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Basic definitions

Consider a mapping (map) T : M→ M defined by a function f

ζn+1 = f (ζn), ζi ∈ M.

Manifold M can be Rn, Cn, Sn, Tn, etc..

The trajectory of ζ0 is the finite set{
ζ0,T(ζ0),T2(ζ0), . . . ,Tn(ζ0)

}
The orbit of ζ0, is a set of all points that can be reached{

. . . ,T−2(ζ0),T−1(ζ0), ζ0,T(ζ0),T2(ζ0), . . .
}

The n-cycle (or periodic orbit of periof n) is a solution of

Tn(ζ0) = ζ0
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Cobweb plot: periodic vs. chaotic orbits

Example: Logistic map

xn+1 = f (xn) = r xn (α− xn)
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Sharkovskii’s theorem (1964)

Suppose T : R → R is continuous. Suppose that T has a periodic
point of period n and that n precedes k in the Sharkovski ordering.
Then T also has a period point of prime period k .

3× 20 ≺ 5× 20 ≺ 7× 20 ≺ 9× 20 ≺ . . .

3× 21 ≺ 5× 21 ≺ 7× 21 ≺ 9× 21 ≺ . . .

3× 22 ≺ 5× 22 ≺ 7× 22 ≺ 9× 22 ≺ . . .

. . .

. . . ≺ 24 ≺ 23 ≺ 22 ≺ 21 ≺ 1

Li and Yorke (1975) proved that any one-dimensional system which
exhibits a regular cycle of period 3 will also display regular cycles of
every other length as well as completely chaotic cycles.
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Generalization of Sharkovskii’s theorem

Sharkovskii’s theorem does not immediately apply to dynamical sys-
tems on other topological spaces. It is easy to find a circle map with
periodic points of period 3 only: take a rotation by 120 degrees, for
example. But some generalizations are possible, typically involving
the mapping class group of the space minus a periodic orbit. For
example, Peter Kloeden showed that Sharkovskii’s theorem holds for
triangular mappings.
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Symplectic mappings of the plane

We will consider area-preserving mappings of the plane

q′ = q′(q, p),
p′ = p′(q, p),

det

[
∂ q′/∂ q ∂ q′/∂ p
∂ p′/∂ q ∂ p′/∂ p

]
= 1.

Identity, Id[
1 0
0 1

] Rotation, Rot[
cos θ − sin θ
sin θ cos θ

] Reflection∗,∗∗, Ref[
cos 2θ sin 2θ
sin 2θ − cos 2θ

]
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Integrable systems

A map T in the plane is called integrable, if there exists a non-
constant real valued continuous functions K(q, p), called integral,
which is invariant under T:

∀ (q, p) : K(q, p) = K(q′, p′)

where primes denote the application of the map, (q′, p′) = T(q, p).

Example: Rotation transformation

Rot(θ) : q′ = q cos θ − p sin θ
p′ = q sin θ + p cos θ

has the integral K(q, p) = q2 + p2.
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Superintegrable systems

If θ and π are commensurable, then transformation Rot(θ) has in-
finitely many invariants of motion.

Example: Rotations through angles ±π/4 has another invariant

K(q, p) = q2p2 + Γ(q2 + p2), ∀ Γ.

Γ = 0 Γ > 0Γ < 0πRot(−   / 4)

q q

p

q

p p
p

q
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McMillan form of the map

McMillan considered a special form of the map

M : q′ = p,
p′ = −q + f (p),

where f (p) is called force function (or simply force).

a. Fixed point

p = q ∩ p =
1

2
f (q).

b. 2-cycles

q =
1

2
f (p) ∩ p =

1

2
f (q).
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1D accelerator lattice with thin nonlinear lens, T = F ◦M

M :

[
y
ẏ

]′
=

[
cos Φ + α sin Φ β sin Φ
−γ sin Φ cos Φ− α sin Φ

] [
y
ẏ

]
,

F :

[
y
ẏ

]′
=

[
y
ẏ

]
+

[
0

F (y)

]
,

where α, β and γ are Courant-Snyder parameters at the thin lens
location, and, Φ is the betatron phase advance of one period.

Mapping in McMillan form after CT to (q, p), T = F̃ ◦ Rot(−π/2)

q = y ,
p = y (cos Φ + α sin Φ) + ẏ β sin Φ,

F̃(q) = 2 q cos Φ + β F (q) sin Φ .
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Turaev theorem
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Suris theorem and recurrence xn+1 + xn−1 = f (xn).
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A. Iatrou and J. Roberts [Nonlinearity 15 (2002)]
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Example 1: Octupole McMillan map, f (q) = − 2 ε q
q2+Γ

K(q, p) = p2 q2 + Γ (p2 + q2) + 2 ε p q

f 2,3 =

c1,2 =

− ε − Γ

ε − Γ

= 0f 1
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Example 2: Sextupole McMillan map, f (q) = −q (q+2 ε)
q+Γ

K(q, p) = p2 q + p q2 + Γ (p2 + q2) + 2 ε p q
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Example 3: Hénon, f (q) = a q + b q2, and

Cohen, f (q) =
√

q2 + 1, chaotic maps
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Example 4: Picewise linear continous maps

Tim Zolkin Isolated Period 3 Implies Chaos



Example 5: Picewise linear continous maps
(layers of linear islands)
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Thank you for your
attention!

Questions?
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