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Abstract

The beams required for the high luminosity upgrade of
the Large Hadron Collider (HL-LHC) and other potential fu-
ture circular colliders (FCC) call for efficient mechanisms to
suppress transverse collective instabilities. In addition to oc-
tupole magnets installed for the purpose of Landau damping
in the transverse planes, we propose to use radio frequency
(rf) quadrupole structures to considerably enhance the afore-
mentioned stabilising effect. By means of the PyHEADTAIL
macroparticle tracking code as well as analytical studies, the
stabilising mechanism introduced by an rf quadrupole is
studied and explained. It is, furthermore, compared to the
influence of the second order chromaticity on transverse
beam stability.

INTRODUCTION

A potential advantage of an rf quadrupole over conven-
tional instability mitigation measures such as magnetic oc-
tupoles arises from the fact that it produces the incoherent
betatron tune spread AQ,, required for Landau damping
more effectively [1,2]. Instead of generating a detuning with
transverse action AQ ,(Jy, Jy) as is the case for magnetic
octupoles, an rf quadrupole introduces a dependence of the
transverse tunes on the longitudinal action AQ, ,(J;) [3].
Beams of hadron colliders like LHC, HL-LHC, or FCC have
an order of magnitude larger spread in action in the lon-
gitudinal compared to the transverse planes [4,5]. As the
beam energy increases, the detuning effect from magnetic
octupoles becomes even less effective, due to (i) adiabatic
damping, further decreasing the transverse emittance, and
(ii) the higher beam rigidity. The longitudinal emittance
on the other hand is blown up along the energy ramp and
the handle of detuning with longitudinal amplitude is re-
tained [6]. It must be pointed out, though, that the amount of
tune spread alone does not give a full picture on the efficiency
of Landau damping.

Several studies on the rf quadrupole were presented in
the past. The original proposal of the device was based on
theoretical considerations which had been formulated by J.
Scott Berg and F. Ruggiero in 1997 [3,7]. The stabilising
effect from an rf quadrupole was then further evaluated and
thoroughly studied by means of macroparticle tracking sim-
ulations. It was demonstrated that the device can provide
beam stabilisation, be it by itself [8], or in combination with
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magnetic octupoles [9]. These promising results have moti-
vated further studies which are now ongoing in parallel to
gain insight into the underlying mechanisms from an experi-
mental point of view. The main path that is being followed
in that respect is to study the effects of second order chro-
maticity Q" on the beam dynamics. The rf quadrupole and
Q" are equivalent in a first approximation. Q"' is introduced
for example in the LHC through changes of the machine
optics, making experimental studies possible. It has already
been demonstrated that Q" can be accurately controlled in
the LHC, and a first set of consistent experimental and sim-
ulation studies for single-bunch stabilisation at 6.5 TeV are
also published at this conference [10]. The results demon-
strate that the PYHEADTAIL code [11], used to study the rf
quadrupole, accurately models the relevant beam dynamics
and reproduces the experimental observations well.

As the basic working principle has been demonstrated in
the past, this paper focuses on more detailed aspects of the
interaction of the rf quadrupole with the beam. The equiva-
lence between an rf quadrupole and Q" is shown first. The
existing theory is compared with tracking simulations, point-
ing out relevant approximations and the interplay between
two beam dynamics effects. Finally, a two-family scheme
for rf quadrupoles is proposed for improved efficiency.

BASIC FORMALISM
RF Quadrupole and Q"

A particle i that is subject to the transverse kicks from an
rf quadrupole experiences a change of its betatron tunes
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B,y are the transverse beta functions at the location of the
kicks, 6@ is the rf quadrupolar integrated gradient in units
of [T/m m], Byp denotes the magnetic rigidity of the beam,
w is the angular frequency of the rf quadrupole field, z; is the
longitudinal position of the particle measured with respect
to the zero crossing of the main rf wave, 8 and ¢ denote the
relativistic beta and the speed of light respectively, and ¢ is a
constant phase. Slow head-tail instabilities develop over time
scales of many synchrotron periods as the interplay between
transverse and longitudinal particle motion is an important
ingredient for their formation [2]. To ensure that the Landau
damping mechanism works against this type of instabilities,
the incoherent tune spread must not vanish over the given
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time scale. This is true for an rf quadrupole operating with
a phase of ¢g = 0 or ¢y = m. In the following we assume
¢o = 0. Equation 1 can be Taylor-expanded in z; and the
higher-order terms O(z?) are negligible if the wavelength
of the rf wave is much larger than the bunch length o7, i.e.
w0, /Bc < 1. The zeroth-order term represents a constant
detuning and is also neglected as it does not contribute to
the incoherent tune spread. The average detuning is
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where Jzi is the longitudinal action, 7 is the slip factor, R the
machine radius, and Qy denotes the synchrotron tune. All
the constants have been absorbed in a2

For comparison, given a non-zero second order chro-
maticity QY a particle i with a relative momentum de-
viation §; = Ap;/p experiences a betatron detuning of

AQiva = Q;’yéi + Q;”yél.z/Z. The average detuning reads
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Hence, Q" is equivalent to the rf quadrupole under the as-
sumption that wo/Bc < 1. Q7 and Qf can often be con-
trolled independently (see e.g. [10]). This can be achieved
also for the rf quadrupole by installing two different families
as explained below. The advantage of the rf quadrupole over
Q" is that it serves as an independent knob and is hence not
constrained by machine optics requirements.

Beam Dynamics

An approximate stability diagram theory for betatron de-
tuning with longitudinal amplitude is derived from the dis-
persion relation in [7]. An example of the stability diagrams
for a Gaussian beam is shown in Fig. 1 for an rf quadrupole
with g = 0 for an azimuthal mode zero head-tail instabil-
ity. The asymmetry of the stability curves has important
consequences for the stabilising efficiency in the two trans-
verse planes. It is a result of the one-sided detuning (see
Eq. (2)) as detailed further below. The dispersion relation
in [7] has been derived under various approximations. In
particular, the explicit dependence on the impedance was
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Figure 1: Stability diagrams for an rf quadrupole (second
order) with ¢y = 0 for the two transverse planes. It was
determined by solving the dispersion relation for detuning
with longitudinal amplitude numerically [7].
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cancelled out by assuming that its content is limited to a fre-
quency range much smaller than that of the bunch spectrum.
The dispersion relation hence does not necessarily reflect
all the aspects of the beam dynamics. It has been observed
in tracking simulations that the rf quadrupole can directly
impact on the interaction of the beam with the impedance,
similarly to a first order chromaticity. This can lead to a
change of the (unperturbed) unstable mode through a change
of the effective impedance. What happens is that either the
complex coherent tune shift of the instability is modified,
with for instance the effect of an increase or decrease in
the growth rate, or another head-tail mode is excited on a
different synchrotron side band. A similar effect has also
been observed for the experiments and the simulations with
Q" in the LHC [10].

To summarise, the beam dynamics in presence of an rf
quadrupole is dominated by an interplay between two effects:
(i) Landau damping from the incoherent tune spread, de-
scribed by the approximate dispersion relation and stability
diagram theory, and (ii) a change of the effective impedance,
not related to Landau damping, but to how the beam interacts
with the impedance. The latter is missing in the description
by [7]. The interplay of the two effects is rather complex
and depends mostly on the beam parameters and the details
of the machine impedance. It can be favourable, or un-
favourable for the stabilising efficiency of the rf quadrupole.
Both mechanisms have been identified analytically by means
of Vlasov theory [2] and were benchmarked against tracking
simulations. The derivation and detailed discussion of these
results, however, are out of the scope of this article and will
be presented separately. At present, beam stabilisation with
an rf quadrupole is most accurately addressed by means of
particle tracking simulations.

TRACKING SIMULATIONS

The rf quadrupole is modelled in PYHEADTAIL, a highly
modularised 6D macroparticle tracking code designed to
study collective instabilities in circular colliders [11]. Vari-
ous tracking studies concerning the stabilising effect from
an rf quadrupole have been presented in the past. Stabilisa-
tion was demonstrated based on a head-tail mode observed
experimentally in the LHC [8]. Like magnetic octupoles,
the rf quadrupole suppresses the instability by introducing a
similar amount of tune spread. Second, the combined effect
from octupoles and an rf quadrupole was presented for the
HL-LHC showing that a significant reduction of the stabil-
ising octupolar strength can be achieved with the support
from an rf quadrupole [9]. Finally, the PYHEADTAIL sim-
ulation model has been successfully benchmarked against
experimental studies with Q" in the LHC [10].

llustrations of the Beam Dynamics

The studies are based on the impedance model of the Fu-
ture Circular proton-proton Collider (FCC-hh) at injection
energy (3.3 TeV) with nominal bunch parameters [12]. The
model includes the beam screen treated as a cylindrical cop-
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Figure 2: FCC-hh simulations for ¢y = 0. Horizontal (top)
and vertical (bottom) growth rates (circles, left axis) and
Re (AQ.on) (stars, right axis) are shown vs. b,

per pipe, and the contribution from the collimators. The first
order chromaticity is set to Q% , = 5. A 50-turn ideal trans-
verse feedback is part of the model as well as an 800 MHz
rf quadrupole at a location with 8y, = 200m (conserva-
tive). No Landau octupoles are used in the set-up. Figure 2
summarises the results of a scan in rf quadrupole strength
b for ¢o = 0. It shows the horizontal (top) and vertical
(bottom) growth rates of the unstable mode(s) in red, as well
as the corresponding real parts of the complex coherent tune
shifts (stars). For an rf quadrupole operating with ¢y = 7,
the dependencies observed in the horizontal and the vertical
planes are exchanged. This is expected given the quadrupolar
nature of the device. At 5® = 0'T/m m, the most unstable
mode is a weak head-tail azimuthal mode m = 0. The com-
plex coherent tune shifts AQ””, are almost identical in the
two planes. In particular, the real components Re(AQf_’Uyh
are both negative (green stars). Stability diagram theory
(Fig. 1) predicts that in this case the rf quadrupole oper-
ating with ¢y = 0 should demonstrate a better stabilising
efficiency in the horizontal compared to the vertical plane.
This is reflected in Fig. 2 at low 5. The horizontal plane
is stabilised immediately, while the vertical one requires a
larger strength. As explained earlier, there is a second im-
portant beam dynamics effect. The rf quadrupole changes
the effective impedance at sufficiently high strengths, and
the horizontal plane becomes unstable again (second grey
box), only that now the excited mode is an m = -2 (orange
stars). This mode is not suppressed by Landau damping at
that stage, because it has (i) a larger real coherent tune shift,
and (ii) Re(AQ? ) has now a different sign, meaning that
the mode has ‘moved out’ of the stable area. The reason
why this mode was stable at intermediate strengths is that
its corresponding imaginary coherent tune shift was small
enough to fall within the stable area. By further increasing
b(z), however, this mode can be suppressed as well. Within
the scanned region, no other mode is observed. In this case,
the required stabilising strength is »*) ~ 0.8 T/m m where
it has to be emphasised that despite the conservative choice
of By,y, this can be achieved with less than ten rf quadrupole
cavities [3].
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Figure 3: FCC-hh simulations for a two-family rf quadrupole

scheme. Horizontal (red) and vertical (blue) growth rates

are shown as a function of the fotal quadrupolar strength.

Two-Family RF Quadrupole Scheme

The stabilising behaviour in the two transverse planes can
be symmetrised by installing two independent rf quadrupole
families operating with opposite signs, placed at two differ-
ent locations in the machine: One of them at high S, low
By to improve stability in the horizontal plane, and one at
low By and high g, for stability in the vertical plane. The
difference between the local beta functions must be large
to avoid that the two families counteract each other signif-
icantly. Here, the high and low beta function values are
200 m and 50 m, respectively, which is again very conser-
vative. The results for the same FCC-hh configuration as
before are summarised in Fig. 3, showing the horizontal
(red) and vertical (blue) growth rates as a function of the
total quadrupolar strength (both families are powered with
identical strengths). There are two main advantages. First,
the strong asymmetry between the two planes is removed
and the required stabilising strength is now equalised for
both planes. Second, the quadrupolar strength required for
stability in both planes is significantly lower overall.

SUMMARY AND CONCLUSIONS

As a complementary article to the past proof-of-principle
studies for an rf quadrupole for beam stabilisation, the beam
dynamics was discussed in more detail based on tracking
simulations. Two effects are mainly involved: (i) Landau
damping, described by existing stability diagram theory, and
(ii) a change of the effective impedance. Both effects have
been observed by experiments and simulations for Q" in the
LHC, and for the rf quadrupole for an FCC-hh study case.
Finally, a two-family rf quadrupole scheme was proposed
and benchmarked to overcome the asymmetric stabilising
efficiency in the transverse planes.

When considering an rf quadrupole for beam stabilisa-
tion instead of magnetic octupoles, it must be taken into
account that the interplay of the device with the beam is
much more involved. At intermediate strengths, other modes
may be excited. Nevertheless, in all the studies done so far
the device could ultimately stabilise the beams at reasonably
high quadrupolar field strengths. A theory describing the
mechanisms is under validation, but tracking codes are still
the best tool to accurately evaluate the capabilities of an rf
quadrupole.
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