implemented to obtain numerical MENT
solution for general cases. We applied this tomography
technique to the SNS HEBT laser wire station where, in
addition to the two usual 2D scans with parallel slits, two 2D
scans with perpendicular slits were employed to obtain cross-
plane information. The four-projection MENT distribution
was shown to have a more sophisticated structure than just
a product of the horizontal and vertical 2D phase space
distributions. How well this MENT solution agrees with
the true phase space distribution will be a subject of further
investigation. Once implemented, this technique has the
potential to enable noninvasive online 4D tomography of
an operational 1 GeV beam at the SNS which may improve
understanding of the beam dynamics and enhance control
of the beam at the stripping foil and target.
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