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Abstract

We present a new type of accelerator structure that op-

erates simultaneously at two accelerating modes with two

frequencies. These frequencies are not harmonically related,

but rather have a common sub-harmonic. This design will

use a recently developed parallel feeding network that feeds

every cavity cell independently using a distributed feeding

network. We will provide the theoretical background for our

dual-mode design as well as our optimization results.

INTRODUCTION

The idea of using multi-mode accelerating cavities have

been around for a long time [1]. Also, in the past few years,

there have been an effort to utilize multi-mode cavities to

enhance the performance of RF electron guns as well as

accelerating cavities [2–5]. All this work, however, strict

the designs to harmonically related frequencies which is not

optimal and even sometimes degrades the performance from

that of an optimized single-frequency structures.

In this work, we will design for frequencies that are not

necessarily harmonically related, but rather have a common

sub-harmonic. We will also utilize a recently developed

parallel distributed-feeding network that feeds every cell

independently [6]. The main advantage of this feeding tech-

nique is that for minimally-coupled cells, the design problem

converges to a single cell design which leads to much en-

hanced efficiency that can easily double the shunt impedance

compared to conventionally fed accelerator structures. This

idea have been developed and is under testing at SLAC for

a single-mode X-band standing wave (SW) linac achiev-

ing a shunt impedance of 156 MΩ/m for iris diameter of

0.1λ. Based on this, our design problem will converge to

a single-cell design for dual-modes that are not necessar-

ily harmonically related which will lead to much enhanced

performance over that of single-mode optimized designs.

CONCEPTUAL FOUNDATION

First, we need to have a better understanding of the dual-

mode operation by deriving an expression for the total shunt

impedance and the required condition to maximize its value.

We can express the total energy gain for a charged particle

with a charge (e) that passes on-axis through a cavity of

length (L) and operating simultaneously with two modes

(with subscripts 1 and 2) as follows:

∆U = e

∫

L

0

Etot (z, t)dz = e

∫

L

0

[E1(z, t) + E2(z, t)] dz =

e [G1 + G2] L = eGtotL (1)
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where E1,2(z, t) and G1,2 are the axial electric field and aver-

age gradient for each individual mode, respectively; while,

Gtot is the total gradient for the dual-mode operation.

Using the basic definition of shunt impedance for each

mode, we can express the squared total gradient as follows:

G2
tot = (G1 + G2)2 = r1PL1 + r2PL2 + 2

√

r1r2PL1PL2 (2)

where r1,2 and PL1,2 are the shunt impedance and power loss

for each mode operating individually. From this result, we

can express the total shunt impedance as follows:

rtot =
G2

tot

PLtot

=

r1PL1 + r2PL2 + 2
√

r1r2PL1PL2

PL1 + PL2

(3)

Now, let’s define α as the ratio between power losses of

the two modes such that PL2 = αPL1

∴ rtot =
r1 + αr2 + 2

√
αr1r2

1 + α
(4)

The optimal value of α that maximize the total shunt

impedance is then derived by equating ∂rtot/∂α to zero

leading to the following results:

α1 =
r2

r1

→ rtot,1 = r1 + r2 (5)

α2 =
r1

r2

→ rtot,2 = 4
r1r2

r1 + r2

(6)

It can be easily proven that rtot,1 is always larger than rtot,2,

consequently, in order to maximize the shunt impedance α

should equal to r2/r1

∴

G2

G1

=

√

r2PL2

r1PL1

=

r2

r1

=

PL2

PL1

(7)

From this we should point out two facts. First, that the

maximum total shunt impedance for dual-mode operation

equals to the summation of the individual shunt impedance

for each mode under the constraint that the gradient (power)

ratio equals to the individual shunt impedance ratio. Second,

the derivation didn’t require any harmonic relation between

the operating frequencies.

In order to give a feeling of the gain from using dual-mode

operation, let’s assume first a single-mode operation where

increasing the gradient by 30% will result in increasing

the power loss by ~70% following the square law relation.

However, if instead we kept the power level the same for

this mode and operated simultaneously with a second mode

with shunt impedance r2 = 0.3 r1, the total power loss in

the cavity using (7) will increase only by 30% i.e. we saved

~40% increase in the power loss for the same gradient by

using dual-modes.
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OPTIMIZATION RESULTS

In this section, we are presenting the optimization results

for SW dual-mode cavities. It should be pointed out that

the cavities are not necessarily designed to operate with π-

mode for the fundamental mode because, however it is the

optimum choice for single-mode designs, it is not necessar-

ily optimal for dual-mode ones. Consequently, we added

the cell width as an optimization parameter in all of our

designs, the phase advance for each cell and mode will be

then adjusted by proper design of the parallel distributed

feeding networks. Figure 1, displays the shunt impedance

of optimized nose-shaped cavity designs for both single

and dual-mode operation. The single frequency designs uti-

lizes (a) C-band frequency at 5.712 GHz and (b) X-band

frequency at 11.424 GHz; while the dual-mode frequencies

uses the same frequencies for the first mode and a second

frequency in (a) X and (b) K-bands. We provide two sets

of designs that utilize TM011 or TM020 as the second mode

of operation. The figure shows the large increase in the

shunt impedance for dual-mode operation. These results

exceeds by far any reported ones for multi-mode designs

that is limited to harmonic frequencies operation.

Figure 1: The shunt impedance of optimized designs for

both single and dual-mode operation. The single frequency

designs utilizes (a) C-band (b) X-band; while the dual fre-

quencies uses the same first mode frequency and a second

frequency (TM011 or TM020 mode) in (a) X and (b) K-

bands.

It might be useful to point out that the cell width is ~0.5λ1

for TM010 + TM011 designs with fres,2 ≈ 1.66 fres,1, while

~0.3λ1 for TM010 + TM020 designs with fres,2 ≈ 2.3 fres,1.

Also, all the designs have maximum surface electric field to

gradient ratio of 2.5 where the fields for the second mode in

dual-mode operation are scaled by a factor of α = r2/r1 as

described in (7) for optimal operation. In order to have a fair

comparison between designs we need to include many fac-

tors other than the shunt impedance such as surface magnetic

field, power loss into the cavity walls and the Sc-factor [7]

that is commonly used to characterize breakdowns. Table 1

provides a detailed comparison of three designs that utilizes

single-mode, TM010 + TM011 modes, and TM010 + TM020

ones for the same iris diameter of 0.1λ1 and assuming a total

gradient of 100 MV/m.

Table 1 proves the large advantage of dual-mode operation

that enhances the accelerator efficiency by the large increase

in the shunt impedance as well as an expected enhancement

in the cavity breakdown measurements due to the large de-

crease in the wall losses and the Sc-factor. Also, we can

note that TM010 + TM020 optimized design provides largely

enhanced solution even compared to the TM010 + TM011

one. On the other hand, the wider cells for the latter design

is expected to result in a less complicated feeding network

design; Also, its operating frequency is in the range of many

available medical Klystrons [8,9]. As illustrated in the table,

the two solutions can operate with bunch rate up to 163.2

and 380.8 MHz, respectively. The designs can be optimized

for even higher common harmonics.

For further illustration Fig. 2 shows the electric field mode

plots for the TM010+TM011 and TM010+TM020 dual-mode

designs from Table 1; While Fig. 3 shows the electric and

magnetic surface fields plots for the same modes.

Figure 2: Electric field mode plots for the (a-b)TM010-TM011

modes and (c-d) TM010-TM020 ones of the designs in Table

1.

Figure 3: Electric and magnetic surface field mode plots

for the (a-b) TM010-TM011 modes and (c-d) TM010-TM020

ones of the designs Table 1.

Finally, we should mention that all the previous optimiza-

tions utilized conventional nose-shaped cavities and yet pro-

duced an outstanding performance compared to both single-

mode cavities and previously reported multi-mode ones that

was strict to harmonically related frequencies. We are now

working on developing more optimized generic shapes to
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Table 1: Summary of results for optimized cells with iris diameter of 0.1λ1 and utilizing single π-mode, TM010 + TM011

dual-modes, and TM010 + TM020 ones at a gradient of 100 MV/m

π-mode TM010 + TM011 TM010 + TM020

TM010 1st mode 2nd mode Dual 1st mode 2nd mode Dual

only only only only

Frequency (GHz) 5.712 5.712 9.6288 - 5.712 12.9472 -

Common Harmonic (MHz) - - - 163.2 - - 380.8

Shunt Impedance (MΩ/m) 113.58 111.0 41.37 152.37 +34.2% 115.4 58.4 173.8 +53%

Max
[

Esur f

]

(MV/m) 250 230.6 322.5 255.5 236.8 275.1 249.7

Max
[

Hsur f

]

(MA/m) 0.236 0.228 0.469 0.293 +24.15% 0.203 0.384 0.264 +10.6%

Sc (W/µm2) 5.44 4.33 14.33 3.35 -38.4% 4.3 12.9 3.35 -38.4%

Surface Loss (MW) 2.31 2.28 6.11 1.66 -28.1% 1.273 2.516 0.845 -63.4%

produce even higher performance; Also, we are working

on the design for the distributed feeding network for our

dual-mode designs.

CONCLUSION

A novel dual-mode designs that utilizes two modes at two

different frequencies were introduced. The designs are not

constrained to harmonically related frequencies, but rather

have a common sub-harmonic. The conceptual foundation

was presented illustrating the required constraint to maxi-

mum shunt impedance. Also, two set of optimization results

were shown for designs operating at C and X-bands and

X and K-bands showing the huge gain of using dual-mode

operation. Also, two designs utilizing TM010 + TM011 and

TM010 + TM020 were presented in detail showing both effi-

ciency enhancement as well as predicted decrease in break-

down rate.
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