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Abstract
MAX-IV has introduced a paradigm shift in the design

philosophy for the “Engineering-Science” in the quest for
a diffraction limited Synchrotron Light Source. Similarly,
SLS-2 has introduced a systematic method for controlling
the Linear Optics beyond some 20 years of TME inspired
paper designs; by introducing Reverse Bends to disentan-
gle dispersion and focusing, which enables Longitudinal
Gradient Bends to efficiently reduce the emittance. Corre-
spondingly, here we outline a systematic approach for how
to control the Nonlinear Dynamics for these Systems, by a
method that was pioneered for the conceptual design of the
Swiss Light Source in the mid-1990s; subsequently bench-
marked and validated by the commissioning. Simply put,
for predictable results.

INTRODUCTION
Control theory for nonlinear systems of ordinary differen-

tial equations remains an open ended research level problem;
largely, because a reductionist approach is ineffective. In
other words, an incremental approach for e.g. 1 Degree-of-
Freedom considers what force to add to the R.H.S. of Hill’s
Equation

x ′′ +
K (s)
1 + δ

x = f (x) (1)

to obtain the required performance for the System; after Lin-
ear Stability has been established by Linear Optics Design
(aka Linear Control Theory for Engineers).

A Systems Approach, e.g. Optimal Control Theory, in-
stead tries to figure out how to tailor both K (s) and f (x) for
an Optimal Design, and it becomes an Art, aka Engineering-
Science [1]. The Second-Order-Achromat concept dates
back to spectrometer design [2] and was also applied for
the design of the first dedicated Synchrotron Light Sources
leading to Chasman-Green type lattices [3] comprising of:
2nd-Order-Achromats interspaced by Straight-Sections.

Over time various incremental improvements have been
made. For the Linear Optics design, the Theoretical Mini-
mum Emittance (TME) Cell [4, 5] became a guiding prin-
ciple bordering on orthodoxy but exceptions do exist; i.e.,
ignoring TME and instead focusing on/pondering the en-
tire parameter space up-front as an Engineering-Science
Optimal Problem for a User Facility, e.g. MAX-IV [6, 7]
and now SLS-2 [8–10]. As a side-effect, the Linear Op-
tics design for the former is actually quite relaxed, i.e.,
can be pushed over time [11]. Among the incremental im-
provements, SOLEIL introduced a (high dispersion) Mid-
Straight inside the Double-Bend-Achromat (D-BA), for e.g.

Three-Pole-Wigglers [12]; which was adapted for NSLS-II
as well [27]. As a refinement, DIAMOND has introduced
a Low Dispersion Mid-Straight, first by an incremental ap-
proach for the Facility [13, 14]; and now as a requirement
for DIAMOND-II [15].

On the other hand, while Gröbner has introduced Lie
Series [16] to Celestial Mechanics in the 1960s [17, 18],
i.e., a Recursive (can be automated by Computer Algebra)
mathematical formalism, it is only in the early 1990s that it
has been applied for guiding particle accelerator design, e.g.
ref. [19–21]. Similarly, the introduction of Frequency Map
Analysis [22,23] has become quite fashionable as well. In
other words, while a very useful quantitative diagnostic tool,
it does not replace 6D Phase Space Tracking for an Ensemble
of Accelerators, i.e., statistics for the impact of Engineering
Tolerances on the System. Besides, by definition, it is for 2.5
Degrees-of-Freedom (aka Adiabatic Approximation); i.e.,
without RF Cavity.

In addition, Genetic Algorithms from Computer Science
have been used to solve the related Optimal Problems numer-
ically, first for accelerator components [24, 25] and, even-
tually, for the ring as well [26]. For the latter case though,
mainly by a brute force reductionist numerical approach; a
case study/Lessons Learnt is provided below. However, e.g.
APS-U has put it to good use: first by adopting the MAX-IV
approach (Higher-Order-Achromat) and eventually ESRF-U
(-I Transformer). The two basic strategies for controlling
the nonlinear dynamics for Synchrotrons, originated in the
1970s, are outlined below.

HIGHER ORDER ACHROMATS
By starting from/standing on Best Practices for Spectrom-

eter Design and Chasman-Green lattices in the 1970s, i.e.,
Double-Bend-2nd-Order-Achromats (D-BAs) interspaced
with Straight Sections, it is conceptually straightforward to
generalize to:

• Multi-Bend-Achromats & Straight Sections; to reduce
the horizontal emittance,

• and Higher-Order-Achromats; to improve control of the
nonlinear dynamics

which we will refer to as M-BAs for short. The latter is
typically done in hindsight, i.e., after a brute-force, numer-
ical approach has been unable of providing a satisfactory
solution when drilling down towards an Engineering Design;
eventually, prompting or inspiring a revisit of:

• First Principles,
• a Systems Approach,
• and Hamiltonian Dynamics
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often requireing a Re-Design of an ad hoc Conceptual Linear
Optics Design; if not a re-baselining of the entire project
[21, 27].

CONTROL OF NONLINEAR DYNAMICS
The Lattice Designer is dealing with a Periodic (essen-

tially) Hamiltonian System:

H (s) = H2 (s) + αV (s) , H (s + C) = H (s) (2)

where C is the circumference, H2 the quadratic Hamiltonian
(Linear Optics) and αV the Nonlinear Terms; for which α is
not small.

To control the nonlinear dynamics for synchrotrons, when
chromatic sextupoles are introduced for linear chromatic
control, there are two basic strategies; both based on sym-
metry:

1. -I Transformer: introduce sextupole pairs separated by
n · π phase advance in both planes e.g. [28].

2. Higher-Order-Achromat [29]: introduce a Unit Cell,
repeat it four or more times to generate a super period,
and adjust the total phase advance to n · 2π in both
planes.

The first approach is Standard Practice for Collider Design,
e.g. ref. [28], and the second, either, by a systematic ap-
proach [30] or numerical optimization by a random search,
e.g. ref. [31], is implicit for high periodicity/performance
lattices. The latter is typically pursued by an ad hoc partition-
ing of the parameter space, e.g. first optimize H2 (s), then
αV (s), and trial-and-error approach towards some local
optimum. In conclusion, an incremental approach.

Application to SLS
For the SLS conceptual design, both strategies were con-

sidered [30]. However, with a circumference limited to
∼ 300 m the first approach appeared to be “academic” (in-
teresting but not that useful). Besides, the strategy only
works on-momentum, i.e., it systematically drives the Lie
Generators: h20001 and h00201; which generate 2nd order
chromaticity. Still, the method has been used for ESRF-U,
a High-Energy Synchrotron Light course: essentially a hy-
bridization of MAX-IV and SuperB (a discontinued e+e−
collider [32]). Interestingly, the strategy has been adopted
for not only APS-U (High Energy) but also ALS-U (Low
Energy). Nota Bene: Touschek Life Time scales with γ3.

Application to NSLS-II
The 2nd strategy was applied for the re-baseling of the

Lattice Design for the NSLS-II CDR [27,33]. Also, guide-
lines for the Linear Optics and Engineering Tolerances, and
(transparent) Integration of Insertion Devices (IDs), with
Local Current Strip Correction for the APPLE-II devices,
for the Phase-I and II IDS have been provided; based on
systematic benchmarks of the System by numerical simu-
lations [34–38]. However, as a “result” of a subsequent ad
hoc design change of the sextupole scheme for the PDR [39],
the requirement for the off-momentum dynamic aperture

eventually had to be re-baselined/downgraded from 3% to
2.5% for the PDR [40]. Hence, since the Touschek life time
scales roughly with the cube, the expected Beam Life time at
full current is expected to be significantly less for NSLS-II
vs. MAX-IV [6, 7].

Application to SLS-2
The Linear Optics Design for SLS-2 has avoided the TME

Cell limit by introducing Reverse and Longitudinal Gradient
Bends [8]: to transcend the current state-of-the-arts (MAX-
IV). Besides, to control the nonlinear dynamics, the Ratchet
Wall will be tweaked to enable the implementation of a 12
vs 3-fold Seven-BA. Control of the nonlinear dynamics for
the preliminary Conceptual Design was based on numerical
optimizations with MOGA (Multi Objective Genetic Algo-
rithm) [31]. However, some detailed benchmarking revealed
that the multipole scheme and obtained solution are not Ro-
bust. It goes to show that care is required to obtain practical
results from advanced numerical algorithms & methods.

In fact, given the magnitude of the Tune Footprint see
Figs. 1-2, the impact of Mechanical Misalignments and
Magnetic Multipole Errors on the Frequency Maps for a
“Realistic Lattice” is not surprising. To resolve the issue,
a Higher-Order-Achromat was implemented, see Figs. 3-4
and ref. [41] for the details.

Figure 1: Dynamic Aperture with RF-Cavity for MOGA
Optimized SLS-2 Lattice (with Eng. Tol.): Not Robust.

Figure 2: On and Off-Momentum Diffusion Maps for
MOGA Optimized SLS-2 Lattice (with Eng. Tol.): Not
Robust.
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Figure 3: Dynamic Aperture with RF-Cavity for Robust
Design of SLS-2 Lattice (with Eng. Tol.).

Figure 4: On and Off-Momentum Frequency Maps for Ro-
bust Design of SLS-2 Lattice (with Engineering Tolerances).

Application to DIAMOND-II
The prototype lattice for DIAMOND-II has been inspired

by ESRF-U: a Hybrid-6B with a Low Dispersion Mid-
Straight Cell (with transverse and longitudinal gradients)
and the -I Transformer strategy outlined above [15]. How-
ever, given its limitations, while it might be adequate for
High-Energy Facilities, the Linear Optics Design has been
re-designed into a Higher-Order-Achromat, see ref. [42]. In-
terestingly, similar exploratory work has been pursued for
ALS-U as well [43].

An attempt to introduce Reverse & Longitudinal Gradient
Bends to the DIAMOND-II prototype lattice last year turned
out to be nontrivial; due to the three kinds of Straight Sec-
tions: Long, Low-Dispersion Mid-Straight, and Standard.
So, for a short-cut, we instead adopted the SLS-2 Unit and
Matching Cells and scaled and matched them to fit in the
DIAMOND tunnel; leading to a 6-Reverse-Bend-BA (6RB-
BA) [44]. In particular, with Achromatic Mid-Straights and
reduced horizontal emittance; for on-axis injection. Clearly,
for off-axis injection e.g. a 4RB-BA could be considered.

The Chasman-Green structure for e.g. the 6RB-BA is
outlined in Figs. 7 and 8 in ref. [42]. The global structure of
the tunnel has 24 Achromats & Straights, which is reduced
to a 6 × 4-fold structure by Long vs. Standard Straights; by
tweaking the Matching Sections for the Unit Cells. Simply

put: 6 Superperiods each one with 4 Cells. A generalized
8-Cell Higher-Order-Achromat is implemented by introduc-
ing 2+1 Chromatic Sextupole Families for the Unit Cells,
an extra family is needed due to the Low-Dispersion Mid-
Straight, and the Cell Tune is choosen to e.g. [23/8, 19/16];
to cancel all the Resonance Driving Terms to 2nd order in
the sextupole strength over two Superperiods. A proof-of-
concept for the Bare Lattice (without engineering tolerances;
snapshot of work-in-progress) is shown in Figs. 5-6.

Figure 5: On and Off-Momentum Dynamic Aperture with
RF-Cavity for 6RB-BA (Bare Lattice).

Figure 6: On and Off-Momentum Frequency Maps for 6RB-
BA (Bare Lattice).

CONCLUSIONS
While Higher-Order-Achromats and Chasman-Green style

lattices have been pursued for dedicated Synchrotron Light
Sources since the 1970s, they still have a strong following.
Besides, at the time of the NSLS-II Conceptual Design, the
general perception in the field was that no further major im-
provements could be made for these Instruments. However,
then came MAX-IV, a Paradigm Shift, by a bold Engineering-
Science approach and, yet, with Predictable Results. Hence,
finally there is light at the end of the tunnel: the quest for a
Diffraction Limited Facility is now within the horizon; e.g.
ε x ∼ λ/4π = 8 pm · rad @1 Å = 12.4 keV.
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